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RECURRENCE FORMULAE FOR THE REFLECTANCE AND 
TRANSMITTANCE OF MULTILAYER FILMS WITH 
APPLICATIONS* 


By G. H. Goprreyt 


[Manuscript received September 7, 1956] 


Summary 


Formulae are developed which, by repeated application, give the changes in 
amplitude and phase when light passes normally through any number of layers of 
homogeneous absorbing or transparent materials. These formulae are suitable for 
numerical computation and provide a direct route to the analytical expressions for the 
reflectance and transmittance in particular cases. Special attention is given to the 
case in which the layers are a quarter wave or multiples of a quarter wave in thickness. 


I. INTRODUCTION 

The theory of reflection and transmission of light by multilayer films has 
been studied by a number of workers, mainly in the last 15 years. These 
studies lead to results which are equivalent but differ somewhat in their com- 
plexity and in the ease with which they may be applied. The results obtained 
by the various authors may be classified, as regards their method of derivation, 
in several ways. Starting with Fresnel’s well-known expressions for the 
reflectance and transmittance at the boundary between two transparent isotropic 
media, the corresponding quantities may be derived for a single layer, taking 
into account internal multiple reflections. Using these results the effect of 
adding another layer may be obtained by the same method. It is then possible 
to obtain the law by which the reflectance and transmission from a film of n 
layers is ‘obtained from those of a film of n—1 layers, so that the final result 
may be established in terms of the known constants of the film by a step-by-step 
process. A second procedure is to set down the 2(n +1) electromagnetic boundary 
conditions for the (n+1) surfaces involved. These provide solutions for 2(n +1) 
unknowns, two of which yield the reflectance and transmittance. Another 
much favoured procedure is to apply the method of ‘‘ optical impedance ”’. 

Again, the results may be classified according to the form in which they 
are ultimately expressed. Thus they may be given as a recurrence formula, 
they may be expressed in matrix form, or the solution may be graphical. 

In the present paper a new method, particularly applicable to the design 
of filters and of high or low reflectance films, is developed for discussing the 
optical properties of multilayer films. It is based on a generalized form of 


* This work was carried out while the author was a part-time member of the staff of the 


Division of Physics, C.S.I.R.O. 
+ New South Wales University of Technology, Kensington, N.S.W. 
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Stokes’s relations between the reflectance and transmittance at a boundary, 
derivable from Maxwell’s equations. Expressions are obtained for the amplitude, 
reflectance, and transmittance of a film consisting of n layers of arbitrary 
thickness in terms of a quantity for which the name ‘‘ film index ”’ is suggested. 
In the formula derived from the reflectance of a composite film at normal 
incidence this quantity is the complete analogue of the refractive index appearing 
in the corresponding expression for the reflectance at the boundary between 
two media. The film index for n layers is given in terms of that for n —1 layers 
and thus its value in terms of the film constants may be obtained by repeated 
applications. In the case of transparent layers the successive steps of the 
process are self-checking at each stage. In particular, the film index and hence 
the optical properties receive very simple expression in the important case in 
which the thickness of each layer is any multiple of a quarter wavelength. 
This and its applications are treated in some detail. 


II. FUNDAMENTAL EQUATIONS 

Consider two parallel layers X and Y (which may themselves be compounded 
of a number of layers of transparent or absorbing materials) separated by a 
medium of thickness d and bounded externally by media A and B respectively. 

If a plane light wave of length A (in vacuo) travelling in A is incident 
normally on X with amplitude unity just prior to incidence part of this light 
will be transmitted through X and will suffer multiple reflections between 
X and Y. 

Denote by K the amplitude of the resultant wave leaving X and travelling 
towards Y, and by A its phase with respect to that of the incident wave. 

Let the amplitude reflectance and transmittance of X for light incident 
internally (i.e. directed from Y to X) be r, and t, and the corresponding phase 
changes ¢, and t, and let », -t,, o,, and |, be the corresponding quantities for 
light incident externally on Y. Suppose also a similar notation, r,, t,, ete. 
to be used with regard to Y. Finally let r, ¢, 9, and | be the corresponding 
quantities for the complete film in respect of light incident on X. Then, denoting 
the refractive index and the absorption index of the medium es eo X and Y 
by n and k respectively, 


t exp (ip)—K exp (iA) exp (—2rnkd/A) exp (—i2nnd/d)t, exp (iv,) 
== Kt, exp {i(A=-)) —p')}, aes ae on ae ee (1) 
where 
p'=(1 —ik)p =(L--ik)oandii, 220. 2c. ae ee eee (2) 


and 


r exp (ig) =K exp (iA) exp (—4rnkd/d) exp (—i4nnd/r) try Exp {i(o, +),)} 
+r, exp (i¢;) 


=Ktr, exp UA. 9, +0, —2p.)} 7, Oxp tg) ae (3) 
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The resultant wave train KeiA is immediately obtained as the sum of the 
infinite series 
K exp (iA) =t, exp (iz) +taryr, exp fi(dz +9, +9, —27')} 
+tarary exp {i(Y2+29,+29,—4p')}+. . . 
that is, 


ee ea 
K exp (iA) Peer ee (4) 


where 


OP OM ata ET aL TI o.oo aes (5) 


By means of (4) and (5), (1) and (3) may be written respectively in the form 


: _ igdy exp {ile thy =p )t 
t exp (iv)= ese orig eit te eerie On: (6) 
and 
r exp (ig) 2s eae Pet PoTU DT sy exp (igs), Be Rane (7) 


1—r,r, exp_(i0’) 


which are basic formulae for the calculation for the transmittance, reflectance, 
and phase changes for light incident normally on a Fabry and Perot etalon when 
the corresponding quantities for the components X and Y are known and 
absorption is taken into account. Consider now the case in which X is the 
boundary between two media which may be absorbing. Fresnel’s fundamental 
equations (as modified to take account of absorption) yield for such a boundary 


tt, exp {i(, +tz)}-+r2 exp (Zio,)=1, 
oti) eeee (8) 
1 —9,,= (2m +1)r, 
where m is any integer, positave or negative. These equations degenerate for 


the case of no absorption (9,—0 or z, b,=,=0) into the well-known Stokes’s 
relations. By using (8), (7) may be written for this case 


ety OSD Oe Gay Te Cx [10,) 
r exp (ig) = 4 1—r,r, exp (i0’) ; Me 


sy) a) tei) ib a6) 


Suppose now that Y consists of (s—1) layers so that the complete etalon con- 
stitutes a film of s layers of refractive indices n,, n.,. . ., %,, absorption indices 
ky, he, + . -» k,, and thicknesses d,, d,,.. .,d,, bounded by media B and A of 
refractive and absorption indices 1), ky) and 7,,,, k,,, respectively. Then we 
may write (9) in the form 
r,-1 exp {i(0;—9,)} —", exp (i¢,) 


hes 1 
r, exp (ig,) 1—r,r,_, exp (i0/) : ues 
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in which r, and 9, represent the amplitude reflectance and phase change of a 
film of s layers, ; 
pee tet Pst ea ew aes ose (11) 
p,=(1 —ik,)p,=27n.d,/2, ) 


n. being the complex refractive index n,(1 —ik,). From the electromagnetic 
theory (Drude 1933) we may write (treating the electric vector as the light 
vector) 


and from (10) and (12) we obtain 


1 —P. exp (i9,) = n [1 ist CD {i(0, —,)}] 


—— aa : 13 
Tr, exp (ig,) m1 +7, exp (0, —9,)}] a 
Now let V, be a complex function of n), ,,. - -,,3 Kos hry - + +) hg 3 dy da,- - -, dy 
satisfying the relation 
r, exp (io yar Ne PO re EO KT (14) 
q q eee ee 


in which r, and 9, are the amplitude reflectance and phase change for a part 
of the complete film formed by the q layers bounded by B and the medium of 
refractive and absorption indices n,,, and k,,,. It is assumed that the relation 
holds for any value of q between zero and s. Then by means of (13) and (14), 
after putting g=s, we obtain 


N,_1—r,-1 @=P {i(0, —9,)} 
m, 1-+7,_, exp {i(0;—o,)}’ 


or 
N,—n, ant 
N, 7 a ="; ©XpP {i(0,—9,)}= —f = OXP {i(P,1 —2p,)}; oe (15) 


and finally by (14) after putting g=s—1 


Ms pers me exp (—2ip’) (16) 
np +n, NS, +n, 8 sO ie Ow) 878 fee eu6) 6. “Ore Te rele (6 6.8) :6) scale 


Thus, V, is known if V,_, is known. Now (14) is satisfied for g=0 by putting 
N, equal to the known quantity nm, and (16) is similarly satisfied for s=1 so 
that NV, and NV, may be obtained by repeated applications of (16). As NV : 
has the same role in the calculation of the reflectance of a film by (14) as refractive 
index in the calculation of the light reflected at the boundary of an isotropic 
medium, we shall refer to NV, as the film index for a film of q layers. It is a 
quantity independent of the medium of incidence. 


It is of interest to note that in discussing three-layer non-absorbing films 
King and Lockhart (1946) introduced a related quantity X which is the reciprocal 
of the film index. Returning now to equation (6) and assuming again, as in the 
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derivation of (13), that Y consists of (s—1) layers of a complete film and that X 
is the boundary between the medium of incidence, A, and the adjacent layer, 
we may write this equation in the form 


_ tts OXD {ilb,_.-+Ve—p,)} 
1—r,r,_, exp (i0/) 


t, exp (id,) Ape ee (17) 
in which the significance of t,, ,, t,_,, and U,_, is obvious. Again from electro- 
magnetic theory 

Qn. 


ty exp (itz) = age ent To Bie ee ee (18) 
s+1 8 


so that substituting in (17) for t,, 7,, and r,_, from (18), (12), and (15) 
respectively we obtain 

t, exp (it,) 1, (N, +n,) 

4 exp (id,—1) nN, 0,44) 


558 00 Gas WORE | 2 Ca ee are Ape EMER (19) 


By repeated applications of (19) 


ea ex (itp. +. - +p) rae (20) 
in which 

ty Exp (iby) =2n,/(n, +0,), 
so that 


Dip) Ree e N,+n, 
t, exp (ip,)=2 exp {—i(p, +p,+-. - +P) ar ba : Ea 
q 


Sa aR Et (21) 


When there is no absorption equations (16), (14), and (21) take the form (with 
s replacing qg in (14)): 


aN; 1,0 Na —n, 
N,+n, N,1+n, 


: N,44—N, 
ie exp 7 eel ome Pe Daas Cotesia we aie whe a aati wate lerere ea #08 (23) 


| Mer yy Nath 
t, exp (il,)=2 exp {—l(Py +Pe sles ees soy yt V7 ae 


8 RR A et oe (24) 
in which n,, n,, and p, are now real but V, and N, are still complex. 
The reflectance R, is thus given, for this case, by 
<a a lee ea ee (25) 
cals ai Ns 4-4 ay, , 
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and the transmittance 7’, by 


T= Ng _ ANN ,44 Nqtq 
N44 (m+)? 1 | Nyt+Mq41 
From 
qg—Ngq-, |? _| %q—Na i 
6 gi i ath, 


which follows from (22), and from the identities 


Nai —Nq 
Naq+1 EN 


aa Ness th, ie NTN on TN Fe 


in which A, is the real part of N,, it follows that 


ci a | (41 —Ng)/ (a4 +N q) bs A 
1— (m4 —Nq-1)|(%q +N g-1) he 


Nq+Noq 
N41 ea, 


Ng+4 


mo 


Since Nj=mn,, this result leads to 


s 


Net II Ng tN oq 
Ny at | WeastoN g 


|) 
\’ 


2 (MFM)? __| N41—N, 
ANN | 


‘S+1 
N44 i. 


which, on substitution in the expression for 7, above, yields 


Thus, (25) and (26) are in agreement with the energy principle, namely, 
R,+-1T.=1. 


Returning now to equation (9) and considering the case of no absorption 
so that 0’ is replaced by 0 and 9,=0 or x we have, on multiplying by the con- 
jugate quantity re—'s, 

ae restr —2r,r, cos 0 
1 try —2rgr, cos 0 


which gives the reflectance in the absence of absorption with the additional 
restriction which applies to (9), namely, that X is the boundary between two 
isotropic media. It will be shown now that this expression for R is true in the 
more general case in which Y is any plane reflector (which may be partly or 
completely absorbing) and X any non-absorbing reflector, the separating medium 
being non-absorbing. 

Let R, T, and A be the reflectance, transmittance, and absorptance of the 
complete combination and k,, 7, and A, the corresponding quantities for Y. 
Then, if C is the radiant flux for unit area reaching Y for unit incident radiant 
flux on X, T=CT,, A=CA,, A=1—T—R, A,=1—T,—R,, 80 that 


T/A=T,/A, or T/1-0—k\=7 (i 
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that is (compare Dufour 1948), 
18) A 9) MS  ) re nae (28) 


Now the well-known expression for the transmittance of a Fabry and Perot 
etalon gives 

aa T,Ty 

— :1+28,R, —2(B,B,)* cos 6’ 


in which R, and 7, are the reflectance and transmittance of X and @ has the 
Same significance as in (5) for the special case of no absorption. On substituting 
this value for T in (28) and replacing 7, by (1 —R,) we obtain 


_ R,+R,—2(R,R,)* cos 6 
1+8,f, —2(R,R,,)* cos 0’ 
which is of the same form as (27). 

The application of these formulae to multilayer films is obvious. For 
example, Y could be a metallic layer on a backing medium, for which the 
quantities R,, p,, and 7, are known, and X a non-absorbing film of s layers 
for which R, and 9, may be calculated from (22) and (23). Rand T are then 
obtained from (30) and (28) respectively. 


aL 


R 


III. METHOD OF APPLYING THE FORMULAE 
Consider first formula (22) for non-absorbing material. If used in the 
form shown it will lead to an expression for V, in terms of the quantities ,, 
cos 2p,, and sin 2p, (q=1, 2, ..., s). However, (22) may be expressed in 
the form 


Ne Nain, tan p, (31) 
a ~n, iN ig fan D. sitesi) o's: ia\16/'#) ip) \9 satin) 6) 6 


RY 


which gives a value for NV, in terms of the quantities n, and tanp,. For the 
purposes of reduction write 


Ee Gerad abo SOO A OAR ORAS 32 
Ng C, iD? ( ) 

with the condition that 
TS Bo By=D,—0. CwOe yeChery Uy ba Oa ear eat yer) (33) 


Thus in conformity with (31) and (32) (with s replaced by g+1) we may write 


Agu=NAy Nau) tan Pat | 
Byy=nB, +9410 tan Pais 


i Sahar, cS (34) 
Chia"; Sapey tan P41) | 
Dy = ND, +A, tan po) 
and from (34) 
A g41 tan P9414 =Dy 44-41), (1 +tan? p31), ) eat) 


Bia tan Pax = MgO y(1 +tan? Pat) —O p41 


Equations (34) combined with conditions (33) are very suitable for numerical 
computation of NV, and (35) are useful checking formulae. 
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In particular, the first few values of A,, B,, C,, and D,, obtained from 
(33) and (34), are 


A,=%, By=Mm, tan py, Cy=N, Dy=N tan py; ..-.- (36) 
A,=N(n,—N, tan p, tan p2), B,=n,(n, tan p,+n, tan py), ) (37) 
C,=n,(n,—n, tan p, tan py), D,=no(n, tan py +n, tan Pz) 5 ) 

Az=NgNg(N,—Nz tan p, tan Pz) —NpNs tan p;(n, tan p, +N, tan Po), — 
Bz=NyNq(n, tan p, +N, tan Pz) +NyNz tan p3(n,—n, tan p, tan pz), | 
O3=NyN3(ny—N, tan p, tan p2)—ny nz tan p(n, tan p, +N, tan Py), 
Dz=NgpNg(Nq tan p,+n, tan p.)-+NgNn, tan p3(n; —N, tan p, tan ps). 
REET Oe oe ge (38) 


Allowing for a change of notation the values of V, and N, obtained from (32) 
by substitution from (37) and (38) respectively agree with the values of 1/X 
given by King and Lockhart (1946, 1947). 

In the case of absorbing material it is easily shown by means of (16) and 
using the symbol h, for the quantity tanh (k,p,) that (31) is replaced by 


iN ee +n,(h, +k, tan Ps) Hi{N ,_sh, tan Ds +n,(tan Ds —k,h,)} 
n(1—ik,) m, +h,(k, tan p, +N.) Hi, tan p, n,(h, tan p,—k,)} 
ie 2 es (39) 


Thus, for a single-layer absorbing film of refractive index » and absorption 
index k deposited on non-absorbing material of refractive index n,, the film 
index WN is obtained directly from (39) by setting V,,=m%, n,=n, k,=k, 
p,=2rnd/r, h,=tanh (2nnkd/A). Alternatively the expression for WN, in the 
case of absorption may be obtained by developing the quantities A,, B,, OC, 

and D, as indicated above in (34) and replacing n, and p, in the final one 
by the complex quantities n, and Py Other forms of the expression for NV, 
are obtained, involving terms of the type exp (—2k,p,) by using (16) directly. 


IV. QUARTER-WAVE LAYERS 
When there is no absorption and all the layers have equivalent thicknesses 
of one or more quarter-waves, k,=0 and n,d,=)/4 for all values of s. Then (22) 
takes the form 
he —n, Btls lye 
Y. +n, Sey 


or 
NN, =n. 


Since Ny is the real quantity nv, NV, is real. Equation (23) then gives 


—N, 
r, Say Ney 
MutW, | (n 41 eee ee (41) 
»,=0 or x, 


REFLECTANCE AND TRANSMITTANCE OF MULTILAYER FILMS: 9 


and 


V,=—(PitPet+. . .+p,). 


The film index JN, is immediately obtained from (40). Thus for the cases 
when s=2m and s=2m-+1 we have respectively 


Viglen ee Ns _ 
Nan =Mo( De SC (44) 
WyMg «+» Noman 
N 1 NyNs - - Nom+1 45 
gate beer lea) Ee ee (45) 
0 \ Ma, 2m 


The application of these formulae to high-reflectance films and interference 
filters on the one hand and to anti-reflection films will be considered separately. 


V. HIGH-REFLECTANCE FILMS 

From equation (42) it is obvious that the reflectance of a film may be made 
as close to unity as required by making the film index J, either sufficiently 
large or sufficiently small and from (44) and (45) it will be seen that either of 
these alternatives can be satisfied by a proper selection of the refractive indices 
Ny, N., ete. and the number of layers. The method of making high-reflecting 
films composed of quarter-wave layers of non-absorbing materials, the alternate 
layers having the same refractive index, is well known. The usual practice is 
to have an odd number of layers of two materials of high and low index 
respectively, the even layers being of low and the odd of high refractive index. 
From (45) it is evident that this corresponds to a high value of the film index. 
However, it follows from (44) that a high value of the film index can also be 
obtained by having an even number of layers with the reverse sequence of 
refractive indices. Let us denote the high and low refractive indices by h and 1. 
Then on comparing the two cases just mentioned it is easily shown that the 
fractional increase in film index on increasing the number of layers from 2m 
to (2m+1) exceeds that on increasing the number from (2m—1) to 2m if hl is 
greater than n?. Also, if we write 


fa (hit, 
equations (42), (44), and (45) give, with the sequence of layers J, h, 1, h, 1,..., 1, h, 
Mf —N,41\? 
Reh el Pa eee 46) 
‘ : aes ( 
4n 
Fr ee eats y.ctedirs ong. ck (47) 
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and with the sequence of layers h, 1, h, 1, h, l,. . .,h, 1, h, 


mee es fh? |) —N,41 ; 48 
pei fie). eee (48) 
ANN, 44 49 

a le (49) 


Consider now the conditions for producing a high reflectance by making the 
film index very small with the use of the same materials for the layers. Clearly 


this requires an even number of layers with the sequence h, 1, h, 1, . . ., h, 1, 
or an odd number with the sequence 1, h, 1, h,.. ., 1, h, 1. These alternatives 
give respectively 
ReR — (Fenty he Gi eae aa (50) 
; mi Ne4a +1N9/f 
4n 
fa ee ee ee bg ee (51) 
fingyy 
and 
= a N44 —l?/ No f . 52 
R= Fes,.49 a es +12 /nof is fe ero: .5' She) S) elas ( ) 
el) SATS gf. as > see aes (53) 


In the case of a multilayer interference filter consisting of two composite 
high-reflectance components separated by a spacing layer, the properties of 
either of the high-reflectance components are obtained on taking n,,, to be the 
refractive index of the spacing layer. Thus equations (47) and (49) indicate 
that this refractive index should have as low a value as possible when the arrange- 
ment of the layers is that described in connexion with these equations. On 
the other hand when the arrangement is that described in connexion with (51) 
and (53) the separating medium should have as high a refractive index as 
possible. 

In the foregoing discussion of high-reflectance films it has been assumed 
that all materials involved are non-absorbing. However, the results obtained 
may be made to apply to the case in which the backing medium is partially or 
wholly absorbing, e.g. glass coated with a layer of silver. The reason for this 
is that the reflectance R, and the phase change produced by reflection are 
the only properties of the boundary of this medium which are involved. Thus 


it is only necessary when applying equations (44) or (53) to such a case to 
write 


(in which F,? is taken as positive) and allow for the phase change by increasing 
the thickness of the first layer to a value given by 


Xr Xr 
mya, tae eka (55) 


As an example of the use of formulae (46)—(53) consider the problem of estimating 
the number of layers required to make a multilayer film of specified reflectance. 
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If this is of the usual type to which equation (49) applies and if the reflectance 
is to differ from unity by a small quantity ¢, then (49) gives 


m log (h/l)=log 2—log h+4(log n,,, +log n,—log c), .... (56) 


from which the number of layers, 2m-+1, can be estimated. Suppose two films 
of this type are to be used to make a symmetrical filter, the materials employed 
being : 


Glass Wj=1-51 
Cryolite l=1-35 
Zine sulphide h=2-30 


Separating medium, eryolite mn,,,=1-35 


Then (56) gives 
BY a WD BB LOR Sy. > facoawtere sa chele tars (57) 


so that seven layers are required for e=—0-06. Also a filter which transmits 
one order only in the visible range corresponding to a wavelength A has a band 
width dd (at half peak intensity) given by (compare Tolansky 1948) 


dA/A=(1—R)/n7Ri~e/n, 


where F is the reflectance of both components. Equation (57) then gives, for 
light near the middle of the spectrum, 

2m+1=16—4-3 log A, .............. (58) 
where A is the value of dA in angstroms. ; 
Thus, for the bandwidth to be 40 A nine layers would be required in each of the 
two components giving 19 layers in all. By making the refractive indices of 
two or more adjacent layers equal it is obvious that equations (44) and (45) 
apply to films of which some of the layers have a thickness which is any multiple 
of a quarter-wave. Thus the filter just discussed may be considered as having 
two components separated by a medium of half-wave thickness and applying 
(44) to each component, or as one symmetrical film of 2m layers in which n,—n,,, 
Ng=Nom—1p+ + +) Um =Nmi, and the medium of incidence and the backing medium 
have the same refractive index, i.e. 1,,,=%. Equation (44) then gives, in 
the case of this alternative treatment, V,,,=m) so that the transmittance is 
unity as required. The fact that these equations may be applied in the case 
when some of the layers have a thickness of a half-wavelength has some applica- 
tion in connexion with anti-reflection films now to be discussed. 


VI. ANTI-REFLECTION FILMS 
The first requirement of an anti-reflection film is that it should have zero 
reflectance for a specified wavelength A). Thus if quarter-wave layers are used 
the film index as given by (44) or (45) should be unity. Then, for a single 
layer of refractive index n,, equation (45) yields the well-known condition 


(Ea) OO SA Seca arena ira. Satara aS © (59) 


A second requirement is that in this spectral region the curve of reflectance 
against wavelength should be as flat as possible. 
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With a single layer this condition is not fulfilled particularly well and, 
where n, refers to low index glass, practical considerations prevent (59) from 
being satisfied exactly. The use of multiple layers gives greater flexibility as 
regards both these requirements. Trial and error methods seem to have been 
used mainly in selecting materials to satisfy the condition of a flat reflectance 
curve, so that some consideration of an analytical approach is justified. It is 
possible to obtain some idea of the relative flatness of the reflectance curves for 
different films from the value of the curvature, 0?R/0A?, at the point A=A . 
This is, of course, only a guide to the flatness in general. In evaluating the 
curvature it is convenient to write, after putting n,,,—1 in (25), 


2 2 
3 ee eS) eee (60) 
Y;s+Z; 
in which 
We=nA-C,, X,=n,B—-D,, Y,=n,A,+C,, Z,=n,B,+D,, ee (61) 


A,, B,, C,, and D, being derived from (34). 


Applying this to the case of a two-layer film in which each layer has an 
effective thickness of }A) so that 


P1=Pg=PHTg[2Ay one cee eRe sees (62) 


the condition of zero reflectance requires, as seen from equation (44), 
Cis)" =Ny- | inks ae ees (63) 


and then, after some reduction, using (60), (62), and (63) and neglecting dis- 
persion (see also equation’ (74)), 


0?Ro' 72 /(07R 2 
( nt), =5( ap), = gattalta SFA) (mg mans) het 


The minimum (zero) value of this expression occurs when 
Ny = Nag NgA NE, Vie. Pe wana wae (65) 


but this cannot be realized on account of the low value of n, required. The 
best that can be done is to make the expression as small as possible using prac- 
ticable values for n, and n,. King and Lockhart (1947) have drawn attention 
to the advantage of using a three-layer film in which n, and ng are of quarter- 
wave thickness and m, of half-wave thickness. More general conclusions may 
be derived as follows. Suppose the first and third layers of the film are of 
quarter-wave thickness but the middle layer is of thickness 4md, where m is 
any integer. Equation (44) shows that the film satisfies the condition of zero 
reflectance (or unit film index) for A=), if 


(ti, ]n,) *ange ba eee ee (66) 
Writing 
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a similar treatment to that used in deducing (64) yields, after eliminating 
n, by means of (66), 


Ca Sey 
On” Jy, re ae 

2 

sr {ny(n=t +1)(nq * nn?) —2m(ngn n>? =n ins AV} 
0 
Bhai cane Sheu ae es (68) 

The case of m=1 corresponds to that discussed by King and Lockhart, who 
have given the reflectance curves in four cases. In all of these ny=1-52, 
N,=1-80, and nz=1-44, thus approximately satisfying (66); but n, is different 


in each case, having in turn the values 2-4, 2-15, 2-00, and 1-80. They show 
that the higher the value of n, the flatter the curve, the case of n,=2-4 giving a 
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Fig. 1—Reflectance curves for films on glass, consisting of two 

layers of thickness } separated by a layer of thickness jm, where 

m=0, 1, 2, 3, or 5. The refractive indices are: glass, 1-53; 

adjacent }\ layer, 1:80; outer $A layer, 1-44; separating layer, 
2-40. 


particularly flat curve. It is of interest to note that for these four cases the 
curvature at A=A, is proportional to 0-16, 0-50, 0-84, and 1-43, in conformity 
with the results of King and Lockhart. Using the same values for the indices 
but setting m=0 in (68), the corresponding figure for the curvature is 0-56 
which shows that of the four cases mentioned above only the first two give a 
flatter curve at A=), than the corresponding two-layer curve. Again, on 
giving m the values 1, 2, 3, and 5 in succession and using for the indices in all 
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cages the values n,=1-80, n,=2:4, m)=1-53, the curvatures for the four values 
of n are proportional to 0-16, 0-0018, 0-097, 1-0. Thus optimum results are 
achieved with m=2, i.e. a full-wave layer separating the two quarter-wave 


layers. 

Figure 1 gives reflectance curves centred on A,=0-°55 mu for the above 
index sequence and for various values of m, including the corresponding two- 
layer case (m=0). It will be noted that the curve m=2 gives a smaller reflectance 
than the curve m=1 over a large part of the spectrum, though this no longer 


applies when A is sufficiently less than A). 


VII. A DIFFERENTIAL FORM OF THE FILM INDEX AND ITS APPLICATIONS 
If we assume that dispersion is negligible equation (16) yields, after taking 
logarithms of both sides, 
1, oe Nee ee av, .47, 
NS oh Nn een dn’ 


§ 8 


so that the value of dN ,/dA may be obtained by repeated applications of (69) 
and (16). When there is no absorption, so that n, and p, are replaced by n, 
and p,, and all the layers are of quarter-wave thickness for a wavelength ,, 
equation (69) reduces, with the aid of (40), to 


gE Nn, ITAg n2—N2 —n anes 
dar =a ae 8 val aay L tee ee as (70) 
so that 
GN. | ta )3| <tte eleey oa aN,_.) 
( da ee Fame: Ve ts dn j age eer (ea) 


Repeated applications of (71) and (40) (noting that V)—n,) enable (dN ,/dA),—,, 
to be determined for any value of s. Examples are 


ay, SI eee : 

( da i oan —n5), Da WORMS, ty os Ey Sane (72) 
dN inn 

eek ‘ a5 onk noe MA) (Ma +9) ak oe (73) 
\ =Ao 


A useful application of (71) is the determination of the curvature of the reflectance- 
wavelength curve of an anti-reflection film or a filter at the point of zero 
reflectance (A=2)). For this purpose the following supplementary analysis is 
required. From equation (25) 


dice § No44 eae d Noid Ne 
dA | M44 +X, dA | 2.4,+, 2 
so that if 
(2, )x=n=0, 
then 
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(aaa Lo d | Ns44 aN; : 

CGY Mack GG: Nya. 
But the first derivative of the modulus of a complex expression for a value 
of the variable that makes the modulus zero equals the modulus of the derivative 


of the expression for the same value of the variable. From this result and the 
condition of zero reflectance (V,=n,,,=1) 


d*k, =) d Ns44 =, 
es a | alee 


Equation (64), which applies to a two-layer anti-reflection film, may be 
derived immediately by substituting from (73) in (74) and eliminating n, by 
means of (63). 


and 


2 2 


ay, 
da 


= 
2 
A=o 


(74) 


A=) 
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APPLICATION OF MATHEMATICAL THEORIES OF APPROXIMATION 
TO AERIAL SMOOTHING IN RADIO ASTRONOMY 


By J. Arsac* 


[Manuscript received February 21, 1956] 


Summary 


An aerial rarely provides a perfect image of a radio brightness distribution. If 
we consider an array as a filter of “‘ spatial harmonics ”’, the image function is a trigono- 
metric sum approximating the object function. An application of mathematical 
theories shows the influence of the length and the shape of the array on the difference 
between object and image. Whatever the array, the image contrasts are bounded. 
The results provided by various arrays of the same length may be reduced by linear 
transforms. Inaccuracies of measurement, especially those due to the receiver noise, 
add to the systematic error due to the finite length of the antenna. We may try to get 
a compromise between these various causes of uncertainty. 


I. INTRODUCTION 
The most general effect of an aerial used to survey a radio brightness 
distribution (that we call ‘‘ object ’? by analogy with optics) is to provide informa- 
tion on the object. All properly designed aerials having the same length provide 
the same quantity of information, but in a way more or less convenient to use. 


If we want the information to be directly available, we use a narrow beam 
antenna. In fact, however, its design results from considerations about its 
radiation pattern. If we adopt criteria about the difference between object 
and image, we may design quite different antennae, better fitted to the problem 
of radio astronomy (Arsac 1955c). 


If we have an imperfect antenna, to get the best from it, we may wish to 
extract from the given image all the information implicitly contained in it. 
It can be shown that all the images of the same object provided by aerials of 
the same length may be transformed one into the other by linear transformations 
(Arsac 1955), 1955¢). The choice of a criterion for the object-image difference 
allows determination of a transformation so that the obtained image agrees 
with this criterion. 

Interferometry, used as far as a distance DL, gives the same information 
as an antenna of length Z, but piece by piece. The combination of this informa- 
tion piece by piece according to a suitable process allows an image of the object 
_to be formed. Again, the choice of a criterion for the object-image difference 
determines the process to be used. 


The most frequently used criterion is that of the least mean square error 
(Bracewell and Roberts 1954 ; Arsac 1955b, 1955¢). It may be slightly defective, 


* Observatoire de Paris, Meudon, France. 
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for a large error is not excluded, if limited to a narrow interval. The mathe- 
matical theories of approximation of functions by trigonometric sums give 
us some precision on the maximum of error, in connexion with the bounds of 
image contrasts. 


II. PARTICULAR FEATURE OF AERIAL SMOOTHING 
The study of the observation of brightness distribution by an antenna 
shows that it behaves in the same way as the formation of an image by an 
optical instrument : 


+1 
PC) =(1/2=) |“ Flwg( na, 

= 70, 
where f(u) is the brightness distribution of the object (assuming the problem 
reduced to one dimension), g(0) is the antenna gain, P(0) the image (received 
power) ; wand 6 are angular coordinates on a great circle of the celestial sphere ; 
P, f, and g are merely positive functions (Bracewell and Roberts 1954; Arsac 
1955b, 1955ce). 

The interpretation of such an equation by Fourier transforms is well known 
(Duffieux 1946). However, it seems to us imperfectly fitted to radio astronomy. 
The essential characteristic of the functions P, f, g is that they are functions 
of an angular coordinate on a great circle of the celestial sphere ; so they are 
periodic with period 2x. It is only with care that we can define their Fourier 
transform, for it vanishes everywhere, cxcept for an infinite set of equidistant 
points where it is infinite. We must introduce the theory of “ distributions ”’ 
(Schwartz 1950). We may resolve such a difficulty by assuming that the 
function f vanishes identically outside the interval —z, +7. Its transform 
is then p 

F(«)=|  f(0)e-a0. 

It seems more convenient to represent these functions by trigonometric 

series : 
+o, 
f(8) = x Cpe'??, 


—o 


g(9)=a0 4234, cos p0. 
af 


g(9) includes only a bounded number of terms owing to the finite length of the 
antenna (Arsac 1955b, 1955c). Without loss of generality, we can assume g 
even. Then A_p=Uy and omy 
P(0)= > a,c,e*. 
=n 


In some cases (for instance, investigation of the Sun or some very bright 
radio stars) there are sources on only a limited region of the sky, so that the 
function f nearly vanishes outside a certain interval of length 26. We can 
represent f by a new series 

oO .. 
TG) ==t2,.c,e07"! : 


— oO 
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in the interval —b, +b, outside which f'vanishes. b may be any number greater 
than b,. So there is an infinity of possible representations. To connect them, 
we have only to introduce the Fourier transform as defined above 


+bp ; 

Fa)= |" fem H*a0, 

=s 

limiting the interval of integration to the interval —by, +b), outside which f=0. 

Then 

C,=(1/2b)F (px /2b). 

It happens that the most general array, constituted by a line of antennae 

whose abscissae are integer multiples of the same length a (we call it the funda- 
mental length of the array) has a gain given by 


g(0) =a) +254, cos (2p7a0/2). 
1 


The sum is always limited to n because of the finite length of the array. 
Under certain assumptions (a of the order of many A) na=L. If we take 
a/A=1/2b <1/2b, the array passes the necessary harmonics to define f on —b, +6. 
We get then 


+n 
P(0)= X a,c, cos (px0/b). 


Such relations imply that: 


(i) g is a trigonometric sum, 
(ii) P is a trigonometric sum. 


III. GENERAL PROPERTIES OF ARRAY PATTERNS 
It does not seem that the importance of the first conclusion had been 
pointed out before a recent article by Simon (1955). A trigonometric sum of 
mth degree has these properties : 


(i) it has at most 2n zeros, 
(ii) its derivatives are bounded. By Bernstein’s (1926) theorem, if Q(@) 
is a trigonometric sum of nth degree and | Q(0) |<M then 


| Q%(8) |<n?M. 


When arrays are concerned, g is in fact a function of 2xa0/A. Noticing that 
g(9)>0 and g being the maximum of g, 


| 9—49 | <39o) 
| g)(8) | <(27L/a)? - 49. 


Especially for the small values of 6, 
I~IJo— 30? | go |> Go —302(27eL/A)2 - 3gp. 


. The value g=4g) cannot be reached for values of § smaller than /2)/27L. 
This limit is smaller than the usual value A/D. 
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A comparison of the gains of any array and Dolph’s array allows us to get 
either a limit of the width of the main lobe as a function of the level of the side 
lobes, or a gain limit of the array over an interval not including the centre of the 
main lobe. It may be proved that the gain of an array cannot remain 4 times 
smaller than the gain product of the extreme antennae of the array for sufficiently 
great values of 0. This result confirms the optical theorem showing that 
diffracted energy in the far part of a diffraction figure is chiefly determined by 
brightness on the pupil edge (Dossier 1954). 


IV. IMAGE QUALITIES 
The second conclusion we pointed out seems still more important in radio 
astronomy. (0) is not any function, but a trigonometric sum. Experience 
substitutes for the unknown function f{(0) the polynomial P. 


If we want image P to reproduce object f, P(@) must approximate f(8). 
We are led to the problem of the approximation of a function by a trigonometric 
sum. 

Let us sum up the results of mathematical analysis (Jackson 1930). 


Let f(@) be a periodic function of period 2x: we define its Fourier com- 
ponents by 


¢,=(1/2m) {  “f(6)e-9a8. 


We can get polynomials approximating f, i.e. such as for all values of 0, 
| f—P,,|<r,, ’, being the realized approximation. They are built from Fourier 
components of f by a summatory process (Hardy and Rogosinski 1938) 


p=+n 
Pr= XD omrne,e'?. 
p=—n 

The values m?, are most frequently that of a function m(t) for t=p/n+1 ; 
m(t) vanishes if |t|>1. m/(t) is the summatory function. In very general 
conditions P’,—>f if noo (r,—>0 if noo). 

n being fixed, the choice of the summatory function allows us to modify 
the possible values of r,. Among all the processes m(t), there is one and only 
one minimizing 7,. The corresponding polynomial P,, called ‘‘ of best approxi- 
mation ”’, is such that the difference P,—f takes, over the interval —zx to x 
(one of the limits being excluded), +2 extreme values of the same size and 
opposite sign. If f(0) has a bounded derivative of pth order | f(0)|<M,, 
the minimum of 7,, that we write H,(f) and call the best approximation of nth 
order of f, is such that 

E,(f) <C,(M,/n”). 


The first values of C, are : 


Te Te? 73 
C1=5 C2= 9) Cs=5) ete. 
and 
C,<0j<u. .<Ala<. ...<03<0,= $n. 
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The summatory process that minimizes r, varies with the properties of 
f(8) (Favard 1937). 

Most summatory processes saturate, i.e. the approximation attainable cannot 
be smaller than a given limit, only attainable for a certain class of functions. 


Thus the Fejer process, defined by m(t)=1—| t |, 
+n 
o,(6) = = [1—| p/(n-+1) |]e,e” 


(writing o, for the corresponding polynomial P,(0)) saturates with the degree 
of approximation 1/n, i.e. for every function there exists at least one value of 0 
such that | o,—f|>a/n, whereas for certain functions | o,—f | <b/n. 
The Fourier process 

+n 

8,(0)=  ¢,e'?®, 

—n 
m(t)=1 if |t|<1 and m(t)=0 if | ¢|>1, does not saturate. If possible, and if 
Ef) has the same meaning as above, 


| 8, —f | <#,(f) log (270). 


It is one of the advantages of the Fourier process. Though in most cases 
it does: not provide the best approximation, there is no lower limit for the one 
it gives ; which is easily understood, for only the Fourier process reproduces a 
trigonometric polynomial without error. Furthermore, the best summatory 
process of an indefinitely differentiable function is Fourier’s (Favard 1937). 

Nevertheless, the sum S, may not converge to f if noo, at least for certain 
values of 0. Thisis the Gibbs phenomenon. In these cases, other more powerful 
summatory processes make the sums converge to f in every point. Thus the 
processes m(t)=1— | t|* are more powerful than Fourier’s. 


In the following, we assume the gain of arrays to be normalized so that 


+b 
(1/20) | g(09)d0=1 (a)=1). 
—b 

From the formulae, as stated above, it appears that an array acts for the 
object f as a summatory process, and provides the approximation 


+n 0 
P(9)= % a,c, ei”, 
—n 


The approximation obtained depends on nm and the set of values a, that 
characterizes the antenna completely and that we have called the “ spatial 
pass band ” (Arsac 1955b, 1955¢). For an array of length Z and of fundamental 
length a, na=L. mn may be increased, the length L being a constant, by decreas- 
ing a. It does not necessarily follow a better approximation. 


If f(0) has a pth derivative bounded by M p the function f(x6/b), with 
period 27, has a pth derivative bounded by (b/x)?M ry 
‘Thus 
Li, (f) <C,(b/™)?(M ,/n®) =0,(A/27L)?M,. 
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The best approximation depends only on the total length of the array. 


The saturation problem is more complex. From the definition of P and 4 
it follows that: 


pb’ p) 


+b 
z 1/20) | P(0)e—i?74/bd 6 —a,c 


b 
+b 
1/20) | F(Qler?rd0=c;. 
—b 
Thus 


(1/20) | PR —f)e- vb 8 =(a,—1)e,, 
—b 


| (a —1e, | <(1/28) | ee ae ee 
—b 


The difference P—f cannot be smaller everywhere than the greatest value 
of 
| (a,—1)e, |=| (a,—1)(a/a)F(2pra/d) |. 
For instance, if 
a,=1—(p/n)*, 
then 
Tao> (A/27eL)* (1/26) [(2p7a/A)*kF (2p7a/Ar)]. 


Let NV, be the upper bound of x*F(«x) on the set of points s=2pza/a, 


where 
t,> N,/4brL. 


At this point the process saturates. If m increases, ZL being constant, the 
denominator increases, for 6 increases if a decreases. But simultaneously the 
distance between two consecutive points c=2prma/d decreases, and so NV, may 
be increased. For instance, if x*F (x) has its maximum value for x=%, N, 
may be smaller than this maximum if a and its neighbourhood do not belong 
to the set of points c=2pza/A. By decreasing a, one of the set will tend to a, 
and WN, increases. We cannot draw a conclusion in the general case. 

We have considered interferometry elsewhere (Arsac 1955b). There is no 
advantage in doing interferometric measurements for antenna spacings other 
than integer multiples of a same length a (defined as above, i.e. smaller than 
the inverse of the apparent diameter of the source, when a is measured with 
wavelength as unity). Besides, there is an exact equivalence of problems, 
interferometric measures for distances a; 2a;...; na=JL giving the same 
harmonics as an array of length Z and fundamental length a. 

An array designed to give the Fourier sum of f induces an error smaller 
than E,(f) log (2x). There is advantage in keeping H,(f) constant (L constant) 
and decreasing n. Which is easily understood: it often happens that from a 
certain value of x, F(#) has equidistant zeros of abscissae px, (for instance, a 
circular source of uniform brightness). If we take 27a/A=a, all the harmonics 
not passed by the antenna vanish. There is no error. If we decrease a (for 
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instance, if we reduce it by half) the rejected harmonics are of order }pa,, and 
one harmonic out of two is different from 0. There is inevitably an error. 
Finally : ; 

(i) A uniform array gives a Fejer sum of f (mth order if there are n+1 
antennae). It can never give an image identical with the object. In any case 
there is at least one point where the difference P—f exceeds the maximum of 
xF (a) on the set of points 2pza/A; for a circular source of uniform brightness 
and apparent diameter 2b), for example, 


F(x) =27by Bd 1 (box) /x. 


For b=2b, N,~0-6(2rb),B), 7/B>0-3bA/bL=0-15A/L. Moreover, the error 
can be bigger than this value. If we use the results provided by the array 
directly, it is useless to measure with more accuracy than about i/10L. | 


(ii) An array designed to give the Fourier sum of f may, in some cases, 
give an image identical with the object. For very regular functions (f has no 
rapid variations), it will generally provide good results. For very irregular 
objects (very rapid variations of f) the Fourier series may not converge to f 
and the error may be quite large. This is connected with the Gibbs phenomenon 
(Hardy and Rogosinski 1938). The uniform array does not show the Gibbs 
phenomenon. 

(iii) A Dolph array is only optimum for practically point sources. 

(iv) Arrays such as a,—1—| p/({n-+1) |* may be interesting to build, for 
their order of saturation is smaller than that of the uniform array. The higher 
the order of the zero of m(t) for t=1, the more powerful the summatory process. 
On the other hand, it provides an even more accurate approximation than the 
order of the zero of 1—m/(t), for t=0 is higher. If #,(f)<C/n", m(t) sums to 
f with an approximation of the same order if the zero of 1—m/(t) for t=0 is of a 
higher order than r. It is the same for m(t)=1—|t|* if k>r. In practice 
k values as small as 2, 4, and 6 will be enough. We have pointed out elsewhere 
(Arsac 19555) how one could design an array of a given spatial pass band. 


(v) Interferometry, which separately gives the different harmonics of f 
over a certain interval, allows one to get such sums of f as wished. The above 
remarks will help in doing so. 


(vi) If we wish to build an antenna able to provide an image comparing 
various theories (for instance, investigation of solar limb brightening) we will 


choose the type of antenna best suited for the function studied, even if this 
function is not very well known. 


(vii) Usually it is not possible to calculate the systematic error deriving 
from the finite length of the antenna, for the limits reached by f or its derivatives 
are unknown. If one of these limits is known a priori, or a limit of the co- 
efficients ¢, from a certain rank, an upper bound of the error can be estimated. 
Nevertheless, Bernstein’s theorem gives us a better understanding of the nature 
of errors due to the finite length of the antenna. If P(0) is bounded by M, 


| P'(0)|<(2nL/A)3M, | P"(0) | <(2nL/ay? - $M. 


THEORIES OF APPROXIMATION IN AERIAL SMOOTHING 23 


Assume that we observe an object of the shape given in Figure 1, and let 
the shape of the image be given in Figure 2. Let D be the width of arc AC; 
we will certainly get 

M/D<(27L/rA)sM, D> d/xL. 


This bound cannot be reached because of the continuity of P’(0). If we 

represent arc ABO by an arc of a sinusoid 
P= ;M[1—sin {x(0—O)/D}], 
then 
M?r?/2.D? <(2rL/r)? + 4M, D> d/2L. 

If we want to represent such an object accurately (for instance, if we want D 
to be slightly different from d) Z must exceed A/2d. The regions of maximum 
error of P are those of rapid variation of f. 


P(@) 


P(@) 


D a 


Fig. 1.—Object distribution. Fig. 2.—Image distribution. 


In the preceding theory, we have not taken into account the restriction 
g>0. It implies that certain sums cannot be directly obtained. For instance, 
with the Fourier sum we have 

eee {(2n +1)ra0/A} 
sin {7a0/A} 


As this expression takes negative values, an array cannot provide a Fourier 
sum. We remove the difficulty by adding a constant to P(0). 


V. IMAGE RESTORATION 
The knowledge of array gain allows the various images of the same object 
given by various antennae of the same length to be reduced to one another. 
For we have 


+n : 
PO) = 2 4,6,07%". 
—n 


A harmonic analysis of P gives the coefficients a,c, and, if a, is known and 
different from 0, c, may be deduced from it. It is then possible to build any 
sum of f. Let us write 

a0 


eo na, pro 


$y +n 2qb 2qb 
6/b — SSEE js f 
ee Ev( 20, jal : 
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These equations entirely resolve the problem of the restoration of function f 
from function P. Any other polynomial may be built from the approximating 
polynomial provided by the antenna. But we cannot get anything else than a 
polynomial of nth degree. As the result of the above study, the Fourier sum 
S,, called by Bracewell and Roberts (1954) the “ principal solution”’, is not of 
necessity the best image we can get with the information given by the antenna. 
Sums corresponding to the 1—| ¢ |* process will be often more suitable. Besides, 
this result has been pointed out by Bracewell and Roberts, who notice that 
when the function f is very irregular the defects of the Fourier sum S,, may be 


P(6) 


[e} 


Fig. 3.—An image distribution (- - -), the first stage of restoration (—-—-—-), 
and the Fourier sum SS, ( Ve 


smoothed by reducing the Fourier components by ‘‘ some suitable weighting 
function”. The method of Van Cittert’s restorations, quoted by Bracewell 
and Roberts, is particularly interesting when the antenna is a uniform array. 
By writing P=fxg for the operation 


+b 
P(6)=(1/2b) | flu)g(0 —u)dw, 
—b 
we calculate : 
P,=P+(P—Pxg), 
P,=P,+(P—P,+g), ete. 


If P is the Fejer sum of the nth order of f, P,_, is the corresponding sum 
by the 1—|¢|* process. One operation will be very often enough; it will be 
rarely useful to perform more than three or five. Figure 3 shows the o, sum 
corresponding to the Sun for a wavelength of 3-2cm. It is the image of the 
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Sun that would be given by a uniform array of seven antennae, of length L=348) 
(11-10 m), a=58). Such a sum is built from results of interferometric measures 
(Alon, Arsac, and Steinberg 1955). We note the result of a first restoration 
m(t)=1—# and the Fourier sum S,. We have been able to get such a sum 
directly (Arsac 1955a, 1955c). There is only a little difference between these 
last polynomials. 

Let us recall that we may realize the restoration by an optical process. 
Such a technique recalls Gabor’s methods in electronic microscopy. It is 
enough to have the array passing n harmonics and its spatial pass band to be 
known to get the best possible image (of nth order naturally). 


Let us finally remark that, the restored function being still a polynomial 
of nth degree, the limits of Bernstein’s theorem hold in this case. This may 
constitute a test for the validity of certain operations of approximate restoration 
(Bracewell 1955). 


VI. Noisy IMAGE 

We have just considered the systematic error due to finite length of the 
antenna. ‘To this error is added the inevitable error of measurement, chiefly 
due to noise originating in the receiver. To the function P is added an error 
DP. This one is only to be considered in the same interval as P. If we know 
many periods of P, the error may be reduced by calculating their mean. Let us 
consider only one period. 

The function DP, being defined in the same interval —b to +b, may be 
represented by Fourier series with the coefficients given by 


| > |=| (1/28) | ’ DP(6)e-”d0|<Z, it | DP|<Z. 
—b 


Their modulus is bounded by Z. In other words the experiment does not 
provide the exact values of a,c,; they may be inaccurate by an error equal 
to Z at most. This may be a limitation on the resolving power of the antenna. 


The known part of the spectrum of f is not limited to the rank of the last 
passed harmonic, but to the rank of the last harmonic whose amplitude is 
higher than Z. As for every continuous function, ¢, decreases as 1/p, it is 
necessary that the last passed harmonics should not be transmitted with too 
small an amplitude. Here lies the principal defect of the uniform array. 


We have established that for a linear array built with antennae of abscissae 
integer multiples of the same length a, two of the antennae of the array transmit 
a harmonic of rank proportional to their distance with an amplitude equal to 
the product of their gain (Arsac 1955b, 1955c). Thus it is possible with a given 
~ number K of antennae to transmit a number of harmonics very much higher 
than K. We must manage to form the set of integers from 1 to N (NW being 
the highest possible one) with the distances between the antennae of the array 
taken two by two in every possible manner. With four antennae at abscissae 
0, 1, 4, 6, six harmonics are transmitted all with the same amplitude, the antennae 
of the array being identical. Such an array provides the Fourier sum S, (Arsac 
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1955a). Arrays having a greater number of antennae cannot provide the 
Fourier sum, some harmonics having doubled (or more) amplitude. Neverthe- 
less, it is possible to transmit 13 harmonics with six antennae, 23 with eight 
antennae, . . ., etc. We may transmit a number of harmonics of order K?/4. 
Such a possibility is rather convenient, for it allows us to get the maximum 
information with a given number of antennae. Besides, such arrays add a 
continuous background to the function P, which diminishes the accuracy of 
measurements. ; 

Let us compare the 0, 1, 4, 6 array with a uniform array 0, 1, 2, 3, 4, 5, 6 
whose axial gain would be the same. Figure 4 shows a record obtained for 
A=3-2 cm with a 0, 1, 4, 6 array of parabolic antennae of diameter 1-10 m having 
a 2° beam in the meridian plane and 7° in the perpendicular plane (a—58A, 


Fig. 4.—Solar scan. 


_ L=348,). The result obtained with the uniform array of the same axial gain is 
presented in Figure 5. The error of measurement is smaller for the uniform 
array. But this latter transmits six harmonics with the amplitudes : 


a,=1-96, a,=1-65, a,=1-30, a,=0-98, a,=0-63, a,=0-33, 


instead of a,=1 (p=1,. . ., 6) for the 0, 1, 4, 6 array. Consequently, if the 
error of measurement is bigger for the incomplete array, the systematic error 
is smaller, for the last harmonics are known with a higher accuracy. If we had 
compared two arrays built with the same antennae, we should have found that 
the two pass the last harmonic with the same amplitude. The limitation of the 
resolving power by noise is then the same for the two arrays. 


Generally speaking, for an array built with identical antennae, each harmonic 
is transmitted with an amplitude at least equal to the product of the gain of 
two antennae of the array. If an interferometric study of the object is possible 


as far as a distance Z with two antennae of the array, the resolving power is not 
limited by noise. 
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If we have K antennae, suitable disposition allows us to obtain up to K?/4 
harmonics. The more we have pass harmonics, the less they will be determined 
with accuracy. For: 


g(9) =a) +2 a, COS (prad/A), 
g(0)=a)+2 ¥ a,—K?. 
1 


If m increases, the a,, or at least some of them, must decrease. Then we 
may try to get a compromise between the systematic error due to the number of 
harmonics and the errors of measurement due to amplitudes of harmonics. 
Only a special study of each problem to be resolved will yield the most suitable 
disposition of antennae. 


ee te ee ree 


Z_! CONTINUOUS | BACKGROUND = 


fe) 0 
Fig. 5.—Theoretical images for the 0, 1, 4, 6 and the uniform 
array. 


If we have K antennae and a given length LZ, a judicious disposition allows 
one to get a greater number of harmonics in the same band of the spectrum of f, 
and then to explore wider regions of the celestial sphere. Again, this operation 
leads to a greater inaccuracy in determining some harmonics. Once again we 
have to establish a compromise between the different qualities to be found in 
the antenna. 
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NUMERICAL SOLUTION OF EQUATIONS OF THE DIFFUSION TYPE 
WITH DIFFUSIVITY CONCENTRATION-DEPENDENT. II 
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Summary 


A new procedure is developed for the numerical solution of the equation 


(ea) po ok 
eA A On 
with D and K single-valued functions of 0 and the conditions 0=0,, +=0, «>0; 0=0,, 
x=0,t>0. Difficulties inherent in the one method previously suggested are avoided, the 
problem being reduced to one of solving a set of ordinary differential equations. 
The solution is found in a form implicit in 0 and t, with x expressed as a power 
series in ¢2 with the “ coefficients ”’ functions of § obtained as the solution of the ordinary 
equations. For problems of interest to the author this series converges rapidly, so 
that solution of only the first few ordinary equations is needed. A simple and rapid 
numerical process is given for solving these equations. 
The truncation error of this process is studied empirically and the convergence 
of the power series in ¢2 examined briefly. 


I. INTRODUCTION 
This paper describes a method for the numerical solution of the equation 


00) 0) (a0! Vek 
2a aslo ont EASE EY > (1.1) 
subject to the conditions 
Fee ont Ora ‘ PP tte tT) 
0=6,, #7=0, 0. 


D and K are both single-valued functions of 0. 


Equation (1.1) is a generalized form of the Fokker-Planck equation and 
is relevant, for example, to diffusion phenomena modified by an external force 
field (Chandrasekhar 1943). In particular, the equation describes the vertical 
isothermal movement of a liquid and its vapour in a homogeneous stable porous 
medium under the potential gradient arising from capillarity and gravity (Klute 
1952; Philip 1955b). Solutions of (1.1) by the present method are applied 
to the microhydrological problem of infiltration in a series of papers to be 
published elsewhere (Philip 1957). These solutions agree with experiment and 
provide important improvements in the understanding of this phenomenon. 


* Division of Plant Industry, C.S.1.R.O., Deniliquin, N.S.W. 
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Klute (1952) suggested that a method developed by Crank and Nicholson 
(1947) might be adapted to give numerical solutions of (1.1). Essentially, 
these authors replaced derivatives both with respect to 7 and with respect to ¢ 
by finite difference ratios, and on Q occasions solved P simultaneous equations 
to obtain values of 0 at PQ points of the net formed by P intervals in # and Q 
in t. They also used an improved finite difference form of 070/dx°. 

The necessary procedure to solve (1.1) in this way was worked out by the 
author, but it was found that the method promised to give poor accuracy even 
at the expense of much labour. 


II. PRESENT METHOD 
The present method follows that developed in an earlier paper (Philip 1955a, 
which will be referred to as Part I) in taking 0 as the independent variable. 


The equation 

00 oa (00 

= ‘a'{P ) Seba ae (2.1) 
subject to the conditions 


0=—0 
By) MN ee er cy (2:2) 
6=6, «=0, t>0, J 
is introduced. Its solution is of the form 
ee) ee sy Pee SEY Ay (2.3) 


where ¢ is a function of 0 only. ¢ is readily evaluated by the method of Part I. 
Solution (2.3) is used to provide a first estimate of a <A partial D.E. is set up 
in 0, ¢, and the residual error (#—a’). An approximate solution of this equation 
is found by means of an approximation and a substitution suggested by dimen- 
sional analysis. At the same time a new partial D.E. is found which specifies 
the new residual error exactly. The new equation is amenable to the same 
treatment and the process may be repeated with new residual errors as often as 
required to give the necessary accuracy. 


III. INTRODUCTION OF RESIDUAL y AND APPROXIMATE RESIDUAL y’ 
We use the well-known identity 


@) () — Ea a ee (3.1) 


to introduce forms of (1.1) and (2.1) with @ as the independent variable. (Where 
necessary for clarity we employ the symbolism (@a/db), to denote the partial 
derivative of variable a with respect to variable b, with variable ¢ held constant.) 


These are: 
oz 0 p? OK 
ai 30 A eee (3.2) 


de’ 2/08 
— 530 Pie’) eT a (3.3) 
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In these equations the derivatives of the left-hand sides are for 0 held constant 
and those of the right-hand sides are for t held constant. For simplicity we 
write 00/0”, 00/dx’ for 1/(dx/00), 1/(dx'/A0). Subtraction gives 


dy a[_/a0 20\] aK 
=H 36 |? (Se 20’) ee eee (3.4) 


where 


Now 


Beg agen dele Cire eres (3.6) 
where dy/dx is written for (dy/dx),, so that (3.4) becomes 


ay 2/00 ay\ aK 
Te aA 


(3.7) is subject to the conditions (3.8), in which Ky, K,, are written for the values 
of K at 0=6,, DS, 


80 ‘T_00 cy 
yao=| be a di+(K,—K,)t 
iB ol A" Or} o_¢, : Ean ge (3.8) 


y=0,. 02-0;,- t20: 


The first of these conditions (interpreted physically) states that the increase 
in the total amount of diffusing substance in the semi-infinite region due to the 
presence of the external force field is equal to the time integral of the increased 
flux entering the region across x=0 less the integrated flux leaving the region. 
at infinity. The second condition follows directly from the second of each 
of conditions (1.2) and (2.2), provided w is a single-valued function of 0, a 
condition fulfilled in the present problem. 


We now introduce the approximation 


OY OV OY OU Grossi gos « sae (3.9) 
into (3.7), which then becomes 
dy’ 0/7/20)? | ay") _, ok 
m= 30(? (32°) 90 | +30" poh ene (3.10) 


y’ is now written for y since the use of approximation (3.9) implies that 
(3.10) cannot give y exactly. (3.10) is subject to a modified form of (3.8) : 


: Yao |? ie ) 0 Ape Ky 2K, 
an’) * 36 | yo, eee ee acii 


y'=0, 0=0,, +20. 
Using (2.3), we rewrite (3.10) as 


dy’ 10 py 
ey (P55) +307 le ee (3.12) 


ot t oO 
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where P is the function of 0 given by 
P= Di(dO/ao yo. cielo (3.13) 


It will be recalled that © is a known function of 0, found by applying the 
method of Part I to (2.1) subject to (2.2). P is thus also a known function. 


The substitution suggested by dimensional analysis 
y say tshy | aca ako te ol eee (3.14) 


where y is a function of 6 only, eliminates t from conditions (3.11), so that 
(3.12) has a solution of this type which may be presumed unique. (3.14) 
thus enables (3.12) subject to (3.11) to be reduced to 


d /,dy\ , dk 
= 4h en ee 3.1 
x x0 Pas) wag? = Siar 
subject to the conditions 
0 dy 

d6=|(P = +(K,j—K,), | 

Pe ( a), oe : ee ee (3.16) 
029,, x=0. | 


Integration gives a form suitable for numerical solution 
) 
| yiO=Pdyidb (k=). See (3.17) 
On ; 


subject to the condition 
OU NOs |. eae cae ee net ee (3.18) 


Details of the numerical solution of (3.17) subject to (3.18) are given in 
Section VI. For the present we assume that y and therefore y’ have been 
evaluated and proceed to consider further improvement of the solution. 


IV. THE SECOND APPROXIMATION 
Subtraction of (3.10) from (3.7) gives 


dz O[,00 (dy dy’ 
3138 |Pax'( an ae) | ChOMONOe BORO ONO (4.1) 


where the new residual z is given by 


gaay—Yy'. “den. S55 Pie Ae ee eee (4.2) 
Since 
Oy dy’ dz dy oy’ 
Ox On’ ov ax On” wie: 0) ayia: fete ve) te Jel le ahs (eiAn ie) le: 6 (4.3) 


dz O[,,00 (dz dy dy’ 
a2 | ae ge-cm 3) | pe, (4.4) 


(4.1) becomes 
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In these equations dy’/dx', dz/dx are written for (dy'/0x’),, (O2/Ox), (4.4) is 
subject to the conditions 


85 t ’ 
| 2d = { oles : | at, 
8n ol Ox'\ou ou Oa} }o_o, Dee CRD 


0=6,, z=0, t=O; 


If the approximations 


Oz/On—=A2/dx'; Oy/dx—=dy'/au' ......... , (4.6) 
are put into (4.4), the result is 

dz’ Of ,00(d2' (/dy’\® 

= =30| Pan} ae (ae) |, Pe ewi’ (4.7) 


in which 2’ is written for z, since the use of approximations (4.6) implies that 
(4.7) cannot give z exactly. The modified conditions are 


8 t ’ ty 2> 

[740], Pata (ac) $1, 

en ol Ox (ex \am'} Sieg 7 1. 1... (4.8) 
6=6,, 2'=0, t>0. 


Now, introducing 9, y, and P, we may rewrite (4.7) 


de’ a [P ae 
eel 328; Beran eee (4.9) 
where 
d0/dy)\? 
00) =D, (33) WS cicaen eke eee (4.10) 


It will be noted that Q, a function of 0, is simply evaluated once » and y are 
known. 
In the same way as (3.14) enabled the solution of (3.10) to be found, the 


substitution 
eae? melt ter eiad rea atest Aer tains (4.11) 


allows (4.9) to be reduced to the ordinary equation 


Integrating (4.12) and using (4.11) in (4.8) leads to a form suitable for 


numerical solution 


3 


: { Eaide=Patidd—O. 90... es (4.13) 
On 


subject to the condition 
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Details of the numerical solution of (4.13) subject to (4.14) are given in 
Section VI. For the present we shall assume that ), and therefore 2’, have 


been evaluated. 


V. HIGHER APPROXIMATIONS 
Provided the procedure developed above is convergent, its continued 
application will enable x to be evaluated to any desired degree of accuracy. 
For example, the next step is to introduce the residual 


WE=BH= S.J bs sisi 20's ees ae (5.1) 
Then, if w’ is the approximation to w and the substitution 
=F ae ds oe ce ee (5.2) 
is employed, we obtain the equation 
0 
2 | nddsPdald) =) .cns ee (5.3) 
0 
where . 
_ pf .dxf,dv_ (4x)\*]_p[odh_ ox 
RO)=Dy, a2? e =(3) |=9 2a aaa . (54) 
(5.3) is subject to the condition 
a0. = 0,> (anne oe ee ere ee (523) 


_ and like (3.17) and (4.13) will be found to lend itself readily to numerical 
solution. See Section VI for details of this. 


Continuing to repeat this procedure gives the series 


=x’ ya’ +w'+. . .t. . .+g,,(0,t)+..., .. (5.6) 
which may be written 
a=ott+yt+t2+ot2+. . .+f,,(0)em2+. ME es 
f,(8) is given by 
8 d 
Jon { {Q02P LER. eee (5.8) 
subject to the condition 
O=6,, f-=0.9) 2 eee (5.9) 
R,, is a function of 6 which may be determined from D, 9, x, ), @,. . -5+ « «sft: 


It will be noted that an alternative procedure for obtaining the solution of 
(1.1) subject to (1.2) is to assume its existence in the form (5.7). Then, if 
(5.7) is substituted in (3.2) and successive powers of ¢? equated, equation (2.6) 
of Part I and equations (3.15), (4.12), (5.3), (5.8) of the present paper are 
found, all subject to the appropriate conditions. This is a much more direct 
method of securing the equations, but is open to the objection that there seems 
to be no a priori reason for assuming the form (5.7). 


Before considering numerical examples and the convergence of (5.7 ),.it is 
desirable to treat the numerical methods of obtaining y, J, a, ete. 
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VI. NUMERICAL SOLUTION OF EQuaTIons (3.15), (4.12), (5.3), (5.8) 

The procedure developed for computing these functions has some affinities 
with the method of Part I. Here again the finite difference equations and 
organization of the computations are simple, and an analytical solution is used 
to avoid difficulty close to 0=0,. In the present method, however, the linear 
form of the finite difference equations enables the result to be obtained directly, 
rather than by the process of trial and iterative improvement usual in the 
solution of equations subject to two-point boundary conditions. 

It will be noticed that equations (3.15), (4.12), (5.3), (5.8) and their 
conditions may all be written in the form 


ik PIG ad fd ae cath need oe (6.1) 


8n 
subject to 


a and § are known functions of 0. 

We proceed to discuss the numerical solution of (6.1) subject to (6.2), 
realizing that the procedure for this general case may be applied to any one of 
the above equations by substituting the appropriate functions for «, 6, f. Certain 
matters arising in the computation of the coefficients of these equations are 
discussed in Section VII. 

Let the interval 6, to 6, be divided into n equal steps 80. 


Let 
OG OU ii ods suet eon le (6.3) 


and let the suffix r appended to a quantity denote its value at 0=9,. 


Replacing the f(9) curve by the polygon with (0,,f,) as vertices produces. 
the finite difference approximation 


Op 4-4 
if fae= —H(f444-3f,) > $00. .......4.. (6.4) 
We also use the approximation 
(cd f/40)r+4=(Gr+4/30)(f,—frsa)y vee eeeeeeee. (6.5) 
where 
8, 9, 
iim | 2a0 | LODE Doe Mists (6.6) 
Op +4 O41 


Putting (6.4) and (6.5) in (6.1) for 0=6,+, gives 
0, 
i * fQ0— Hrs $3fe) « BBO= CG sa! BOV Fein) —Brsay + (6.7) 


which may: be written 


fr+i—fp= —(Br+4/80 +243) {or+3/(80)3§—$}, ...-. (6.8) 
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where 


0, 
Ie4=(1/80) | fie—if. 6. (6.9) 


Also, the polygonal approximation to the f(0) curve gives 
Lage] sg fy aS Se See = ee ey a eee ae (6.10) 
It is convenient to introduce the quantity J,,, defined by 


L. 2b yt eee (6.11) 


The polygonal approximation requires that I,—0. 

Now the linear form of (6.8) and (6.10) implies that the values of f, 
(r=1 to n), f’,, obtained by assuming a value of J;, J’;, and alternately using 
(6.8) and (6.10), are linear functions of J’;. I’,, the value arrived at for I,, 
is also a linear function of J’;. Thus the required solution may be obtained 
exactly (i.e. subject only to truncation errors) by evaluating the sets of f- and I- 
values corresponding to any two assumed values of J; and then interpolating 
(or extrapolating) linearly to J,=—0. 

An equivalent procedure involving less computation has been used by the 
author and is described below. 

(i) Tabulate {a,.4/(50)?— 3} and (8,,;/80) from the known « and 8 
functions. 

(ii) Taking the initial values [;=—0, f,>=0, alternately apply (6.8) and 
(6.10) to evaluate a set of f-values and finally Z,. Denote these values by 
den Hie: 

(iii) Repeat the procedure with J;=—1 and f>=0, but this time disregard 
the tabulated values of #,+,;/30 and proceed as if this quantity were always 
zero. Denote the new f- and I- values by f’, ,I’,. 


(iv) Then the true values of J; and f, are given by (6.12) and (6.13) : 


TT WSO a ee (6.12) 
ff AL eee (6.13) 


(v) The computation may be checked for numerical errors by feeding the 
walue of J, from (6.12) into the procedure of (ii). f’s evaluated in this way 
iShould equal those given by (6.13), and I, should be zero. 


VIL. Computation oF P,+3, Qp43, ETO. ESPECIALLY NEAR G=0. 
In applying the method of Section VI to equations (3.15), (4.12), (5.3), 
(5.8) it is necessary to compute the relevant quantities ~,.;, 8,4,. Certain 
‘points arising in this connexion seem worthy of mention. 


Computation of Prs,. For (3.15), «=P. Now from (3.13) and (6.6) 


eS Op 
Prii=(1/30)| | D(d0/dq)*d0. ........... (7.1) 
T+1 
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P,..4/(80)? is then simply computed from the approximation 


Poy s Dr 14 
(80)7) (9, 9,45)” 


except for r=n—1. Since 9, is infinite, (7.2) would give P,_,;=0. It 1s 
preferable to use the analytical solution (equation (4.3) of Part I), 


9 _ 
” erfe (¢4-312(n +}, a 73) 


© —=2(Dy_4) + inverfe ° 30 


which leads to 


J eth Qn-1 | 

nic =! braver ea (7.4) 
where 

Jey Cy ets a Se (7.5) 


~ 4/3n (erfe «3 * 


The asymptotic expansion (large x) of B(«#) is given in (7.6) 


a, 4/i\* -11/1\4 ,11/1\* 249/1\8 
ear 1+3(2) isla) ila) ~ 16 (;) pines {. at) 


It will be found frequently that B is more simply and accurately computed 
from (7.6) than by the use of the tables of erf # commonly available. 

Computation of Qr+3. For (4.12), @=2Q/3. <A simple approximation 
follows from (4.10) 


o © © 6 ¢ «0, « of 6) es © © 


(7.7) fails for r=n—1, since 9, is infinite. However, since y, is finite, we 
may write 


A pots | ol PS ie dé 2 
<li (36)3 tae Nala OPIS (7.8) 
_ We may now use in (7.8) the value of =) available from (7.3) 
n—-% 
(2 Se exp[—enaatDa-s) (7.9) 
dg/n—s (7 Dn_4)# erfe [9,-1/2Dn—a] 


It will be noted that, since (d0/d¢),=0 and (dy/d0), is finite, Q,=—0. £&,, and 
apparently all (&,,),, are also zero. 

In computing R,-;, and apparently all (R,,)n—1, difficulty due to the 
proximity to 0, may be avoided by employing (7.9). 
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VIII. A NUMERICAL EXAMPLE 
The accuracy and rate of convergence of the processes developed here 
have been studied empirically by applying them to problems of liquid movement 
in porous media with known D and K functions. In addition, a control solution 
has been carried out for one (necessarily simple) problem for which an analytical 
solution was obtained also. Details of the latter problem (Example 1) follow. 


EHxample 1 
Solve (1.1) subject to (1.2) for D constant and 0K/d6=p=constant. It 


is convenient to introduce the dimensionless quantities : 
e=(0—6,)/(0,—9,); T=p(D; C=paj/Do ~...-2 (8.1) 


OX 


os a 
Cc ——> 


Fig. 1.—9-, y-, and -curves for Example 1. 


Then, for Example 1, (1.1) becomes 
dc/dT = O*e;0C*=oofeC, = a. no ee (8.2) 
and the new conditions are 
Gan) Le=0. C> 05) 
61. C= 05 ean 
It will be of advantage to discuss the problem and its solution in this 
dimensionless form. 
(i) Analytical Solution.—The transformation (8.4) 
u=ce-(t2—T7/4) 
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reduces (8.2) to 


e « 
a S 


pak 


ie) o's 


Fig. 2.—Comparison of analytically and numerically computed 

concentration-distance curves for 7’=0:36, T=1-:00. Numerical 

computations based on first three terms only of (5.7). Analytical 
points xX, numerical points ©. 


The solution of (8.5) subject to (8.6) is (Carslaw and Jaeger 1947) 
u=teT/4[e—%? erfe {(C —T)/2T*}+e5? erfe {(C+7)/2T*}], .. (8.7) 


that is 
o=4lerfe {(C—T)/2T} +e erfe {(€4+7)/2T3}].  ......005. (8.8) 
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(ii) Numerical Solution.—For this example 
p=2 inverfe 6. «01s eens e ee eeees (8.9) 


This analytical value of o was used since the present work is intended, not as a 
further check of the method of Part I, but as an examination of the process 
developed for evaluating y, ), etc. and of the convergence of series (5.7). 

Numerical solutions for y were then carried out for }e=0-05 and dc=0°1, 
the h?-extrapolation of Richardson (1927) being used to estimate truncation 
errors and obtain a final best numerical solution. The computations are simply 
organized in tabular form similar to Table 2 of Part I. 

The solution for y was then used in evaluating J, also for d¢=0-05 and 
Sc=0-1. The h?-extrapolation was again used. The final solutions for y and 4, 
together with the analytical solution for 9, are shown in Figure 1. 

Figure 2 compares the analytical solution and the numerical solution using 
the first three terms of (5.7) only, for times 7=0-36 and T=1-00. In soil 
water problems D and 0K/00 are of such order of magnitude that (were they 
constant, which they are not) t would be of order 10°sec for T=1. Most 
problems of interest in this connexion deal with phenomena lasting a few hours 
or at most a few days, so that the errors resulting from using only the first 
three terms of (5.7) might be expected to be very much less than the small 
errors revealed in Figure 2. 

IX. ACCURACY OF THE METHOD 

The present discussion of errors excludes those arising in the computation 
of », which have been treated in Part I. It suffices to remark that the employ- 
ment of two or three iterations combined with the h?-extrapolation provides 9 
to an accuracy adequate for most purposes, and that the order of accuracy 
increases very rapidly with n and the number of iterations. 


The errors which concern us here are of two types: 
(i) truncation errors of the numerical process used to evaluate y, WJ, w, 
ete. ; 
(ii) errors due to incomplete convergence (or even divergence) of series 
(Don): 
The truncation errors determined for Example 1 are given in (9.1). In 
each case A(Iz)trunc, is written for the fractional truncation error in I re 


In evaluating y: A(Z4)trunc. =0°13n-, 
In evaluating |: A(Z4)trunc. =0°08n-2. 


These values are smaller than those found in Part I for the evaluation of 9. 
As before, these estimates take no account of additional truncation errors 
produced in more general problems by the replacement of continuous D- and K- 
functions by n-step functions. In any case, use of the h?-extrapolation will 
enable truncation errors to be virtually eliminated. 
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In discussing the convergence of series (5.7) it is convenient to introduce 
the integral form 


| al +f ae +e] +...+.. pam Soo he (A EP4) 
x © x wv) ® Fm 


0 
where the notation | denotes | fag. 
8», 


Ae 


In numerical examples computed to date (in all of which 0K/@0 has been 
positive) it has been found that 


hile ee Giants (9.3) 


If (9.3) is valid, (9.2) may be shown by comparison with the geometric 


series to converge for 
2 
t<| [I] 4) SapoRin a accitacee clon none (9.4) 
x 9. 


On the (dubious) basis of (9.3) the fractional error in | produced by using 


xz 


only the first m terms of (9.2) is given by 


r e i : a eee (9.5) 
MJ I<) F 


The case uf 0K/00 negative has not been studied in any detail. In this 
case the solution of (1.1) subject to (1.2) approaches (9.6) in the limit as t > 0, 


where a is a constant of integration. When the denominator of the integrand 
of (9.6) is non-zero throughout some range of 0, 6 to 0, (as it is in the immediate 
extension of the present work to the problem of “ capillary rise”), lim ~@ is 


t+. 


finite for this range of 6. This result suggests the failure of convergence of 
(5.7) at rather smaller values of ¢ than in the case of 0K/00 positive. 


Supplementary to the present approach, a study has been made of the 
solution in the limit as too (Philip 1957). It has been found possible to use 
this limit to give good approximate solutions for large t. In consequence, 
failures of series solution (5.7) at large ¢ are unimportant. Comparison of 
solutions by the two methods suggests that errors in the series solution due to 
incomplete convergence are rather less than (9.5) would indicate. 
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TRANSIENT FLUID MOTIONS IN SATURATED POROUS MEDIA 


By J. R. Puiie* 


[Manuscript received February 6, 1956] 


Summary 


The transition from rest to steady motion on the sudden application of a potential 
gradient to the fluid contained in a saturated porous medium is investigated. An 
approximate analysis gives the result that the time of the effective establishment 
of the steady motion is proportional to the permeability and inversely proportional 
to the kinematic viscosity. Two exact solutions (one of them new) for simple cases 
suggest that the approximate analysis is remarkably accurate. An analogy between 
this problem and one in heat conduction makes the relevant results in that 
field immediately applicable here. 


The analysis is extended to motion with the time variation of the applied potential 
gradient quite general. Certain properties of the motion when the potential varies 
periodically are determined, and the simple harmonic case is studied in some detail. 


It is found that the error in using Darcy’s law (which neglects the transient phase) 
will usually be unimportant for the case of a suddenly applied potential gradient. 
However, signifivant deviations from Darcy’s law may occur when the applied potential 
gradient is periodic, even for systems of quite low frequency. 


The equations derived from the approximate analysis may be regarded as general- 
izations of Darcy’s law which take into account time variation of the applied potential 


gradient. 


I. INTRODUCTION 
This communication reports part of an attempt to interpret Darcy’s law 
in terms of classical hydrodynamics. Darcy’s law has been expressed at a 
number of levels of generality. Darcy (1856) himself gave the equation 


PEACE Rat see nna (1.1) 


‘where q is the discharge through a filter in unit time, A is the area of the filter, 
L is the thickness of the sand layer, h the water depth over the sand, and K 
“ un coefficient dependant de la nature du sable”. Later investigators have 
applied the equation to the flow of water in homogeneous isotropic porous media 


in forms such as 
QiAzU 18, rie tina tee es (1.2) 


where U is the macroscopic flow velocity and S the magnitude of the potential 
gradient. An extension of (1.2) to any fluid may be made, provided the medium 
remains stable and does not react with the fluid, 


ee HONS tae aed ees rae Dancap (1.3) 


* Division of Plant Industry, C.S.I.R.O., Deniliquin, N.S.W. 
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where v is the kinematic viscosity. Here K, the permeability, is a characteristic 
of the geometry of the medium and is independent of the fluid . 


A vector extension of (1.3) is 


UHR Ng)! os: <2 eee eee (1.4) 


where U is the vector macroscopic velocity and ® is the potential defined by 


(1.5) 
Ge Pjo-- ON eee on eee (1.5) 


where P is the pressure, o the density, and © the potential of the external or 
“body ” forces. (1.4) holds for homogeneous isotropic porous media. The 
extension of (1.4) to anisotropic media is 


U=—O\Ky@, . 2. ns ee ee (1.6) 


where K is the permeability tensor. In this general case, the direction of the 
vectors U and — © differ except for certain special directions in the medium, 


All these forms of Darcy’s law are macroscopic approximations to the result 
given exactly by the Stokes-Navier equation for an incompressible fluid, 


aU/at—U x (vy x U) +4yU2= —yO+vy?U, ...... (1.7) 


where U is the vector (microscopic) velocity and ¢ the time, subject to the 
appropriate conditions.* 
For 


(1.7) becomes the “ complete’? (Sommerfeld 1950) Stokes-Navier equation 
dU —VOAVytUs 2.5 ~- oe eee (1.9) 


For certain special motions and media (e.g. flow parallel to the generators. 
of the generalized tube) (1.8) will hold exactly and we designate such motions 
‘complete’. However, in most media, the validity of (1.9) depends on the. 
reduction of the Reynolds number of the motion, R, to sufficiently low values 
for the inertia terms (i.e. the terms of the second degree in U) to be negligible. 
When such a restriction is necessary we term the motion ‘ approximately 
complete’. Both analysis (Lamb’1924) and experiment (Muskat 1937) lead 
to an upper limit of R of order of magnitude unity, below which (1.9) adequately 
describes approximately complete motions. Pipe flow experiments (e.g. 
Goldstein 1938) suggest the existence of a ‘‘ lower critical Reynolds number ’” 
of order of magnitude 10%, above which (1.9) fails, even for complete motions, 
due to the onset of instability. 


* A distinction exists between the significance of y@ in macroscopic equations such as 
(1.4) and (1.6) and in microscopic equations such as (1.7). This does not lead to difficulties. 
in the present work, but it should be borne in mind that in macroscopic equations V7 ® denotes 
a smoothed potential gradient, whereas in microscopic equations it denotes a vector point function 
which can be expected to vary in magnitude and direction from point to point. This note is. 
intended as a warning and not as an adequate discussion of the dualism of the macroscopic and. 
microscopic pictures. 
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Darcy’s law predicts a motion dependent only on the potential distribution 
and quite independent of time. Most studies of fluid motion in porous media, 
relying as they do on Darcy’s law, imply that the steady motion corresponding 
to any potential distribution suddenly applied to the system is set up within a 
negligibly short time. Apparently the validity of this assumption has never 
been examined. 

The hydrodynamic problem to be considered here is not to be confused 
with the elastic problem of the time of propagation of sudden changes in potential, 
treated by Muskat (1937). Here both the medium and the fluid are taken as 
inelastic, i.e. the velocity of propagation of disturbances is infinite. It must 
also be stated that the treatment is confined to saturated media. 


II. THE TRANSITION FROM REST TO STEADY MOTION 


We investigate here the motion described by (1.9) subject to the continuity 
condition (2.1) and the boundary conditions (2.2) 


TO EE OF dn oh ee eee (2.1) 
t=0, U=0 in B; t>0, U=0 at 0, O=O, at D. ..)... (2.2) 


B is the region of fluid occupation of the medium, C is the surface of fluid-solid 
contact, and D is the external boundary of B (i.e. that part of the boundary of B 
not contained in (C). 

In employing (1.9) here instead of (1.7), we exclude motions for which 
R>1. For such motions it is known, in any case, that Darcy’s law fails (Muskat 
1937). Further, nearly all fluid motions in the porous media of nature and 
technology possess Reynolds numbers less than unity. 


It follows simply from (1.9) and (2.1) that 
VeO=U) Se Ve. tae ae eR oaaren (2.3) 
subject to the conditions (vide (2.2)) 
O—), at DD; oD/dyn=0 at C,- .......% (2.4) 


where length 7 is normal to the surface C. 


Clearly ® at all points in the fluid depends only on ®, the imposed potential 
distribution at the external boundary of B, i.e. ® is independent of ¢ and. the 
distribution of ® at all t is the same as that at the steady state. Denoting the 
velocity at the steady state by U., we have for the steady motion 


LAURE) Wal Wicca bere lo Cnet Coes (2.5) 


_ subject to conditions (2.6) and (2.7): 
Was Uke Opn veberalats tiptoe eee dieczisl prtuar s (2.6) 
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Subtracting (1.9) from (2.5) and denoting (U.—U) by W, we have (2.8) 


subject to conditions (2.9): 
OW ltb=yyi Win seecnncer re eee (2.8) 


=O) (W=]Ueinb. 4 
iO WH" Sakcr) 


Since equation (2.8) depends on (2.3), a result following from (2.1), (2.8) 
implicitly satisfies the continuity condition 
VorWe 0s) .ke keer es oa eee (2.10) 


‘TTI. THE THERMAL ANALOGY 

With the reservation that W is a vector, (2.8) is the equation of heat 
conduction. We may regard each of the three scalar components of W as 
separately analogous to temperature, the three scalar fields being linked by 
continuity requirement (2.10). Conditions (2.9) are then equivalent to three 
initial temperature distributions governing the three scalar fields, the boundary 
condition for each being that C is held at zero temperature ; i.e. the establishment 
of a steady motion from rest is analogous to the dissipation of three initial 
temperature distributions. 

In this way established results in the mathematics of heat conduction 
(Carslaw and Jaeger 1947) may be employed in solving the present problem. 
Although the solution of (2.8) is facilitated by the use of heat conduction Green’s 
functions, the fields in which analytical, or indeed even numerical, results 
will be readily available will be found to be limited to rather simple types of 
media. The main concern will often be to find the order of magnitude of the 
time required for the establishment of the steady motion. We shall see that the 
limited range of exact solutions presents no obstacle in such cases. 

Szymanski (1930) treated motion in the generalized tube under an imposed 
potential gradient varying in time, but his treatment was limited to flow parallel 
to the generators of the generalized tube (two-dimensional special case). The 
rather different approach of this section embraces the general medium (three- 
dimensional problem) but is special in the sense that the applied potential 
gradient may change only discontinuously, i.e. the potential gradient must be a 
step-function of t In Section VIII an approximate method of computing 
motion in the general medium is developed for the case where the variation 
of potential gradient with time is quite general. 


IV. Two Exact SoLurIONS 
Szymanski provides the only available numerical solution of this problem— 
for the case of axial motion in the circular tube. It gives a most instructive 
picture of the manner in which the steady motion is set up more rapidly near the 
tube walls, the final increments of velocity being almost wholly in the region 
of the tube axis. His result is embodied in Figure 2. 


An even simpler problem of interest (since the circle and the infinite slit 
give the extreme values of area: perimeter ratio for regular figures) is that of 
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linear flow between and parallel to two parallel plates. If ¢ is the ordinate 
normal to planes z=0, z=h, forming the surfaces of the two plates, we have 


Uo=—(y@)e(h—e)/2v. oo ec aee (4.1) 
The problem reduces to solving (4.2) subject to (4.3) 
OW ior =noeW (eet a Nod 84 bo Ba Se (4.2) 
t=0; W=—(yO)z(h—z)/2v. t>0; W=0 at 2=—0, z=h. 
Sent het (4.3) 
1*0 i) 
| 6-40 
3*20 
L 
ant 
1*60 
L 
=. 
| 0:80 
et it 
3 
> orate 
r 0-40 
o-2L 
0-20 
r 0-10 
0-05 
O° ee O-2 0-3 0-4 Ors 


A Nee 
Fig. 1.—Transition from rest to steady motion for flow between 
parallel plates. Numbers on each curve give values of 1?vt/h?. 
U3 denotes the value of Uj» for z/h=0-5. 
From the known result in heat conduction (Carslaw and Jaeger 1947), 


the solution is 


4 > es ene 272 | hy 7 y) 1 hi. 
Wr, ee On tip exp [—v(2m-+1)?x?t/h?] sin [(2n +1)z2/h] 
ae a oer Saves %6.a (4.4) 

The discharge per unit width, Q, is given by 
IEE aa ms 2% /h2]]. 2. . (405 
C= . 12 mile Once: exp [—v(2n+1)?x?t/h?] (4.5) 


The solution is shown in dimensionless form in Figure 1. Here also the 
steady state tends to be established most rapidly near the fluid-solid interface 
and most slowly in midstream. However, as one might expect, the tendency 
is less marked than in Szymanski’s problem. 
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V. AN APPROXIMATE SOLUTION 

We now develop an approximate solution to the problem of the transition 
from rest to steady motion in the general medium. For simplicity, we take 
the case where the directions of U and —y® coincide, i.e. the isotropic medium 
or a principal direction in the anisotropic medium with K self-conjugate. In 
the latter case superposition of the results for the three principal directions 
gives the general solution. In what follows we simplify the notation by writing 
the scalar S for —y@ and the scalar U for U. 


The assumption on which this analysis depends is 
Use Bi xe colton Sey (5.1) 


where F is a function of t only. It is evident that (5.1) cannot be exactly true, 
the exact behaviour being exemplified by Figure 1 and Szymanski’s result. 
However, if (5.1) did hold, we could also write 


PoP ., ie. [var=r{ vay, Poy (5.2) 


where ¥’ is the point rate of viscous dissipation of energy, Y. the steady state 
value of ’, and the integral is taken throughout the whole volume of the 
medium, V. 

Now, in the steady state, the mean rate of viscous dissipation of energy 
per unit volume, ‘Y’., is given by (5.3) in which U. is written for the steady 
state macroscopic velocity. 


(5.3) is simply proved by equating for any unit cube of the medium the 
rate at which work is done on the fluid by the potential gradient and the rate of 
viscous dissipation of energy. 


Then (5.2) may be written 
[var=orv0.8. scpeeihte Cad (5.4) 


Equating for any instant during the transient state the rate at which work 
is being done on the fluid passing through the medium by the potential gradient 
to the sum of the rate of gain of kinetic energy and the rate of viscous dissipation 
of energy, 


pF VU .w=aeF V0 dF /dt+oF2VU oS. ......0.5. (5.5) 


a is the ratio of the actual kinetic energy to that computed if U is assumed equal 


Using the relationship 


K 
T o=—8 @/ 6 0). 01e, 6) 8) ue! 0! sical kansparelielie. 4) ef ates (5 6) 
and rearranging (5.5), we get 
v 
dP /dt= (1 —F),. | Weer e teuly. tev eten a: telenetame (5.7) 
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The integral of (5.7) for which #' vanishes at t=0 is 


Foe PGP he eke trae ON ane (5.8) 
that is, 
(ied road Sm Oral) id sae waieiaie nein & (5.9) 
where 
Be VCE eo wow sister sxtuenele 4 ace 8 alae. te (5.10) 
« is suitably replaced by 
Sight Mee ES inet: Aree en (5.11) 


where p is the porosity, so that 
Bee Vy Pee setste eae vic alan eter aid ey 6 (5.12) 


For a circular tube y=1-33, and for flow between plates y=1-20. 
Probably y will always be of about this order of magnitude. 

It is perhaps worth remarking that the approximation of this subsection 
is exactly analogous to that made in elementary dynamics when the approach 
to the terminal velocity of a body falling in a viscous fluid is calculated on the 
assumption of a resistance proportional to velocity and independent of 
acceleration. 


O-6 
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Fig. 2.—Transition from rest to steady motion. Full curve gives 
approximate solution (5.9). Broken curve shows divergence of two 
exact solutions from the approximate solution. 


VI. Tar AccURACY OF THE APPROXIMATION 
The full curve of Figure 2 represents (5.9) in dimensionless form. It 
was intended to show on the same graph the exact solutions for flow in the 
circular tube and between parallel plates referred to above, using the known 
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values of K and y for these systems. However, for these two exact solutions, 
values of U/U» for any particular value of @¢ were found to differ by less than 
about 0-005; so the two curves could only be shown as one in the figure. 
Further, it was only in the region Pt<0-8 that these exact solutions differed 
from (5.9) by sufficient for them to be represented by a separate curve. The 
broken curve joining the full curve at about t=0-8 represents the exact solutions 
up to that point. Beyond that the full curve represents the approximate 
solution and both exact solutions. 

It is apparent from this result that the approximate solution promises to be 
surprisingly accurate—in fact more accurate than we really need for our present 
purpose, which is to evaluate the order of magnitude of time required for the 
establishment of the steady motion. 


VII. THe TIME FOR THE ESTABLISHMENT OF THE STEADY MOTION 
Although this matter might have been treated in terms of the “ half-life ’’, 
it was felt that, since the process is not exactly exponential, it is perhaps better 
discussed in terms of fy.99, the time taken for U to reach the value 0:99U... Then 
from (5.9) 
logget Oy KE pAye, © ite see wee ere (7.2) 


Adopting typical values p=0-5, y=1:3, and for water (20 °C) 
yv=1-005 x10 we obtain 
terse OOOH. Re eee eee (7.2) 


with K inem®. For K in darcys (Muskat 1937) this becomes 
tg-99 =9 -236K. 


It will be observed that 9.9 is proportional to K and inversely proportional 
to v. Since in nature and technology both values of vy less than that for water 
and values of K greater than 10 darcys are uncommon, it will be seen that the 
steady state is generally set up within a few seconds, and, in fact, usually within 
a fraction of a second. It will be noted that t.9, is quite independent of the 
dimensions of the medium and the magnitude of the potential gradient. 


VIII. GENERALIZATION OF THE APPROXIMATE ANALYSIS 


(5.5), the basic equation upon which the preceding approximate study 
depends, may be recast into the form 


(1/8)d0/dt+U0=KS/)yv. 


Previously we restricted our attention to the case with § constant for all t+0 
but this limitation is unnecessary as only the instantaneous values of U and g 
enter into (5.5) and (8.1). Hence, with S allowed to vary in time quite generally 
(8.1) may be integrated to yield : 


0 =U,e-" + (BK /v)e-o | " g(Dyestar. ...... (8.2) 


0 
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U, denotes the value of U at t—0. (8.2) expresses the macroscopic fluid motion 
in terms of the initial conditions and the imposed S(t). Because of the super- 
posability of the motions (Strang 1948) (8.2) can be shown to depend only on 
the original assumption (5.1).- Clearly (5.9) is merely a special form of (8.2). 
It is of some interest to consider the problem of S simple harmonic. For 


y= SISITE Gly ge cier eena orere Gk 5a (8.3) 
Dia) Mabie oi ay Ne ie Ores 1.5 (8.4) 
(8.2) becomes 
- Kfws ap eteeige. ad, pr 
ie CLES (8 sin As COs Z| +e | Sieinkoic (8.5) 
which may be rearranged as 
o=* cos of sin (= 8) + (sin wo), So ees (8.6) 
where 
CUP eeieepy el pees at eG k ir Sve aoe oon eae nld (8.7) 


peu/Ks 


Fig. 3.—“‘ Steady ” fluid motion with simple harmonic 

applied potential gradient. Full curve denotes the phase 

lag §. Broken curve denotes the amplitude in the 

dimensionless form, wu/Ks. Note that w in the figure 
corresponds to y in tne text. 


In the limit as t oo, the motion becomes simple harmonic with the same 
period as the impressed gradient (i.e. 2xw) with a phase lag between 8S and U. 
The amplitude of U is (Ks/v) cos 8. Figure 3 shows the variation of the phase 
lag @ and the amplitude w with the significant parameter of the system, Bw. 

Figure 4 compares the final ‘‘ steady ” motion with the first few cycles of 
the transition from rest for the case of Bw=0-213. This value corresponds, for 
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example, to 2tw=0°5 sec, K=2-8 x 10-% cm? (equal to that of a tube of diameter 
0-3 em), v=1-:005 x 10-? cm? sec. 

Since the motions we consider are superposable (Strang 1948), it follows 
that for any S which is a periodic function of time, (8.2) will be of the form 


U=U,0-" 4074-0, oS eee (8.8) 


where (i) U,e-* represents the exponential decay of an initial motion US 
which may be interpreted as the motion corresponding to the degree 
that U, is out of equilibrium with 8S, 
(ii) U, is periodic with the same period as 8, 
(iii) U, represents the steady motion produced by the steady application 
of the mean value of 8S. 


Fig. 4.—Fluid motion with simple harmonic applied potential 

gradient. Curve A denotes the transition from rest. Curve B 

denotes the final steady motion. Both curves for Bwm=0-213. 

Curve C denotes the applied potential gradient. Note that pin 
the figure corresponds to y in the text. 


IX. DIscussion 
These investigations suggest that transient effects in saturated porous 
media will not often be large enough to invalidate the use of Darcy’s law. How- 
ever, for the sudden application of a potential gradient to a very permeable 
medium containing a fluid of low kinematic viscosity an appreciable time may 
elapse before the motion has effectively attained the steady state. Equation 
(7.1) provides a suitable criterion. 


Moreover, where the applied potential gradient is periodic, significant 
deviations from Darcy’s law occur even if the frequency of the system is as 
low as one cycle per minute. Naturally, the permeability and kinematic 
viscosity influence the magnitude of the deviations here also. Equation (8.6) 


enables the effect of the various factors to be evaluated for the case of a simple 
harmonic S function. 
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It is possible that in the systems of very rapidly changing potential which 
occur in such phenomena as the movement of liquids into initially unsaturated 
media, deviations from the “ diffusion ” description of the motion (Philip 1955) 
may occur due to the failure of Darcy’s law. Such problems arising in 
unsaturated media are beyond the scope of this paper and require further study. 


The approximate macroscopic analysis of transients given here has the 
feature in common with Darcy’s law that it represents an attempt to provide a 
simpler and more amenable description of the motion than does the Stokes- 
Navier equation. Thus, if we consider the form of Darcy’s law 


ESAS PPO te NS rE GY TI te (9.1) 
and rewrite (5.9) as 
eat FS) (li —e-)) Lae eee ae (9.2) 


the replacement of the S of (9.1) by the S(1—e~®) of (9.2) may be regarded 
as a process of generalizing Darcy’s law to include the influence of the sudden 
application of the potential gradient att=0. In the same way, we may look on 
(8.2) as the complete generalization of Darcy’s law to include any time variation 
of the potential gradient, the S of (9.1) now being replaced by 


Bee i S(D) STAT 4-0 | Kem. 0. ek (9.3) 
0 
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THE MEASUREMENT OF THE DRIFT VELOCITY OF ELECTRONS 
THROUGH GASES BY THE ELECTRON SHUTTER METHOD 


By R. A. DUNCAN* 
[Manuscript received August 27, 1956] 


Summary 


The behaviour of an electron shutter apparatus such as that used by Neilsen and 
Bradbury for the measurement of electron velocities is analysed, taking into account 
the effect of electron diffusion. A relation between shutter frequency and drift velocity, 
and a relation giving the accuracy obtainable by the method in terms of the chamber 
length and gas pressure are derived. It is thus shown that neglect of the influence of 
diffusion can lead to large errors, but that these can be reduced to any desired degree 
by increasing the chamber length or the gas pressure. Numerical examples are given. 


I. INTRODUCTION 

An important quantity in the theory of electrical conduction in gases is 
the drift velocity of electrons through the gas, under the influence of an electric 
field. Nielsen and Bradbury (1936, 1937) have measured this velocity by using 
electron shutters. Figure 1 is a schematic diagram of an electron shutter 
apparatus. Electrons drift from the electrode A to the electrode B under the 
influence of a uniform electric field. Two shutters S, and S, are placed in the 
path of the electrons and these admit electrons only in periodic pulses, the two 
shutters operating in synchronism. From simple considerations electrode B 
would be expected to collect a maximum current when the shutter frequency is 
such that a bunch of electrons admitted by the first shutter (S,) has just drifted 
to the second shutter (S,) by the time the shutters are ready to open again. 


4g | 


| 


So B = 


ae 
| 


Fig. 1—An electron shutter apparatus for the measurement of 
the drift velocity of electrons through a gas. 


Thus, if f is the shutter frequency, W is the electron drift velocity, and 
Lis the distance between the shutters, we should expect a maximum current at 
a frequency f, such that 


Wslfys* Glnc sehen eee (1) 


and other maxima at integral multiples of the frequency fy. 
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In this paper electron diffusion is considered and it is shown that equation (1) 
is not strictly accurate. A more precise relation between shutter frequency 
and drift velocity and an estimate of the accuracy realizable by the method are 
derived. It is thus.shown that the effect of diffusion can be reduced to any 
desired degree by increasing the chamber length or the gas pressure. 


II. AN ANALYSIS OF THE BEHAVIOUR OF AN ELECTRON SHUTTER 
APPARATUS 

The shutter S, (Fig. 1) is assumed to admit sharp pulses of electrons at 
time intervals T or 1/f where f is the shutter frequency. These electrons will 
drift and diffuse down the chamber and an indication of the distribution of 
electron density n with distance down the chamber, x, at any instant is given 
in Figure 2. There will be a series of pulses, the centres of which will be a 
distance W/f apart and, if the first shutter is a point source admitter, the electron 
density distribution in each pulse will be given by the expression (Carslaw and 
Jaeger 1947) 

n={N/(4rKt)3/2} exp {—(~—a)?/4Kt}, ........ (2) 


where W is the electron drift velocity, 

f the shutter frequency, 

nm the electron density, 

N the number of electrons per pulse, 
K the electron diffusion constant, 

a the distance from the first shutter, 
% the position of the pulse centre, 

t the age of the pulse. 


ELECTRON DENSITY, n 


DISTANCE DOWN THE CHAMBER, x 


Fi 


~ 


g. 2.—The theoretical variation of electron density at some 
particular instant, with distance down chamber. 


Most practical shutters permit electrons to pass for a given fraction of the 
pulsing period so that the number of electrons in each pulse, V, is inversely 
proportional to the shutter frequency f, 


We may write therefore N—N,/f and hence 


If the second shutter operates in synchronism with the first, it will admit 
electrons when the age of the mth pulse in Figure 2 is m/f, and when the coordinate 
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of the mth pulse centre is mW/f. While the shutter S, is transmitting, therefore, 
the electron density at the shutter will be 
N, (L—mW /f)? 

TA Laie ee 


sas 


ee |  4Kmif 


nna flanKm fy? 


and putting W=/f, we get 


If we treat the second shutter as a mere geometrical plane, the current 
across it will be 
i=nW —Kon/ox. 
From (3) 


On Nl —H) oe  § _ (@—m)*? 
de Bf(4n Kis *Kt (ae? 


and thus at the second shutter when it opens 


on _ > No(t—mW/f) ( (—mwWif)? 
Bene flan Km fe Km oP 1) tkm/f_ , 
that is, 
On _ S$ _ Nolf*(f—mfo) (_ 2 (f—mf,)? 
pee te, 94x)? 20K) 58 ar 1K a ae t. vee (5) 
Hence 
a eee a tees babes ES ee eased lo 
=| emma tae GR ie U 4k meres (6) 
or : 3 
,__Moft_ 3 f+imfo (2 (f—mf}* 
i—aaep 2, iat Meas )-ax oe ‘ eee (7) 


This relation gives the instantaneous current through the second shutter 
during the time it is open. If this shutter is open for a given fraction of the 
pulsing period, the average current collected by the electrode B will be pro- 
portional to the instantaneous current and we do not need to involve the shutter 
frequency further. 

Now, we are not interested in the absolute magnitude of the current but 
in its variation with shutter frequency so that it is convenient to multiply 
equation (7) by the constant factor (4mK)3/2/N,lf,)3/2 and thus reduce it to the 


form 
— S (fAmfo\ (_f \# ( P (f—mfy)? 
= 2 (=> | (|) exp 2 -— eee lu... 8 
nF (amue) (i) 2 [ae ap “ 
This, then, is the relation which determines the variation of current with shutter 
frequency in an electron shutter apparatus. 
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Equation (8) has been used to plot curves for the following cases : 


Hydrogen Z=5, p=5, (Figs. 3 and 4) 
Hydrogen Z=1, p=1, (Fig. 5) 
where Z is the electric field in volts per centimetre and p is the pressure in 


millimetres of mercury. We have assumed 1 the distance between the shutters 
to be 5 cm in each case and we have adopted the coefficients of diffusion and 
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SHUTTER FREQUENCY (Mc/s) 


Fig. 3.—The theoretical variation of electrometer current with 
shutter frequency, for hydrogen at a pressure of 5mm in a 5 cm 
chamber and under a field of 5 V/cm. 


drift velocities given by Crompton and Sutton (1952) and Nielsen and Bradbury 
(1936, 1937). It is apparent from these curves that the current maxima are 
displaced to the right of the positions m/f. 


1:025 


1*°000 


0-975 


O-950F 


ELECTROMETER CURRENT 


0:925 =) 
0-090 0-095 0100 0-105 OnM0 . 
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Fig. 4.—The theoretical variation of electrometer current with 
shutter frequency, for hydrogen at a pressure of 5mm in a 5 cm 
chamber and under a field of 5 V/cm. 


We can obtain an approximate expression for the difference between the 
shutter frequency giving maximum current (f,,) and the frequency To) te this 
difference is small. In equation (8) put 2K/=a« and (f—fp)/f=p. Ik « is 
small we need only consider the first term in the series ; that is, we may assume 
that at the shutter frequency at which the first current maximum is obtained 
there is no overlapping of pulses at the second shutter. This is by no means 
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generally true, but, unless it is true, the difference between the frequency at 
which maximum current is obtained and the frequency f, will not be small. 
From (8) then 
af toll ee ee ee 
= — CxXp 3 —— ‘ 
Bho i vt eeogey 
~(1+48)(1+48) exp (—fob*/2«), 


hence 


2i/28—~[1 —(Bfo/a)(1-+8)] exp (—fob/2a). 


3 


-) 
a 
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Fig. 5.—The theoretical variation of electrometer current with 
shutter frequency, for hydrogen at a pressure of 1mm in a 5cm 
chamber and under a field of 1 V/cm. 


At the current maximum 02/08 is zero so that 


1—Bfo/a~0, 
that is, 
Bealfo, 
that is, ; 
Wes es 09 ee er ee ye ee et (9) 


where f,, is the frequency at which the first current maximum is obtained. Thus 
a more accurate relation between shutter frequency for maximum current and 
electron drift velocity is 
i Walt SIP ja? gence enor eee ee (10) 


Even this relation is only useful if 2A//? is small, and the means of making it 
small for a given value of drift velocity W is to use a long chamber, high gas 
pressure (p), and large electric fields (Z) (W is a function of Z/p). A comparison 
of Figures 3 and 5 illustrates this point. 


In our analysis we have ignored the fact that the collection of electrons 
by the electrode B will perturb the electron density. The error introduced by 
this simplification is probably not serious, but, if anything, the lowered electron 
density near the collecting electrode must accelerate diffusion down the chamber 
and the difference between the shutter frequency for maximum current (f,,) 
and the frequency f, must be greater than we have indicated. 
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The finite width of the current peaks will limit the accuracy which may be 
obtained in the measurement of drift velocity by the shutter method under 
given experimental conditions. This problem may be investigated. 


From (8) 


eC) 8 


The exponential factor in this expression has the greatest influence on the shape 
of the pulse. Considering this alone we have 


t~exp {—(f—fo)?/2af}~exp {—(f—fo)?/2afo}. 


This is the standard form for the normal distribution. Maximum current 
occurs in our simplified expression at the shutter frequency f,, and the current 
will have fallen by 1 per cent. of its maximum value when 


f—fo= £0 °14+/(afo). 


If a 1 per cent. drop in current can just be detected, therefore, the possible 
relative error in the measurement of the frequency for maximum current, and 
hence in the measurement of the drift velocity W, will be 


(f—fofo=+0-14/(a/fp)= 10-14 /(2K/IW). ...... (11) 


For hydrogen at a pressure of 1 mm Hg, in a 5 cm chamber and under a field of 
1 V/cm (the case shown in Fig. 5), this is equal to 4 per cent. It will be noted, 
however, that diffusion becomes much less important when higher gas pressures 
and chamber voltages are used, and this fact is of importance in the design of 
experiments of this nature. 
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a STUDY OF “SPREAD-F ” IONOSPHERIC ECHOES AT NIGHT 
AT BRISBANE 


I. FREQUENCY SPREADING 


By D. G. SINGLETON* 
[Manuscript received November 12, 1956] 


Summary 

Virtual range versus frequency (P’f) records of the ionosphere made at Brisbane 
(lat. 27-5 °S., long. 152-9 °E.) during 1952 and 1953 have been examined. It is found 
that occasionally neither the o nor the 2 mode of propagation penetrates the F’, layer 
at a unique frequency, the upward sweeping traces either being blurred out over a 
range of penetration frequencies (diffuseness) or possessing a fine structure (penetration- 
frequency multiplicity). Temporal analysis of the occurrence of these effects reveals 
that they occur only at night; penetration-frequency multiplicity appearing more 
frequently in the hours before dawn, while the diurnal distribution of diffuseness has 
a maximum between 0100 and 0500 hr in summer and represents a more even distribution 
between 2100 and 0500 hr in winter. The seasonal distribution has a pronounced peak 
in the winter months and minima in the equinoctial months. These data are compared 
with the world-wide picture of these variations as it has emerged from the recent 
literature. 


The observations are interpreted in terms of scatterin g from the clouds of enhanced 
ionization near the F',-layer maximum which are believed to be responsible for the 
scintillation of radio stars. It is suggested that there is a seasonal vertical movement 
of these clouds, the extent of which increases with latitude. 


I. INTRODUCTION 

When the echoes of short pulses of radio-frequency radiation reflected 
from the F, region of the ionosphere at night are examined by means of the 
familiar radar A-scan technique, they are often found to have a configuration 
not unlike that of a mountain range. The duration of the echo is much longer 
than that of the transmitted pulse; the successive peaks of echo amplitude 
may or may not move relative to each other, and may fluctuate in amplitude 
independently as time proceeds or as the frequency of the radiation is varied. 
This phenomenon reveals itself on virtual range versus frequency (P’f) records 
as a spreading of the /’,-region trace in range, or penetration frequency, or both, 
and has consequently become known as “ spread-F'”’. In the greater number 
of occurrences, the spreading is predominantly one of range only (Plate 1, Fig. 1) 
or of penetration frequency only (Plate 1, Fig. 2), while on a lesser number of 
occasions both effects are observed simultaneously. 


Spreading in range usually manifests itself as a multiplicity of discrete 
F-region traces all of closely similar range-frequency characteristics. The 
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general behaviour and nature of range multiplets, as revealed by a wide variety 
of observational techniques, have been discussed in Part I (McNicol, Webster, 
and Bowman 1956), while Part II (McNicol and Webster 1956) has been devoted 
to a discussion of the physical significance of these observations. The present 
part discusses the spreading of F'-region P’f traces in penetration frequency. 


IT. EQUIPMENT 

The analysis presented here is largely based on P’f (virtual range versus 
frequency) measurements obtained at Brisbane. The equipment (Higgs 1943) 
employed incorporates a broad band superheterodyne receiver which is arranged 
to be tuned continuously to a variable frequency pulse transmitter whose power 
is approximately 500 W. The transmitter frequency is varied in a logarithmic 
manner from 1 to 16 Mc/s in 2 min and is pulsed 50 times a second with pulses 
of 100 w sec duration. The transmitter pulse length and receiver bandwidth 
are such as to allow echoes differing in range by about 25 km to be resolved. 
Delta aerials, whose radiation patterns are predominantly upwards over the 
range of frequencies employed, are used for both transmitting and receiving. 


The received pulses are applied to a 6-in. cathode-ray tube in such a way as 
to black out a linear time-base which is applied to the tube. This black-out 
modulated time-base, which is started when the transmitter is pulsed and which 
has a duration such that echoes of range up to 800 km are displayed, is photo- 
graphed on 35-mm film moving in a direction perpendicular to that of the 
time-base. The result is a plot, with range as ordinate and frequency as abscissa, 
of the range-frequency characteristics of the ionospheric layers. 


Reference will also be made in what follows to observations made with the 
fixed-frequency recording system described in Part I. 


III. EXPERIMENTAL RESULTS 
(a) General Characteristics of Frequency Spreading 


The widening of P’f traces near the penetration frequency is sometimes 
resolved into fairly distinct upward-sweeping traces which are usually four in 
number (Plate 1, Fig. 3), though on occasion six and more have been observed. 
These traces, which in general have the same low frequency range characteristics, 
are here called penetration-frequency multiplets. An “ o-ray ” and an “‘ -ray ”’ 
for each of the satellites of a multiplet can usually be identified, these being 
separated by 0-7-0-8 Mc/s, as expected at the latitude of Brisbane. 


The difference in penetration frequency between the o-rays of the main 
trace and its satellite in a penetration-frequency doublet is usually of the order 
of 0-2 Mc/s, while occurrences with separations up to 0-6 Mc/s have been 
‘observed. This quantity varies not only from one occurrence to another, but 
also during any one occurrence, though the latter variation is usually smaller 
than the former. The satellites may appear with penetration frequencies 
higher or lower than those of the pre-existing trace, while a multiplet may or may 
not replace the previously existing trace as the new main trace at the end of 
an occurrence. 

ac 
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Spreading in penetration frequency is often the result of the penetrating 
F-region trace assuming a more continuous configuration than that described 
in the preceding paragraphs. Here the broadening of the trace at and above 
the critical frequency usually has a speckled appearance in which it is impossible 
to discern connected traces (Plate 1, Fig. 2). The suitably descriptive term 
‘‘ diffuseness ’ is employed when referring to this effect. Diffuseness may 
cause the penetration frequency of both modes of propagation to be spread 
0:5 Mc/s or less or it may result in the whole of the space between the o- and 
g-rays, and a considerable distanee beyond, being filled with a confusion of 
echoes. 

On the average, penetration-frequency multiplets have a much shorter 
lifetime than diffuseness has. The majority of occurrences of penetration- 
frequency multiplicity have a duration of less than 1 hr; indeed many occur- 
rences appear on only one or two records (which are made at 10 min intervals). 
On the other hand, diffuseness, although it may have a short duration, usually 
persists for periods of several hours. 


While diffuseness and penetration-frequency multiplicity, as defined above, 
are observed quite commonly, they represent the limits of a whole range of 
frequency-spreading phenomena, the gradations of which often appear on a 
sequence of records (Plate 2, Fig. 1). Sequences of this type are usually 
associated with the disappearance of diffuseness, a process which invariably 
occurs at sunrise, but they are also often observed as the forerunners of periods 
of pronounced diffuseness (Plate 2, Fig. 2). 


As the critical frequency of the /, layer approaches the operating frequency 
of a fixed-frequency P’t recorder, the frequency-spreading effects described 
above may appear on its records. As Figures 3 and 4 of Plate 2 show, the 
penetrating #, trace is broadened considerably in range and the period over 
which penetration occurs is prolonged. The trace may be in the form of a 
speckled strip (Plate 2, Fig. 3) or it may reveal considerable structure (Plate 2, 
Fig. 4). In either case it is evident that deep multiple fading is occurring; a 
conclusion which has been borne out by independent observations of the 
amplitude fluctuations of the echoes at such times. 


Plate 2, Figure 5, shows a P’t recording of a diffuse penetration made with 
the aid of the variable-gain technique described in Part I. It will be noted that, 
in general, the signal strength across the diffuse echo falls off gradually as the 
range increases. 


(b) Temporal Variations 

In order to examine the temporal variations of the several frequency- 
spreading effects, two methods of obtaining data from the P’f records have been 
employed. The first of these is based on an hourly index which is allotted 
in the course of routine scaling to records from which it is difficult to obtain a 
determination of f,f,; the index, ranging from one to four, gives a measure of 
the degree of uncertainty in the value of the quoted critical frequency. This 
inability to read fj>/, may result from some degree of penetration-frequency 
multiplicity or diffuseness. The penetration-frequency multiplicity may, or 
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may not, be accompanied by range multiplicity. However, in the case of 
range spreading the main trace and its satellites usually penetrate in one well- 
defined trace, in which case no index is allotted. A comparison of the index 
allocations with the records for three typical winter, summer, and equinoctial 
months shows that 60 per cent. of allocations are due to frequency spreading 
alone and that all cases of frequency spreading receive an index figure. The 
remaining 40 per cent. of allocations are due to penetration-frequency multiplicity 
which is accompanied by range multiplicity or to range multiplicity alone, of 
such severity that it precludes the possibility of determining f,F,. These 
occurrences of range spreading amount to less than half of the total occurrence 
of this phenomenon. Obviously then, statistics calculated in terms of these 
index allocations will, in the main, reveal the behaviour of the frequency- 
spreading phenomena and will be influenced only in a second-order manner: 
by the behaviour of range multiplicity. Reber (1954a, 1954b) has used a. 
method of count based on similar premises and consequently the data presented_ 
here are comparable with those gathered by him. 

In the second analysis the records were re-examined in order to determine 
the temporal variations of penetration-frequency multiplicity when the effect 
is separated from the more frequently occurring diffuseness. 

Figure 1 presents the diurnal distributions of penetration-frequency 
multiplicity and diffuseness taken together for each of the 12 months of the 
year 1952. The several histograms are plotted in cumulative fashion, the lower 
dark-shaded portions represent the distribution of strong spreading (index 3 
and 4), while to these are added the moderately shaded and blank portions which 
represent the distributions of moderate (index 2) and weak (index 1) spreading: 
These histograms reveal that the frequency-spreading phenomena occur only at 
night, peaking between 0100 and 0500 hr in summer, while in winter the 
maximum is quite broad, existing between 2100 and 0500 hr. The shape of the 
distribution averaged over 12 months is therefore somewhat similar to that of 
the summer distribution. These features of the diurnal distribution are roughly 
independent of the degree of spreading. 

It is also evident that there is much more frequency spreading in the winter 
than in the summer months, while the occurrence of the phenomena is a minimum. 
in the equinoctial months. 

The variation of the total annual occurrence of frequency spreading at 
Brisbane has been discussed by Gipps, Gipps, and Venton (1948) and Gipps 
(1954), who have shown that the number of occurrences and their intensity 
varies inversely with the sunspot number. This result is depicted in Figure 2,, 
which also serves to further illustrate the seasonal variation of the phenomena. 

The Brisbane observations are consistent with the world-wide spread-/ 
picture which has emerged from the recent literature (Reber 1954a, 19546 ; 
Wells 1954) and which is summarized in Table 1. It is to be noted that, while 
the overall shape of the diurnal distributions, as judged from the positions of 
maxima, varies little from place to place for the respective seasons, the seasonal — 
and sunspot cycle variations are subject to marked latitude effects. It would 
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appear that the winter takes over from the summer as the season of maximum 
occurrence at latitudes greater than 20°, while for latitudes greater than about 
40° the correlation of the variation of the total annual occurrence with sunspot 
number changes from inverse to direct. 


On separating penetration-frequency multiplicity from the more frequently 
occurring diffuseness, the former is found to have a diurnal distribution which 
is substantially different to that of the two effects lumped together. The full-line 
curves of the histograms of Figure 3 are the monthly diurnal distributions for 
the 12 months of the year 1952. It will be noticed that, without exception, these 
curves peak sharply 2 hr before the monthly average local sunrise time even 
though this time fluctuates over a 2-hr period during the year. In the summer 
months the pre-dawn peak accounts completely for all the occurrences. In 
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Fig. 2.—Inverse correlation between the occurrence of spread-£ (lower histo- 
gram) and sunspot number (upper curve). 


each of the remaining months, however, there is a considerable number of 
occurrences earlier in the night, but, except for the equinoctial months of May 
and August, these occurrences distract little from the prominence of the pre- 
dawn peak. This is not the case with diffuseness for which the winter diurnal 
distributions are more or less independent of time throughout the night. These 
differences in the distributions are due at least in part to the fact, already pointed 
out, that the majority of occurrences of penetration-frequency multiplicity 
appear as diffuseness decays at dawn. 

The upper broken-line curves of Figure 3 represent the variation of the 
monthly median critical frequency with time. It will be noted that the frequency 
of occurrence only becomes appreciable when the median critical frequency 
curves drop to or below 4 Mc/s. Indeed, during the years 1952 and 1953 only 
5 per cent. of occurrences of penetration-frequency multiplicity appeared when 
the critical frequency of the F, layer was above 4 Mc/s, which, for this period, 
is about the average value of the night-time F,-layer critical frequency. 
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IV. INTERPRETATION 
(a) Huisting Hypotheses 
Eckersley (1937) suggested that the spreading of echoes from the F layer 

in range, or penetration frequency, or both, could be due to scattering from 
irregularities in the H, region, followed by regular reflection at the F layer. 
The possibility that a mechanism of this type may be responsible for range 
multiplicity has been discussed in Part II. Dieminger (1951) has examined this 
hypothesis in relation to penetration-frequency multiplicity and diffuseness, 
and concluded that the explanation is untenable for the majority of occurrences. 
The present investigation adds support to this conclusion, for it is observed that 
a large number of occurrences of penetration-frequency multiplicity and diffuse- 
ness are unaccompanied by measurable echoes from the H, region. 


That scattering by the F layer should be responsible for spread-F, was first 
suggested by Booker and Wells (1938). These authors invoked a mechanism 
involving Rayleigh scattering by irregularities or clouds in the upper F region. 
They considered the diurnal distribution of the scattering centres to be only 
apparent, attributing it to the formation of a strong lower layer at dawn which 
masks off the irregularities during the daylight hours. 


Recent investigations of radio star scintillations have renewed interest 
in the possibility of the existence of clouds in the upper F layer. Indeed, the 
high correlation between scintillations and spread-F (Little and Maxwell 1951) 
has resulted in the suggestion that the same system of irregularities gives rise to 
both effects. However, the scintillation investigations have led to the conclusion 
that the clouds responsible for the twinkling of radio stars have lateral dimensions 
of the order of 5 km (Little 1951 ; Hewish 1952). Consequently, if these clouds 
are also to be responsible for spread-F, it becomes impossible to retain the Booker 
and Wells hypothesis, for Rayleigh scattering requires that the scattering centres 
should have dimensions less than the wavelength of the incident radiation. 
(The range of wavelengths over which spread-F is observed is 30-300 m.) To 
overcome this difficulty an alternative mechanism for the production of spread-F 
involving diffraction from large clouds will be put forward in the next section. 


Further evidence in favour of the hypothesis that the one system of 
irregularities is responsible for both effects is provided by the fact that the two 
effects require for their explanation irregularities of electron density of the 
same order of magnitude. For the particular case of irregularities which exist 
at the F-layer maximum and whose excess electron density increases linearly 
with height to the maximum and then decreases linearly, it is possible to show 
(following Little (1951)), that the following expression gives a necessary condition 
for the production of scintillations : 


(f? Sf 2)e, =e) <2 wee (1) 


Here f; and f, are the critical frequencies of the layer and the irregularities 
respectively, f is the frequency at which the scintillation observations are made, 


%,—z, the vertical extent of the irregularities, and ¢ the free-space velocity of 
light. 
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By considering the equality it is possible to plot f,—f, against f, and 
thereby obtain information about the upper limit of the critical frequency 
increase in the clouds. The curves of Figure 4 depict this relationship (observing 
wavelength 5 m) for clouds of several different vertical extents of which 5 and 
10 km are, for reasons already pointed out, the most important. For the range 
of layer critical frequencies which are of interest (2-6 Mc/s) the upper limit of 
the critical frequency of the clouds is always greater than that of the layer by 
0-3 Me/s, while the difference may be as great as 1 Me/s. ‘This is in good agree- 
ment with the range of critical frequency observed in any occurrence of frequency 
spreading. 
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Fig. 4.—Variation of the difference between the critical 
frequencies in the clouds (f;) and layer (f,) with layer critical 
frequency for several different cloud sizes. 


In the more general case, where the height of the maximum of the irregularity 
- electron density is other than at the height of the layer maximum, the clouds 
will be required to have maxima of electron density which are less than those 
indicated above in order to produce comparable scintillation effects. The 
magnitude of the cloud electron density maximum will fall off as the separation 
‘between this maximum and that of the layer increases. It follows that there 
will be a range of heights, containing the height of the layer maximum, into 
which the entry of scintillation-producing clouds results in the critical frequency 
of the composite layer being raised above that of the background layer. The 
order of magnitude of the upper limit of this critical frequency increase in the 


clouds is indicated in Figure 4. 
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(b) Reflection from an Irregular Layer 

If irregularities of the type discussed in the previous section are to be 
exploited in order to explain the anomalous penetration effects described in 
Section III, justification must be sought for the hypothesis that one or more of 
these irregularities are present in that region of the ionosphere which is directing 
the reflected probing radiation back to the recording site. It is evident that, 
since these irregularities have dimensions two orders of magnitude larger than 
the wavelength of the probing radiation, reflection from each irregularity may 
proceed in accordance with the simple magneto-ionic theory. However, 
interference must occur between the reflections from the several clouds and the 
background layer in which these are embedded to give rise to an irregular wave 
field immediately below the reflecting region. The subsequent behaviour of 
such an irregular wave field can be considered most conveniently in terms of 
its autocorrelation function and angular power spectrum (Booker, Ratcliffe, 
and Shinn 1950). 

It has been demonstrated (Booker, Ratcliffe, and Shinn 1950) that, for 
plane wave illumination, the wave field of the reflected radiation contains 
irregularities whose dimensions are characteristic of those in the ionosphere 
and further that these irregularities persist as the wave field is propagated away 
from the ionosphere to eventually produce the observed diffraction pattern on 
the ground. It follows that, if the spatial autocorrelation function of the 
diffraction pattern across the ground is of Gaussian form (McNicol 1949), the 
spatial autocorrelation function (&) of the ionosphere irregularities is also 
Gaussian. 


Miycts eI eg ey. (2) 


Booker, Ratcliffe, and Shinn (1950) further show that the power spectrum 
| P (sin 0) |? of the diffracted radiation is proportional to the Fourier transform 
of the autocorrelation function. Thus 


| P (sin 0) |? ocexp (—277a? sin? 0), .......... (3) 


which is also Gaussian, the standard deviation being 1/2xa. This leads to the 
conclusion that the distribution of power in the angular spectrum of plane waves 
falls off rapidly for large values of sin 8, and hence 0. Most of the power scattered 
from the layer is confined, consequently, within a ‘ cone’? whose semi-angle 
depends on the standard deviation a of the autocorrelation function of the wave 
field. If the cone is chosen to include all those waves of the angular spectrum 
whose intensities are greater than 0-14 times that of the wave of maximum 
intensity, then it follows from equation (3) that this cone has a semi-angle 05 
given by 
DoS RN Lea cee eee ee eee (4) 


In the present investigation the ionosphere is irradiated, not by plane waves, 
but by waves more like those emitted from a point source and, consequently, 
the scattered radiation might be expected to be of a form different to that 
predicted above. This aspect has been investigated fully by Briggs and Phillips 
(1950), who show that a screen capable of scattering plane wave illumination — 
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- according to a Gaussian angular distribution of power will, when irradiated 
from a point source, still scatter according to a Gaussian angular power spectrum, 
the standard deviation in the latter case being half that of the former. It 
follows that a system of ionospheric irregularities, distributed in the horizontal 
plane so as to have an autocorrelation function of Gaussian form of standard 
deviation a, will reflect radiation emitted from a point source back towards that 
point in the form of a cone of semiangle 0) where 


Go—sin-= (aman \.. de os esa (5) 


If the irregularities are at a height H km above the ground, this implies that 
the radiation received at the transmitting point emanates from a region 
immediately overhead which is on the average circular in horizontal cross 
section, the diameter being 2H tan 80, i.e. H/xa for small values of 0. 

Statistical examination (Rice 1944, 1945) of an irregular wave field of 
random form shows that the number of maxima (m) to be expected in any 
horizontal distance of one wavelength is given by 


m=(1/27){09(4)/p9(2)}#, wee eee eee ee eee (6) 


where o,(2) and (4) represent the second and fourth derivatives respectively 
of the autocorrelation function 9(€) with respect to € (measured in wavelengths) 
evaluated at €=0. If 0(&) is of Gaussian form, the standard deviation being a, 
the number of maxima occurring in a distance of one wavelength can thus be 


shown to be 
RESCUE Pi 11a ae a ie ae were Re (7) 


Hence the average horizontal distance in kilometres between the irregularity 


centres (b) is given by 
DD Whe Ae Paces ahs 6 leans (8) 


Some indication of the number of irregularities of such a system of 
irregularities contained within a sample of circular horizontal cross section is 
obtained in terms of the number of average irregularities (the distance between 
whose centres is b) which may be packed into the sample. Simple geometrical 
considerations show that the number of closely packed small circles of diameter q 
which are contained wholly or partly within a larger circle of diameter p, is of 
the same order of magnitude as (p/q)?. Consequently, the number (n) of 
irregularities observable, in the sense that they are in that region of the iono- 
sphere which directs radiation back to the receiver, is given by 


ee 
ahaa toe 
Substituting for a this becomes finally 


nag yer Oe eee ne nee oa er (9) 
3( bf 


In Figure 5, the average distance between irregularity centres is plotted 
against frequency with the number of irregularities observable as parameter, 


~ 
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for a screen range of 350km. This reveals that irregularities of moderate size 
(average distance between centres of 6 km and less) are observable against 
their background in varying numbers for the range of frequencies normally 
reflected from the ionosphere at night. It is to be noted that, for a given 
irregularity separation, the number of irregularities under observation decreases 
as the frequency increases ; however, above 3 Mc/s the rate of decrease becomes 
small, especially where large numbers of irregularities are involved. The 
shaded part of the figure represents the conditions of irregularity-separation 
and frequency for which clouds are unobservable. This involves large fre- 
quencies, or large irregularity separations, or both. 


12 
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Fig. 5.—Relation between cloud separation, number of clouds 
observable (n), and layer critical frequency for clouds at a height 
of 350 km. 


(ce) Discussion of the Observations 

The scintillation observations, referred to in Section IV (a), suggest that 
on occasions irregularities exist in the upper F layer which contain sufficient 
ionization to reflect radio waves of frequency by up to 1 Mc/s greater than those 
which penetrate the normal F-layer background. Further, it has just been 
shown that it is possible to observe a number of these irregularities, along with 
the associated background layer, over the range of frequencies employed, 
provided that the distance between the irregularity centres is not too great. 
The actual derivation of this result requires no knowledge of the nature of the 
horizontal configuration of the individual irregularities, and consequently any 
hypotheses regarding this configuration will not be restricted by what has gone 
before. Two horizontal configurations will be considered. In the first of 
these the irregularities are envisaged as clouds of enhanced ionization which 
involve a gradual decrease of electron density from the irregularity maximum 
in the centre of the cloud to the density of the background layer at the same 
height. The second involves clouds of enhanced ionization whose internal 
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composition varies little in any horizontal direction and whose vertical boundaries 
consequently involve electron density changes of a more discontinuous nature 
than those visualized for the first cloud type. 


(i) Diffuseness.—When clouds of the first type exist in that region about the 
F-layer maximum in which their maximum density takes on a value greater than 
that of the background layer a continuous variation of maximum electron density 
between that of the background layer and that of the centre of the irregularities 
will exist. Further, this range of values of maximum electron density will be 
accompanied by a range of vertical electron density gradients. The irradiation 
of such an irregular layer with pulses of radiation of gradually increasing fre- 
quency will result in recorded traces, corresponding to both modes of propaga- 
tion, which sweep upwards over a broad band of frequencies to penetrate in a 
range of critical frequencies (Plate 1, Fig. 2). This is the effect called diffuseness 
whose observation was described earlier. 

Figure 5 demonstrates that for a given irregularity system a decrease in the 
frequency of the incident radiation results in an increase in the number of 
irregularities under observation and hence an increase in the semi-angle of the 
scattered cone of radiation. If the irregularities extend down into the lower 
parts of the layer, then a considerable amount of the radiation reflected at low 
frequencies will be returned along non-vertical paths. For pulse transmissions, 
this will result in considerably lengthened echoes and broad low-frequency P’f 
traces. Unresolved range spreading of this type is often observed to be associated 
with the more severe occurrences of diffuseness. The variable gain P’t observa- 
tions (Plate 2, Fig. 5) indicate that there is a falling off of signal strength with 
increasing delay, both when the operating frequency is well below the critical 
frequency and when it is nearit. This is the expected result if the components 
of the echo of greater delay are being returned from regions of the ionosphere 
remote from the zenith and if the angular power spectrum has the suggested 
Gaussian form. 

The fading observations, referred to in Section III (a), suggest that a 
penetrating diffuse F-region trace is due to echoes composed of several peaks 
separated slightly in time and that the amplitude of each of these peaks fluctuates 
in an independent manner. This is consistent with the interpretation presented 
here, for each of the peaks corresponds to the radiation returned from one of the 
several clouds in the observable region. Since these clouds have considerable 
dimensions, it is reasonable to expect the radiation returned from each of them 
to fade in the normal manner as the result of the movement of small irregularities 
within them. The lack of a one-to-one correspondence between the amplitude 
fluctuations of the several peaks suggests that there is no detailed relation 
between the movement of such small irregularities. This, however, does not 
preclude the possibility that they possess the same average drift velocity. 

Penetrating diffuse F-region traces, whether P’t or P’f, may or may not 
reveal some suggestion of structure. The existence of structure in either type 
of record implies that the returned echo must, in fact, be a family of closely 

‘spaced, but nevertheless separate, echoes of relatively short duration which 
are capable of maintaining their identities as the appropriate parameter, time or 
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frequency, is varied. This conclusion is consistent with that reached in the 
preceding paragraph and is therefore further evidence for the existence of several 
discrete reflecting zones within the observable region. Further, this evidence 
suggests that these reflecting zones may maintain their identity as time proceeds 
or as the level of reflection is raised in height. What then may be said of the 
penetrating diffuse traces which do not reveal structure? Two alternative 
explanations suggest themselves ; either the component echoes are so closely 
spaced that the intermediate minima are above the recording threshold for the 
greater part of the time or the identities of the several maxima within the echo 
are not maintained as either time or frequency is varied. In either case the 
speckled appearance of the trace is easily accounted for. The first explanation 
is obviously consistent with the present hypothesis, while the second will be 
only if the individual irregularities have short lifetimes on these occasions. 
(Since, with the present experimental set-up, a considerable period of time is 
required for the examination of any variation with frequency, irregularities 
with small lifetimes may not be afforded the opportunity to reveal frequency 
structure.) There is no evidence to suggest that either of these hypotheses 
should be rejected and, indeed, both the mechanisms envisaged may at times be 
operative. 

(ii) Penetration-frequency Multiplicity—The presence of the second type 
of cloud near the layer maximum would result in two penetration frequencies 
for each mode of propagation, and such penetrations would have associated with 
them separate upward-sweeping P’f traces. The satellites of a penetration- 
frequency doublet of this type may make their first appearance at the frequency 
at which the main trace o- and w-rays are just resolved (Plate 1, Fig. 3) or they 
may not appear until the main trace nears penetration (Plate 1, Fig. 4). This 
effect finds explanation in terms of different positions of the lower edges of the 
clouds relative to that of the layer maximum ; clouds whose density-increasing 
influence extends well down into the layer produce records such as that of 
Plate 1, Figure 3, while those whose lower boundaries are close to the background 
layer maximum give rise to records such as that of Plate 1, Figure 4. 

The occasional observation of penetration-frequency multiplicity, which 
involves more than one pair of o-rays and one pair of w-rays, can be interpreted 
in terms of the present hypothesis if a number of clouds, some of which have a 
higher maximum electron density than others, are present simultaneously in 
the observable region. 

While penetration-frequency multiplicity is often observed in a layer 
which is at other times undisturbed, it is more usually associated with the 
gradual decay of severe F-layer diffuseness (Plate 2, Fig. 1). In such occurrences 
successive records depict a whole range of frequency-spreading phenomena, 
the gradations of which are similar to other occurrences of frequency spreading 
which are not associated with decaying diffuseness. This implies that the two 
types of clouds postulated above are in fact the limits of a range of cloud con- 
figurations, any of the gradations of which occur either in a somewhat stable 


form for a long period or as the successive stages of a steadily changing con- 
figuration. 
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Until now the irregularities have been thought of as clouds of enhanced 
ionization, but the arguments remain valid if the irregularities are “ holes ” 
or regions where the ionization density is below that of the surrounding layer. 
Occasionally the satellite of a penetration-trequency doublet appears with a 
penetration frequency lower than that of the pre-existing main trace. In these 
cases it would appear that holes of reduced ionization rather than clouds of 
enhanced ionization are responsible for the observed effects. 


(iii) Temporal Variations.—Before the temporal variations of the phenomena 
can be discussed in the light of the present hypothesis, it is essential to know 
something of the statistics‘of the clouds responsible for the production of the 
radio star scintillation effect. The limited amount of data available refers, in 
the main, to conditions in the ionosphere over the British Isles. This suggests 
that there is a marked diurnal variation in the occurrence of these clouds ; this 
variation shows a rapid rise from 2000 to 2200 hr, has a maximum at about 
0100 hr and subsequently decays to small values at noon (Ryle and Hewish 
1950). There appears to be little seasonal variation (Hewish 1952). Some 
observations of scintillations of point sources near the zenith have been made in 
Sydney by Shain and Higgins (1954). While their results are not sufficiently 
numerous to allow deduction of significant trends, they are by no means incon- 
sistent with the results of the English workers. No data are available as to the 
variation of the height of the irregularities with time of night or season, nor is 
there any indication as to the type of variation, if any, of the occurrence of the 
scintillation phenomenon with latitude or during the sunspot cycle. 

If it is assumed that the above diurnal distribution of the scintillation- 
producing clouds is approximately maintained over the whole ionosphere, 
then the several diurnal variations of frequency spreading (Table 1) are explained 
in terms of the movement of the layer at night (Booker and Wells 1938). The 
post-sunset elevation takes the layer maximum into the region where the clouds 
are situated, with the consequent possibility of the occurrence of frequency 
spreading, while the cut-off of the diurnal distribution of frequency spreading, 
at a time earlier than that of the scintillation-producing clouds, is due to the 
decrease in height of the F layer at this time, namely, dawn. Since the nocturnal 
height rise has such a marked effect on the diurnal distribution, the world-wide 
increase of this height rise in summer might be expected to be a factor controlling 
the seasonal distribution of frequency spreading, especially as the presence of the 
scintillation-producing clouds is independent of season. This is found to be 
the case for stations whose latitudes are less than 20°, where more frequency 
spreading is observed in summer than in winter, but for stations of higher 
latitude there is more frequency spreading in winter when the night-time layer 
is lower than it is in summer (Table 1). The conclusion is reached, therefore, 
that there must be a downward movement of the clouds in the winter months, 
the magnitude of which increases with latitude, being comparable with the 
winter layer movement at a latitude of 20° and larger than this at higher latitudes. 

No satisfactory comment on the variation of the total annual occurrence of 
frequency spreading can be made without a knowledge of the variation of the 
occurrence of the scintillation-producing clouds throughout the solar cycle. 
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However, it is more than probable that the effect responsible for the change 
from inverse to direct sunspot cycle correlation, for latitudes greater than 40° 
(Table 1), is of auroral origin. 
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EXPLANATION OF PLATES 1 AND 2 
Pate | 
Examples of spread-F on P’f records 
Fig. 1.—Unresolved multiple traces, spread in range only. 
Fig. 2.—Spreading in penetration frequency only, an example of diffuseness. 


Fig. 3.—Penetration-frequency multiplicity, the satellites appearing at the point where the 
o- and a-rays are just resolved. 


Fig. 4.—Penetration-frequency multiplicity, the satellites appearing where the main trace nears 
penetration. 


Prats 2 . 
The association of diffuseness and penetration-frequency multiplicity : 
Fig. 1.—Diffuse echoes decaying to clean echoes via penetration-frequency multiplicity. 
Fig. 2,—Penetration-frequency multiplicity developing into diffuseness. 
Examples of penetration-frequency spreading on P’t records : 
Fig. 3.—Penetrations spread in time which reveal no structure. 


Fig. 4.—Penetrations spread in time which possess considerable structure. 
Fig. 5.—Diffuse penetration recorded with the aid of the variable gain technique. 


THE DISTRIBUTION OF THE ORBITS OF SPORADIC METEORS 
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Summary 


The directions of the reflection points of sporadic meteor trails for March and 
September 1953, and the hourly echo rates of sporadic meteors obtained from the 
Adelaide radio survey of meteor activity over 1952-1956 are analysed. Diurnal and 
annual variations in the sporadic echo rate are predicted from contemporary theory 
on the reflection of radio waves from meteor trails for several model distributions. A 
sporadic distribution is derived which consists of a concentration of direct short-period 
orbits to the plane of the ecliptic superimposed upon a more uniform distribution of 
near-parabolic orbits. This distribution is consistent with the results of radar, visual, 
and telescopic surveys in the northern hemisphere. The density of sporadic meteors 
round the Earth’s orbit is also derived. 


I. INTRODUCTION 

The diurnal and annual variation in the visual rate of detection of sporadic 
meteors has been known for many years, but until recently the interpretation 
of these variations has been a matter for controversy. This is so because the 
number of sporadic meteors detected visually is determined, apart from the 
luminosity function and subjective factors, jointly by the distribution of orbits 
in space and by the velocity distribution. The assumption of uniform distribu- 
tion led to the postulated hyperbolic component of sporadic meteors. The 
development of the radio echo techniques for the detection of meteors, and 
especially the extensive radio measurements of geocentric velocities of sporadic 
meteors in England and Canada, which do not support the existence of the 
hyperbolic orbits, has led to a reappraisal of the problem of the distribution of 
sporadic meteors. 

Investigations made prior to 1954 have been summarized by Lovell (1954, 
p. 96). Continuous radio surveys of echo rates made at Jodrell Bank during 
1949-1951 indicate a strong concentration of sporadic orbits to the plane of the 
- ecliptic, with a preponderance of direct orbits with high eccentricity. A similar 
concentration to the ecliptic is found by Prentice using visual techniques in 
which individual meteors are observed from two stations simultaneously. The 
ecliptical component moving in direct orbits also affords an explanation of 
Hoffmeister’s visual counts without reference to a hypothetical hyperbolic 
component. 
More recently, Kresik (1955) in Czechoslovakia has demonstrated that the 
concentration of sporadic meteor orbits to the plane of the ecliptic, and the 
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prevalence of direct over retrograde motions, extends to the fainter telescopic 
meteors. There is a possibility that the ratio of direct to retrograde motions is 
larger for telescopic than for visual meteors. Levin (1955) also finds a very 
large excess of direct over retrograde motions amongst both visual and telescopic 
meteors down to the 10th magnitude. 

The apex and antapex velocity experiments of Aion Davies, and Lovell 
(1953) show that, in addition to a concentration to the ecliptic, there is a random 
distribution of meteors with low heliocentric velocities (~35 km/sec). Pre- 
liminary reports on the three-station technique of Davies and Gill (Kaiser 1954 ; 
Bok 1955), which yields orbits of individual meteors, suggest that many of the 
fainter meteors (limiting magnitude 7 or 8) move in short-period orbits of low 
eccentricity, amongst which high inclinations to the ecliptic are common. 
Once again direct motions predominate. 


Although this account is not exhaustive, enough evidence has been 
marshalled to show that the distribution of sporadic meteors probably consists 
of a concentration of predominantly direct orbits near the plane of the ecliptic 
superimposed upon a distribution more uniform in heliocentric coordinates. 


Of the data on which these investigations were based, only Hoffmeister’s 
visual observations were made in the southern hemisphere. During a radio 
survey of meteor activity at Adelaide, extensive data on sporadic meteor activity 
have been accumulated. The “ wind ” equipment used has been fully described 
by Robertson, Liddy, and Elford (1953), and some preliminary work on the 
interpretation of the sporadic counts has appeared (Weiss 1955). 


The direction-finding system incorporated in the equipment gives the 
directions of reflection points of meteor trails. Since these directions are 
determined, within limits which are described, by the radiants of the meteors 
producing the detected trails, some direct information on the distribution of 
radiants of sporadic meteors is obtained. The hourly rate of detection of 
sporadic meteors is the other raw material collected. The evaluation of the 
sporadic rate is a necessary preliminary to the determination of shower activity, 
which is the primary object of the survey. But, in addition to this, radar 
counting is objective and does not suffer from the uncertainties involved in the 
subjective visual counting method, although the interpretation of the radar 
counts is still difficult. There is also the very great advantage of continuity 
in the radar counts. 


The analysis of direction data, and the interpretation of radio counts of 
sporadic activity over the period 1952-1956, together give a consistent picture 
of the distribution of sporadic meteors detected over Adelaide. It is satisfactory 
that this distribution agrees with that suggested by the other researches reviewed 
above. 

Since only major meteor showers can be recognized and subtracted from 
the total counts, the term ‘“ sporadic meteors” here embraces both minor 
meteor showers not resolved by the equipment and meteors pursuing isolated 
paths round the Sun. 


DISTRIBUTION OF THE ORBITS OF SPORADIC METEORS om 


II. THE DISTRIBUTION OF RADIANTS OF SPORADIC METEORS 
The direction data analysed in this section are the azimuths and zenith 
angles of reflection points of individual meteor trails, relative to the observing 
station. These are calculated from the direction cosines of the reflection points, 
measured by the direction-finding system of the equipment. 


On the assumption of specular reflection, the possible reflection points 
corresponding to a given radiant will lie on the intersection with the celestial 
sphere of the plane passing through the station origin (mid point of transmitter- 
receiver base line) perpendicular to the line joining the station origin to the 
radiant point. These possible reflection points are further limited by the 
aerial polar diagram. For the present application this has maximum gain at 
the zenith, and falls off uniformly, and almost independent of azimuth, to a 
zero near zenith angle 50°. No reflection points should be expected at zenith 
angles greater than 50° and in fact very few (~1 per cent.) arefound. A further 
restriction on the possible reflection points is imposed by the method of measure- 
ment of the direction cosines. This requires several cycles of Doppler beat 
between sky and ground waves. As it has been established that the winds 
which shift the phase of the sky wave have no significant vertical component, 
reflections at low zenith angles can produce only very low Doppler frequencies, 
and the echo decays before the requisite number of Doppler cycles have been 
recorded. Hence very few reflection points are found at low zenith angles, as 
is evident from Figure 4. 

Because of these restrictions on zenith angles, reflection points corres- 
ponding to a given radiant should fall within a fairly narrow band of azimuths, 
whose centre is shifted 180° from the azimuth of the radiant. This expectation 
is confirmed by measurements on the Geminid radiant (diameter <4°) in 1952 
and 1953. 

The azimuths of the reflection points of 580 echoes detected over the peak 
of the Geminid activity, from 23 to 05 hr, have been determined. About a 
third of these echoes are due to sporadic meteors, but the peaks in the azimuth 
distributions, due to true Geminid meteors, are very clearly defined. The 
centres of the azimuth bands for the Geminid echoes, measured in hourly groups, 
are plotted in Figure 1, along with the relation between observed azimuth and 
time found from them by the method of least squares. The expected mean 
azimuth for a radiant of declination +32° is also shown. Considering the small 
number of echoes involved, and the disturbing effect of the sporadic background, 
it is evident that the reflection points are in fact diametrically opposed to the 
azimuth of the radiant. 

This fact can now be applied with confidence to the determination of 
directions of arrival of sporadic meteors from the measured reflection points. 


As indicated above, the distribution of zenith angles of reflection points 
is determined largely by the aerial polar diagram and the method of measure- 
ment, and the zenith angle of the radiant is of minor importance. Analysis of 
_ the Geminid echoes shows that the mean zenith angle of reflection points increases, 
put only slightly, as the elevation of the radiant increases from 0 to 23°. 
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The azimuths of the reflection points for some 1600 echoes detected during 
March and September 1953 have been divided into 30° sectors at 2-hourly 
intervals. The resulting distributions are drawn in Figure 2. These samples 
are entirely free of shower echoes. An examination of the possible effects of 
the wind pattern on the observed distributions has been made, with negative 
result. These distributions thus depict an inherent property of sporadic meteors. 

The most striking feature of the distributions for the two months is their 
similarity. The dominant feature in both months is the rotation, through 360° 
in 24 hr, of the azimuth from which the smallest number of reflection points is 
detected. The rotation is in the same sense as, and in phase with, the rotation 
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Fig. 1.—Azimuths of reflection points of Geminid echoes. 
Observed azimuths ---; A 1952; © 1953. Expected 
azimuths for radiant at Dec. +32° 


of the azimuth of the apex of the Earth’s way. This is more clearly brought 
out in Figure 3, in which the positions of the observed minima are compared 
with the azimuth of. the apex for each month separately. 

Since it is obvious, from what has been said above, that no reflection points 
can be detected in the direction of a radiant, the radiants of sporadic meteors 
are evidently concentrated towards the direction of the apex. The fact that 
the correspondences of Figure 3 persist whilst the apex is below the horizon 
suggests that the concentration is comparatively broad. 

The occurrence of peaks in the distributions at azimuths near east and west, 
close to sunrise and sunset, further suggests the presence of helion and anti- 
helion concentrations amongst the apparent sporadic radiants. In fact these 
two components, along with the concentration to the apex, give a very good 
account of the detail of Figure 2. From the zenith angle distributions of Figure 4, 
it is apparent that the azimuth distributions will be dominated by those sources 
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which are low in the sky at the time. For example, the sequences 04-06-08 hr 
and 16-18-20 hr are dominated by the helion and antihelion components which 
give reflection points to east and west. The rapid swing from easterly reflection 
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Fig. 2.—Distribution of azimuths of reflection points of sporadic 
echoes, March and September 1953. 


points at 04 hr to westerly reflection points at 08 hr is due to the setting of the 
antihelion component and the rising of the helion component. A similar swing 
from east to west over 16—20 hr is due to the setting of the helion component 
and the rising of the antihelion component. Westerly reflection points near 
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midnight, and easterly near midday, are associated with the rising and setting 
of the apex component. 

The rapidity of the east-west swings near sunrise and sunset suggests that 
the helion and antihelion concentrations are relatively sharp, much more so than 
the concentration to the apex. 

As is to be expected, very little is added to these conclusions by the analysis 
of the zenith angles of the reflection points. The distributions are given in 
Figure 4. The mean zenith angle per 2-hr interval varies by less than 7° 


LOCAL TIME 


cele) 


90° 180° 2708 360° 90° 

E. Ss. Ww. N. E. 
AZIMUTH 

Fig. 3.—Comparison between azimuth from which the number 

of reflection points is a minimum ©@); and the azimuth of the 

apex of the Earth’s way Sporadic meteors, March and 

September 1953. 


throughout the day, and once again the variation is very similar as between 
March and September. The movement of the mean zenith angle throughout 
the day is substantiated by the variation in the ratio (number of zenith 
angles <20°/number of zenith angles >40°), and there is no doubt that there 
are more reflection points with low zenith angles near sunrise and sunset than at 
other times throughout the day. This is probably connected with the presence 


near the horizon of the sharp intense helion and antihelion concentrations, at 
these times. 
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The zenith attraction on the radiant of a meteor moving with parabolic 
velocity and detected near the horizon, at elongation 90° from the apex, is less 
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Fig. 4.—Distribution of zenith angles of reflection points of sporadic 
echoes, March and September 1953. -++ Mean zenith angle per 2-hr 
interval. 


than 4°. For a short-period orbit, with a heliocentric velocity of 35 km/sec, 
the zenith attraction is larger, near 10°. In view of the magnitude of these 
corrections, the apparent symmetry of the helion and antihelion concentrations 
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about the times of sunrise and sunset is understandable. The zenith attraction 
near the apex is at all times negligible. 


The limiting electron density for echoes detected at zenith angle 30° is 
3x10" (Fig. 7). This corresponds to radio magnitude M,—6-3, according to 
the definition of Browne et al. (1956). The distribution. of sporadic radiants 
outlined above therefore relates to meteors brighter than the sixth magnitude. 


The directions of the reflection points of sporadic meteors measured during 
the equinoctial months of March and September have demonstrated the existence 
of concentrations of radiants towards the directions of the apex, the Sun, and 
the antisun. Dominance of the records for the solstitial months of June and 
December by showers has precluded a similar analysis for these months. However, 
in view of the numerous reports of the apex and antihelion components by visual 
and telescopic workers, there is no reason to doubt that the source distribution 
found here for March and September will hold throughout the year. 


The significance of this radiant distribution is taken up in Section VI. 


Ill. THE OBSERVED SPoRADIC EcHO RATE 
The equipment has been in effective operation for counting meteors since 
June 1952. It has been operated semi-continuously since then, the shortest 
run being 3 weeks and the longest 8 months. Every month of the year has 
been surveyed at least once, some three times. 


The basic material is the number of echoes detected each hour, as counted 
from the films. As far as possible, echoes from shower meteors have been 
excluded, but the identification of showers near the limit of resolution is uncertain. 
The equipment has not been maintained at the ideal of constant sensitivity 
over the whole period June 1952 to April 1956, but every effort has been made to 
hold the sensitivity constant for months at a time. The data can be divided into 
five groups, within each of which the sensitivity has remained unaltered, although 
as between groups it has varied by factors of 1-8 or less. 


The hourly echo rates have been analysed by months to establish the mean 
diurnal variation for each month separately. The diurnal curves are drawn 
in Figure 5; these are the actual counts not corrected for equipment sensitivity 
at the time. Attention is drawn to the asymmetry of many of these curves, 
to the tendency for flat minima and sharper maxima, and to the occurrence of 
many subsidiary maxima. Another striking feature is the general similarity 
of the diurnal variation for a given month from year to year, and the repetition 
of much of the finer details of the variation, e.g. the months of May, November, 
and December. 


The sporadic meteors included in this rating survey are those brighter than 
radio magnitude M,=7:°5. 

The annual variation of the ratio of maximum to minimum hourly echo 
rate in the diurnal variation is plotted in Figure 6 (a). Also shown, in Figure 
6 (5), is the average echo rate per day for each month; the annual variation in 
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this quantity is small. These average echo rates per day have been corrected 
for equipment sensitivity by combining information from different runs (at 
different sensitivities) by a method of successive approximations. The validity 
of this procedure is examined in Section IV (d). 


RATIO MAX./MIN. 


AVERAGE ECHO RATE 
PER DAY 


J 2 M A M J J A s oO N 3) J 
MONTH 


Fig. 6.—Annual variations in observed sporadic echo rates. 

(a) Ratio of maximum to minimum hourly echo rate in the 

diurnal variation. (b) Average echo rate per day, corrected for 
equipment sensitivity. 


IV. EcHo RATE AS A FUNCTION OF ZENITH ANGLE OF RADIANT 

The actual counts of sporadic meteors, when freed from the variations 
imposed by the characteristics of the detecting equipment, may be used to 
supplement the information on the spatial distribution of sporadic meteors which 
is contained in the radiant distributions derived in Section II. We clearly 
have to deal with a source of sporadic meteors anisotropically distributed over 
the whole of the celestial sphere. For the purposes of analysis such a distributed 
source may be divided into a large number of small radiant areas, whose dimen- 
sions are of the same order as the small radiant areas of shower meteors. 


The first step in the interpretation of the sporadic counts is to reach an 
understanding of the way in which the rate of detection of shower meteors 
depends upon the zenith angle and azimuth of the radiant. A good deal of 
information on this dependence has been accumulated from showers observed 
at Adelaide, but in addition to this it has been felt worth while to attempt to 
predict this dependence, from known equipment parameters and the physical 
behaviour of meteors in the Harth’s atmosphere. The physical principles 
underlying the production and detection of meteor trails are now sufficiently 
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well established for a comparison between calculated and observed rates to be of 
considerable value, not only for its own sake but also because attention is thereby 
drawn to some of the inadequacies of contemporary theory. 

It is appropriate to remark that the programme attempted in this section 
is complicated considerably by the existence of a minor lobe in the field of view 
of the equipment. Such minor lobes are undesirable for counting purposes, 
but were incorporated into the aerial pattern as part of the direction-finding 
system. 


(a) Predicted Echo Rate from a Radiant 
For Lovell-Clegg scattering, the line density of electrons/em « corresponding 
to a meteor detected at limiting sensitivity is 


327? Re (pe 
ay beeen |W Ea I cre tere 1 
- (ees) e ) oe 
whilst for persistent echoes 
lees Zt (2) 
PGG i e? 


In these expressions, and for the equipment in question, 


P=transmitter power=250 W, 
e=minimum detectable echo power=3 x10-" W, 
R=slant range to reflection point, 
A=wavelength=—11-2 m, 
G,=transmitting aerial gain=—9-5 max., 
-@,=receiving aerial gain—6-5 max. 


With these equipment parameters, formulae (1) and (2) reduce to 


%=109(R3/G,G,)?  Lovell-Clegg scattering, 
%=0-62(R3/G,G,)? persistent scattering. 


R is in kilometres, and the product GG, max. has been normalized to 100. 
These expressions become equal when %=1:-2 x10! electrons/em, and are 
assumed to hold exactly for lower and higher electron densities respectively, 
although physically the change from one type of scattering to the other is 
neither rapid nor well marked. / 
Making use of theoretical aerial polar diagrams for the aerial systems as 
described by Robertson, Liddy, and Elford (1953), and of the concept due to 
Clegg (1948) of a meteor collecting zone at a definite height (here 90 km) which 
fixes R, the contours of % shown in Figure 7 are obtained. On any contour, any 
meteor trail whose line density exceeds the « appropriate to the chosen contour 
will be detected. It should be remarked at this juncture that the substitution 
of a thin collecting zone for the broader height distributions actually found for 
sporadic meteors (see e.g. Elford and Robertson 1953) will have little effect 
on contours for which «,<1012, but may be serious for contours appropriate to 
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larger values of a, for which R is raised to the sixth power. The implication 
is that within the major lobe of the aerial pattern the assumption of a thin 
collecting zone is justified. 

No allowance has been made for the enhancement of the reflection coefficient 
in transverse, as opposed to longitudinal, polarization of the incident wave. 
This effect can scarcely be important for distributed sources of radiants and 
need not be considered further at this stage. : 
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Fig. 7.—Theoretical sensitivity contours for the aerial system in use. The 

numbers marked against the contours are the values of the limiting 

electron densities «. A meteor echo is detected on (or within) a given 
contour if a> a. 


Within the major lobe the contours are almost independent of azimuth, 
although a small asymmetry due to the non-coincidence of transmitting and 
receiving aerials has been ignored. The minor lobe ig markedly asymmetrical. 

The calculation of the echo rate expected from a radiant at a given zenith 
angle proceeds by determining the collecting area appropriate to the position of 
the radiant and integrating over this collecting area all incident meteors whose line 
densities exceed the limiting line densities defined by the contours of Figure 7. 
For a point radiant and a meteor collecting surface at a fixed height of 90 km 
above the Earth’s surface, the collecting area degenerates into a line, the line 
forming the intersection of the 90-km spherical collecting surface and the plane 
perpendicular to the direction of the radiant from the observing station. This 
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geometry is imposed by the property of specular reflection of meteor trails 
(Section IT). 

The relation between the physical properties of the meteor and of the 
atmosphere, and the maximum line density o%max, may be written 


4 
Omax = 9B (uA) ln COREY See sie ats Tier eee eee (3) 


The notation is that of Kaiser (1953): y is the zenith angle of the radiant. 
For the moment the probability {8 of ionization of a single meteor atom is regarded 
as an invariant ; this parameter is further examined in Section IV (e). Since 
yu. and # are also essentially constant, (3) may be written 


Mig==— CONST. gb? BOC 5 I dacs s seaere Sh emcee (4) 


and any meteor particle whose mass exceeds m, will be detected on (or inside) 
the contour %. ; 


Following Kaiser (1953) we assume a mass distribution 
VEEN CONSE MEU rg ee oc (5) 


where y,, is the flux of meteors with masses between m and m+dm. The echo 
rate is now calculated by integrating (5) over all masses above the limiting 
mass’, given by (4) and along the collecting line, denoted by ZL, defined earlier. 
Since the two integrations are independent, the echo rate as a function of zenith 
angle is given by 


Z(x)=const. (8 cos tet reach Eee! oe anes cap ak oe (6) 
L 


It has been assumed that s is a constant, independent of m. For sporadics, 
Browne et al. (1956) find s=2 for meteor radio magnitudes between 2 and 10. 
For showers there is evidence that s is slightly dependent upon radio magnitude, 
and may take values between about 1:5 and 2-5 for different showers. 


The integration (6) has been performed within the limits of the major 
lobe of the aerial pattern (east-west section). It is sufficient to consider a flat 
collecting surface for meteors ; the error in replacing the true spherical surface 
by a horizontal surface is less than 1 per cent. within the major lobe (elevation 
> 40°), but is of course not justified at low elevations where the minor lobe is 
effective. The function Z is plotted in Figure 8 (a) for three values of s, namely, 
s=1-5, 2:0, 2:5; the three curves have been normalized to Z=1-0 at y=70°. 


(b) Observed Echo Rate from a Radiant 
By subtracting the estimated sporadic activity from the total counts during 
times of shower activity, the shower echo rate may be determined as a function 
of time and hence of zenith angle when the radiant coordinates are known. 
Data for five representative showers are given in Figure 8 (b). For radiant 
elevations up to 20°, the measured function Z is the same for all showers, and 
agrees quite well with the Z calculated for s=2-0. For radiant elevations 
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exceeding 20° the measured functions Z for different showers diverge and do not 
fall off in accordance with predictions based on collection in the major lobe 
alone. 

Before considering the effects of the minor lobe, it might be pointed out 
that the measured Z, especially for the Geminids, should correspond to an 
s-value somewhat less than 2. Part of the discrepancy may be due to neglect of 
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Fig. 8 (a).—Predicted echo rate from a point radiant as a function of the 
elevation of the radiant, for several aerial polar diagrams. 


Fig. 8 (b)—Echo rates observed for showers. Corona Australids 1953 

(Dec. —50°) —-—-5 y-Aquarids 1954 (+01°) - ++; December shower 

1955 (—86°) o-o-o; 6§-Aquarids 1954 (—21°) x-—x-—x; Geminids 
1952 and 1953 (+32°) ——. 


the minor lobe, but a more likely explanation is the failure of the assumption, 
implicit in the derivation of (6), that every meteor for which «>a is detected 
by the equipment. The validity of this assumption is examined in Appendix I, 
where it is concluded that some detectable echoes are missed at small elevations 
of the radiant. Allowance for this will reduce the discrepancy between measured 
and calculated Z. 
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(c) Effects of the Minor Lobe 
A rough calculation based on the contours of Figure 7 suggests that for a 
radiant culminating at a zenith angle of 6° the expected echo count, on the scale 
of Figure 8 (b), isabout 40. For zenith angle 15°, the expected count is about 50. 
These are within the limits actually observed. 


The predicted minor lobe is narrow, centred on zenith angle 65°. Analysis 
of the measured Z suggests that the minor lobe actually is as narrow as predicted, 
but is displaced in elevation by site errors which are in the sense expected from 
the aerial surroundings. For this reason, accurate calculations of the con- 
tribution of the minor lobe to the theoretical function Z have not been made, 
although the problem has been solved and applied in another connexion. 

The different contributions from the minor lobe to the functions Z measured 
for the showers shown in Figure 8 (b) is partly an effect of the different zenith 
angles at culmination. However, the major part of the differences, including 
the lack of any maximum near 20°, is due to the movement of the radiant in 
azimuth as well as in zenith angle. It is clear from Figure 7 that for low and 
moderate radiant elevations the contribution of the minor lobe is larger for 
azimuths near east-west than those near north-south. 

For certain radiant positions the contribution of the minor lobe to the 
echo rate is as great as, or exceeds, that of the major lobe. Having regard to the 
fact that sporadic meteors form a distributed source in which many zenith 
angles and azimuths are represented simultaneously, two functions Z, both 
independent of azimuth, have been used for computations on the minor lobe 
in later sections. These are the curves labelled I and II in Figure 8 (a). They 
are in the theoretical position (zenith angle 65°) and their amplitudes are approxi- 
mately those needed to explain the diurnal variations in the actual sporadic 
meteor counts. Because of smoothing by the distributed source and the broad 
aerial beam, the exact shape of Z for the minor lobe is unimportant. 

Although not relevant to the main topic, it might be pointed out here that 
the activity of a shower at transit may be strongly influenced by detection in 
the minor lobe. Comparative shower rating is only possible by confining 
attention to the rates when the radiant elevation is less than 20°. 


(d) Effects of Equipment Sensitivity 
Kaiser (1953) has defined an equipment sensitivity factor 
B=(P23/e)*. 
For a constant aerial polar diagram, the number of echoes N detected is a function 
of F, thus: 


NV cope Lovell-Clegg scattering, ‘ 
NcF4s-) persistent scattering. 


These expressions follow directly from (6), (1), and (2); a small correction 
introduced by the finite meteor height distribution has been ignored. 

: Attention has been drawn by Bullough (1954) to the necessity for considering 
‘the different values of s appropriate to shower and sporadic meteors when 
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reducing echo rates to a common epoch. Since we are here only concerned 
with sporadic meteors, s=2 and the expressions (7) become N oc’ and N of* 
respectively. The great majority of echoes detected within the major lobe are 
of the Lovell-Clegg type, but within the minor lobe only persistent echoes are 
detected. This implies that the minor lobe is much more sensitive to small 
changes in equipment sensitivity than the major lobe. The Corona Australid 
shower in particular affords verification of this. : 


The fact that showers exhibit greater sensitivity to changes in # than 
sporadic meteors indicates that collection of the latter occurs mainly in the 
major lobe. Moreover, the repetition of the characteristic features of the 
diurnal variations shown in Figure 5 from year to year at different equipment 
sensitivities suggests little relation between collecting area and sensitivity. 


After eliminating the annual variation from the sporadic counts of Section 
III, the echo rate has varied by a factor of less than 2 over the period of the 
survey. This variation is sufficiently small that these data may be reduced to a 
common equipment sensitivity by taking simple proportionality between 
N and F. This procedure is of course justifiable only over the narrow range of 
equipment sensitivity actually used. 


(e) Effects of Meteor Velocity 
The relation between the ionizing efficiency ® and the velocity v of the 
meteor particle may be described by the power law 8=const. vo”. The value 
of the exponent 7 is not known at all well. Evans and Hall (1955) by an indirect 
method involving height distributions find n=0-5+0-5 for sporadic meteors. 
At the other extreme, Whipple (1955) finds n~5 from the relative frequencies of 
occurrence of radio and bright photographic meteors (sporadics). 


The value of n is of little consequence in the case of shower meteors unless 
absolute fluxes are in question. Since the velocities of shower meteors are 
sharply concentrated to a mean value, 8 may be replaced by a constant which 
will differ from shower to shower, and the only result is an alteration in the scale 
factor of Figure 8. In the case of sporadic meteors, however, a broad velocity 
distribution depending upon elongation of the radiants from the apex may be 
expected. Hence 8 must be replaced by a weighted sum which may depend 
upon position as well as upon time. Since s—2, v enters to the power m (see 
expression (6)). Should n prove to be large, any marked diurnal changes in the 
distribution of sporadic geocentric velocities must be reflected in the diurnal 
variation in counts of sporadic meteors. At the present time little can be done 
beyond drawing attention to this possibility, and noting that a lower limit is 
set to the ratio of direct to retrograde orbits by the assumption that § is, in fact, 
independent of v. 


V. THE PREDICTED SporADIC EcHO RATE 
Knowing the echo rate expected from a point source at any position on the 
celestial sphere, the calculation of the echo rate expected from any distribution 
of sporadic radiants over the celestial sphere is quite straightforward. The 
distribution of sporadic radiants over the celestial sphere depends upon the 
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distribution of sporadic orbits in space, upon their velocity distribution, and 
upon the Earth’s motion. In predicting rates it is not necessary to assume a 
distribution in space at the outset ; it may be more convenient to postulate an 
apparent distribution of radiants over the celestial sphere. However, the 
interpretation of such apparent distributions requires a knowledge of the velocity 
distribution. 


It would of course be preferable to use the observed sporadic counts of 
Section ITI, in conjunction with the function Z of Figure 8, to derive the apparent 
distribution of sporadic radiants over the celestial sphere. Unfortunately, 
the aerial pattern is not sufficiently well known to meet the stringent requirements 
- of this analytical approach. The best that can be done ig to assume various 
models for the sporadic distribution and compare them with the actual counts. 
Even if the analytical approach were possible, aerial smoothing by the broad 
aerial beam would suppress much of the finer detail of the distribution. For 
the same reason, there is a limit to the fine structure which need be incorporated 
in the model distribution. 

Two types of model distribution are considered. The first is a line distribu- 
tion of apparent sporadic radiants round the ecliptic, which is an idealization 
of a sharp concentration towards the ecliptic. The second is a more uniform 
distribution over the whole of the celestial sphere. 


(a) Ecliptical Concentration (Model E) 

We define an apparent source strength o, distributed as a line source round 
the ecliptic, which has the value c=4 over the 180° of ecliptical longitude 
centred on the apex, and the value c=1 along the remainder of the ecliptic. 
This distribution is tied to the apex and, relative to an observer on the Earth, 
it rotates completely round the ecliptic once in 24 hr. The sporadic echo rate 
at any time is found by forming 6oZdH, where d# is an element of the ecliptic 
and the integral is taken right round the ecliptic. The diurnal and annual 
variations are built up by allowing the source and the ecliptic to perform their 
daily and annual movements. 

Calculations with model E have been made using three forms of the function 
Z, namely, major lobe alone with s=2, and major lobe plus minor lobes I and IT 
(Fig. 8 (a)). Diurnal variations throughout the year for the case of major +-minor 
lobe II are given in Figure 9. The form of these curves is much the same for 
all of the aerial patterns considered ; the asymmetries are an effect of the motion 
of the ecliptic, not of the inclusion of the minor lobe. The ratio of maximum 
to minimum hourly echo rate in the daily variation and the annual variation 
in the average daily echo rate are shown in Figure 10. The scale of Figure 10 (a) 
is arbitrary ; this diagram illustrates the contribution made to the total rate 
by the minor lobe. 


(b) Uniform Distributions (Models U) 
These models are based on the hypothesis of a uniform distribution of 
_ sporadic meteors in space. The apparent distribution over the celestial sphere 
is found by applying corrections for the motion of the Earth (towards the 
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direction of the apex) and for the number of meteors intercepted by the Earth. 
These corrections, which depend upon the apparent elongation of the radiant 
from the apex and upon the heliocentric velocity of the meteor, are given by 
Lovell (loc. cit., p. 117). The direction of the apex from the observing station 
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Fig. 9.—Diurnal variations in echo rate predicted for an ecliptical source 
distribution of sporadic meteors (model E). Aerial pattern: major lobe+ 
minor lobe II. 


constitutes an axis of symmetry for the problem, and the expected rate of 
sporadic meteors collected from the whole of the visible hemisphere is obtained 
as a function of the zenith angle of the apex. The relation between zenith angle 
of the apex and hour angle of the Sun (Davidson 1914) is then used to obtain the 
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Fig. 10.—Annual variations in echo rate predicted for model E. 
Major lobe only -—-—; major lobe-+minor lobe I —-: -—- :— ; major 
lobe+minor lobe IT 5 
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Fig. 11—Typical diurnal variations in echo rate predicted for a uniform space source 
distribution of sporadic meteors with parabolic velocities (model U,,). Curves A, major 
lobe only ; curves B, major lobe-+minor lobe II. 
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diurnal and annual variations in the predicted rate. Zenith attraction has not 
been taken into account. 

Computations have been carried through for two heliocentric velocities, 
42 and 35 km/sec. These models are denoted by U4, and U;; respectively. 

Typical diurnal variations are shown in Fjgure 11, with and without the 
contributions from minor lobe II. Without exception, model U curves are 
symmetrical about 06 and 18 hr. Figure 12 depicts the ratio of maximum to 
minimum hourly echo rate in the diurnal variation throughout the year. The 
annual variation in the average echo rate per day has not been illustrated. It is 
almost independent of the model and of the aerial pattern, the activity being 
highest during March (© =360°), when it exceeds the September activity by 
30 to 40 per cent. 
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Fig. 12.—Annual variation in the ratio of maximum to minimum 
hourly echo rate in the diurnal variation predicted for uniform 
space models. Model U;,; ; model U,, -—-. Curves A, 
major lobe only; curves B, major lobe+minor lobe II. 


VI. INTERPRETATION OF THE OBSERVATIONS 

The measurements of reflection points described in Section II constitute 
direct evidence for a helion component of sporadic meteors. The existence of 
such a component had already been inferred, indirectly, from counts of sporadics 
at Jodrell Bank. The antihelion component was known from visual, telescopic, 
and radar observations. 

The helion, antihelion, and apex concentrations together point to a com- 
ponent in the sporadic distribution which is concentrated to the plane of the 
ecliptic. However, from the manner in which the azimuth of the minimum 
number of reflection points follows the azimuth of the apex it is clear that there 
must be an additional component more uniformly distributed over the celestial 
sphere. For otherwise very few reflection points would lie in directions close to 
north, a situation not supported by Figure 2. If it is accepted that portion 
of the concentration to the apex is the effect of the Earth’s motion distorting a 
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uniform distribution of sporadic meteors, then the apparent distribution found 
for the ecliptical component—marked helion and antihelion concentrations with 
fewer apparent radiants in the directions of the apex and antapex—implies a 
predominance of direct orbits of short period amongst those orbits confined to 
the plane of the ecliptic. 

The direction data thus point to a distribution of sporadic meteors observed 
in the southern hemisphere which agrees with that found for the northern 
hemisphere. This distribution may therefore be used with confidence in the 
interpretation of the sporadic counts of Section III. 

The model distributions E and U are seen to represent the two extreme 
idealizations of the actual distribution. The rectangular source o for model E 
is suggested by the mean hourly echo rates at Jodrell Bank for the continuous 
survey apparatus (Lovell, loc. cit., p. 115). This equipment has a narrow field 
of view and the observed echo rates should be dominated by the ecliptical 
component. This contention is supported by the displacement between the 
times of occurrence of the diurnal pattern in the two aerials. The ratio in o 
of 4:1 for the apex and antapex sections of the distribution requires justi- 
fication. The Jodrell Bank rates suggest a ratio of about 3. A smaller number 
of counts on the radiant apparatus at Adelaide suggests a ratio of 5, whilst 
supporting the general shape of the Jodrell Bank variation and also the ecliptical 
concentration of the meteors detected. The ratios of the maximum to minimum 
hourly echo rates for the wind equipment (Fig. 6 (a)), for a line source (when 
averaged over all positions of the ecliptic) require a ratio of 4-3. The value of 4 
has been chosen as a reasonable compromise between these estimates. Because 
of aerial smoothing, it was anticipated that little could be gained by attempting 
to improve upon a rectangular source shape, and a few trials proved this to be 
the case. 

The measure of agreement between actual echo rates and rates predicted 
for models E and U may be assessed from three aspects: (a) general shape 
of diurnal variation curves; (b) ratio of maximum to minimum hourly echo 
rate in the diurnal variation; and (c) annual variation of average echo rate 
per day. Before examining this, it is appropriate to consider the effect of 
collection in the minor lobe upon these criteria. 

For model E, the minor lobe has little effect upon the shape of the diurnal 
variation near September, but its contribution is very marked near March. 
This is understandable when it is remembered that at the September equinox 
at Adelaide the maximum elevation of the apex is 33°, so that collection of 
meteors from the strong part of the ecliptical source is confined largely to the 
major lobe. At the March equinox the apex attains an elevation of 7 9° and the 
minor lobe is much more important. This dependence of the contribution 
from the minor lobe on the elevation of the ecliptic is reflected in the annual 
variations shown in Figure 10 (a). It might be thought then that a detailed 
knowledge of the minor lobe pattern is a prerequisite for predictions based on 
model E. However, as the ecliptic is in the same position in the sky at 06 hr 
at the March equinox and 18 hr at the September equinox, and again at 18 hr 
at March and 06 hr in September, and these times correspond to maxima and 
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minima in the hourly echo rate, some information regarding the contribution 
of the minor lobe can be deduced from the observed rates at these times. Thus, 
if Sy, denotes the value of 6ZdH# taken along the visible part of the ecliptic 
(the integral vanishes for the part of the ecliptic below the horizon) at 06 hr 
in September, then S,,=M,, and My,=Sj,. Since at these times o=4 or 1 
for the whole of the visible hemisphere, the ratio of maximum to minimum hourly 
echo rate during September is Ry, =48o¢/S13=4So6/Mog ; for March, Ry~=4 Mo6/Sog- 


Hence 
Fig/B y= (SoolMeg)*, oie ewe os te a ae wee (8) 


independent of source strength. But, from what has been said above, the 
ratio (8) is simply a measure of the contribution of the minor lobe to the echo 
rate. From Figure 6 (a), R,/R,=5-:4/3-1=1-7. For the three functions Z 
drawn in Figure 8 (a), the values of R,/R,, are: 


major lobe only 6-1 
major lobe+minor lobe I 1*2 
major lobe+minor lobe II 1-8 


Because of aerial and source smoothing, the exact shape of the minor lobe 
pattern is not of major consequence, and discussion of model E may proceed 
on the basis of the minor lobe II as drawn in Figure 8 (a). 

For the models U, the presence of the minor lobe fills out and sharpens the 
maxima in the diurnal variation curves ; the minor lobe is important only whilst 
the apex lies above the horizon. The ratio of maximum to minimum hourly 
echo rate (Fig. 12) is much less strongly influenced by the minor lobe than is 
this ratio for model E ; and the annual variation in average echo rate per day 
is the same with or without collection in the minor lobe. 

The diurnal variations in echo rates predicted for models U are symmetrical 
about 06 and 18hr. The asymmetries in the observed diurnal variations 
definitely favour a non-uniform source, but there is no detailed correspondence 
between the observations and the curves of Figure 9 for model E. Model E: 
with minor lobe II gives a good account of the annual variation in the ratio of 
Maximum to minimum hourly echo rate,.as well as its absolute value. Model 
U,, is more in accord with the observed ratio than U,;. 

It appears then that the rates and directions of detection of sporadic meteors 
down to the 7th magnitude are consistent with a distribution which is a com- 
bination of models E and U,,, i.e. a combination of (a) a concentration of radiants 
to the plane of the ecliptic with further concentration to apex, Sun, and antisun 
and (b) a broader distribution whose apparent degree of concentration to the 
apex is similar to that of a uniform distribution in space of near-parabolic orbits 
modified by the Earth’s motion. The observed counts in themselves provide no 
basis for determination of the heliocentric velocities in either of these two 
components, nor of the ratios of direct to retrograde orbits. However, these 
two properties of the distributions are not independent in their effects on the 
distribution. 

Thus, if it is postulated, in the light of the radiant distribution of Prentice 
and the radar survey at Jodrell Bank, that the ecliptical concentration dominates, 
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the apparent distribution of sporadic radiants is the rectangular line source ~ 
defined earlier, with apex/antapex density ratio of 4. The true distribution of 
the radiants round the ecliptic is found by correcting for the Harth’s motion, 
as already described in connexion with models U. For parabolic velocities 
(42 km/sec) the apparent apex/antapex density ratio 4 implies a true density 
ratio of 1/9, i.e. the true density of radiants in the direction of the antapex exceeds 
that in the direction of the apex by a factor of 9. For heliocentric velocity 
35 km/sec, the true density ratio is 40, again in favour of the antapex. These 
ratios imply a very great preponderance of direct orbits. Further, these ratios 
have been calculated on the assumption that ionizing efficiency is independent 
of velocity. If instead the ionizing efficiency varies strongly with velocity 
(say n=5), then the above true density ratios will be increased considerably, 
and could easily be as large as the factors 1000-5000 suggested by Levin (1955) 
from analysis of visual data. The cause is the same: luminous or ionizing 
efficiency highly dependent on velocity. 

For the sake of argument, let us now consider the more unlikely supposition 
that the ecliptical component is negligible. If the velocities in the uniform 
component are much lower than parabolic, the higher degree of concentration 
to the apex implied by the lower velocities can only be compensated by providing 
an additional contribution near the antapex, i.e. by increasing the proportion 
of direct orbits. . 

Since there is no way of assessing the relative contributions of the two 
components to the total distribution, these arguments can scarcely be taken 
any further. If, in the light of the investigations reviewed in Section I, a 
proportion of short-period orbits with velocities well below the parabolic limit 
is accepted, then the present work implies a preponderance of direct orbits, 
whose actual proportion will depend on the details of the velocity distribution 
and the ionizing efficiency function. 

Although the distribution of the orbits cannot be specified in greater detail, 
firm conclusions may be drawn, from the echo rates alone, regarding the distribu- 
tion of sporadic meteors round the Earth’s orbit. Firstly, attention has already 
been drawn to the repetition, year after year, of much of the finer detail in the 
diurnal variation for a given month. This suggests minor fluctuations in the 
density of sporadic radiants round the Earth’s orbit, which persist from year 
to year. Possibly minor showers, not resolved by the equipment, are involved. 
However, a detailed study (unpublished) of the day-to-day variations in the 
activity during the month of October, from 1952 to 1955, suggests some per- 
manent irregularities in the distribution which cannot be due to showers, even 
minor ones. Secondly, the average echo rate per day, when corrected for 
equipment sensitivity, changes only slightly for the same month from year to 
year. Bullough (1954), from an analysis of the Jodrell Bank continuous survey, 
also agrees that the sporadic activity remains constant from year to year. 
Thirdly, the annual variations in the average echo rate per day, as predicted by 
models E and U respectively, are almost identical. If the observed average 
echo rates of Figure 6 (b) are corrected for the variations imposed by the motion 
of the Earth, the resultant variation should represent the true density of sporadic 
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meteors round the Earth’s orbit. Corrections have been applied for both 
models E and U,, and the resultant density functions are plotted in Figure 13, 
as departures from the average echo rate per year. Also shown is the density 
function found from the telescopic surveys based on Skalnaté Pleso (Kresakova 
and Kresdk 1955). The agreement between the two surveys is excellent, and 
is further strengthened by the agreement between the Skalnaté Pleso survey and 
Hoffmeister’s visual survey (not reproduced). 


RELATIVE METEOR 
DENSITY 


Se 60° 120° 180° 240° 300° 360° 
MAR, JULY NOV, MAR 
LONGITUDE OF SUN 


Fig. 13.—Relative density distribution of sporadic meteors round the Earth’s 
orbit. Adelaide model E ; Adelaide model Uj, -——; Skalnaté Pleso 
telescopic survey - - - 


This accordance between surveys using different techniques and made at 
different times leaves little doubt that the density of sporadic meteors from 
©120 to ©300 is considerably higher than over the remainder of the Earth’s 
orbit. Only the Jodrell Bank radio surveys, which indicate maximum density 
between ©30 and ©150, are at variance with this conclusion. It is possible 
that this disagreement is due to the dominating influence of the sporadic activity 
associated with the summer day-time showers. 
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APPENDIX I 


The Probability of Detection of Meteor Trails close to the Limiting Line 
Density % 

It is implicit in the derivation of expression (6) that every meteor which 
produces a trail whose line density of electrons exceeds the limiting density «, 
is detected by the equipment. The validity of this assumption is now examined. 
The analogous problem for a pulsed radar equipment, the probability of detection 
of an echo whose lifetime approaches the pulse separation, has been treated by 
Bullough (1954). 

The recording equipment is triggered by a change in receiver output which 
exceeds 4 of the constant output due to the ground wave. The change in 
receiver output produced by a sky wave (echo) of given amplitude depends 
upon the radio-frequency phase of the sky wave relative to the ground wave. 
The relative phases of sky and ground waves are slowly shifted by the drift of the 
meteor trail. It is clear that a sky wave, whose amplitude exceeds 4 that of the 
ground wave, when combined vectorially with the ground wave may produce a 
resultant receiver output which changes the normal output by less than 4. 
If further the trail is close to limiting line density, the sky wave may decay 
before the drift of the trail carries the phase of the sky wave, and hence the 
receiver output, to a value such as to trigger the recorder. Under these circum- 
stances echoes will be missed. 

If S is the amplitude of the sky wave (G.W.=1) and @ the phase angle 
between sky and ground waves, then echoes are detected only when 


1>cos 0> (7/9 —S?)/28,  ) 
—1<cos 0<_—(5/9 +8?)/28. J 


The period 7 of rotation of 0 is determined by the line-of-sight component V, 
of the drift velocity of the trail; the relation between them is 


2G 8 | VP te a .. (10) 


(Robertson, Liddy, and Elford 1953). Using (9) and (10), the length of “ dead 
time ”, when the equipment will not respond to an echo of amplitude S, is 
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plotted in Figure 14 for several values of V,. The discontinuity at S=5/3 is 
caused by the replacement of two sections of ‘ dead time ”’ per cycle by only 
one such section when S>5/3. 
The amplitude S of an actual echo decays according to the exponential law 
S=S, exp (—16x?Dt/2?), 
where D is the diffusion coefficient. The time t, for a decay-type echo of initial 
amplitude S, to decay to 4 is 
t7=0°79 K108D= In (SRG Seek ge aes (11) 


This relation is also plotted in Figure 14 for typical values of D. 
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Fig. 14.—-Curves for the “dead time” problem. ‘“ Dead time ”’ curves 
for various line-of-sight trail velocities V, (m/sec) ; echo decay 
curves for various diffusion coefficients D ——-—. Echoes may be missed 
if the ‘‘ dead time ”’ curve appropriate to an echo falls above the decay 
curve. 


An echo may not be recorded if the ‘‘ dead time ”’ curve lies above the ¢, curve. 
In practice both V, and D (hence t,) are highly variable, and it is scarcely worth 
while assessing accurately the probability of detection of trails, with given V, 
and D, close to the limiting line density. On the whole, however, small values of 
V, are much more probable at low zenith angles of detection, as the atmospheric 
wind is closely horizontal, whilst D would be expected to be independent of 
zenith angle. Hence we reach the conclusion, indicated in the text, that more 
detectable echoes are missed at low than at higher zenith angles of detection. 
The inability of the equipment to detect the short, decay-type echoes near the 
limits of the major lobe will also act in the same sense. 


A LEAST SQUARES SOLUTION OF LINEAR EQUATIONS WITH 
COEFFICIENTS SUBJECT TO A SPECIAL TYPE OF ERROR 


By J. K. MACKENzIn* 


[Manuscript received August 6, 1956] 


Summary 


Following the classical method a least squares solution is given for the equations 
& 
x (4,,+¢,b,,)¢,=e, (r=1,. . ..n>8), where the a,, and b,, are fixed known constants 
=1 


and the e, are observed values subject to error. The solution is obtained as a series 
in the successive moments of the joint distribution of the e,, and only terms up to those 
involving the variance are retained. In this approximation the estimated values of 
the a, are biased, but, after correction for this bias and using a particular weight for 
each equation, the classical tests of significance for the case b,,=0 can be applied 
unchanged. With suitable assumptions it is shown that the series converges more 
and more rapidly as n->co for almost all sequences of the e,. 


I. INTRODUCTION 
The classical theory of the solution of a set of n linear simultaneous equations 
in s (<n) unknowns by means of least squares is due originally to Gauss (Plackett 
1949). In this theory the equations are of the form 


Sp ie Nee ee) eee ee ee (1.1) 
k=1 


where the coefficients c¢,, are fixed (known) constants and the e’s are observed 
values subject to (unknown) errors, 5¢,, with zero mean. In the present paper 
the method of least squares is applied to the equations 


Zs (a, +6,b,,,)0,=6 +5e, (r=1,.. -.), «+226 (1.2) 


where the a,, and 0,, are fixed (known) constants and the coefficients of the w’s 
depend linearly on the e’s which are observed values subject to (unknown) 
errors. Such equations arise in the reduction of experimental observations 
leading to the determination of the direction of an invariant plane strain and a 
brief derivation of the equations arising in this case is given in Section II. 
Section III reviews the classical procedure for solution of equations by 
least squares and this method is adapted, in Section IV, to a least squares 
solution of equations (1.2). The solution is given as a series in the successive 
moments of the joint distribution of the e’s, which with suitable assumptions 


* Division of Tribophysics, C.S.I.R.O., University of Melbourne. 
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converges for almost all sequences of the e’s as noo. Only terms up to those 
containing the second moments (variance) are retained and to this degree of 
approximation the classical tests of significance can be applied. 


IJ. THe PHyYsIcAL PROBLEM 
When a change of phase of the martensitic type occurs in a solid it is accom- 
panied by a homogeneous strain which describes the change in shape of the solid. 
This homogeneous strain is essentially* an invariant plane strain in which a 
plane (the habit plane) with unit normal p remains invariant and all points move 
in a common direction d/| d|. A point with position vector y moves to the 
point 


y=y-+(p.yid, i. esas ee owe eee wie (2.1) 
while a plane with normal n becomes the plane with normal 
nen—(n.d)p/(l-+-p.d). vss. ad oo dene (2.2) 


The normal p to the habit plane can be measured readily and directly but the 
direction d is more difficult to estimate. 


Fig. 1.—The junction between an original specimen surface 
and the same surface after transformation. 


Figure 1 shows schematically the junction between an original specimen 
surface, with unit normal n, and the same surface after transformation, with 
normal n’. Also shown are a scratch originally in the direction of the unit 
vector y and the projection ¥s of the direction y’ onto the original surface with 


* According to Bowles and Mackenzie (1954) it only differs from an invariant plane strain 
by a small dilatation. In a recent review Bilby and Christian (1955) suggest otherwise. At 


present there is no direct experimental evidence that the difference is not a pure dilatation but 
in any case the difference is small. 


LINEAR EQUATIONS WITH COEFFICIENTS SUBJECT TO ERROR 105 


normal n. The measurements which can be readily made are (a) the angle 0 
between y and the projection ve of y’ and (b) the angle » between the surface 
normals n and n’. In the first case it is readily shown that 


p-y(nxy—tan6-y).d—tan 0, ........ (2.3) 


where 6 increases positively for a right-hand rotation about the normal n. 
Likewise, in the second case 


—|nxp|(n—tang txn).d=tang, ........ (2.4) 


where nxp=|nxp|t and ¢ increases positively for a right-hand rotation 
about the trace t of the habit plane in the original specimen surface. 


The habit plane and other quantities appearing on the left of (2.3) and 
(2.4) can be measured much more accurately than the small angles 6 and a, 
so that the equations for the determination of d are effectively of the form (1.2). 


Ill. THe CLAssicAL THEORY OF LEAST SQUARES 
If € is the ns matrix (¢,,) while x and e are the sx1 and n x1 matrices 
(x,) and (e,) then the equations (1.1) can be written compactly in matrix notation 


as 
OX —=—0=00. ssh gp ortinea cts ai (3.1) 


Then, given a symmetrical positive definite nxn weighting matrix W, the 
least squares method of solution consists in first forming the essentially positive 
quadratic form (weighted sum of squares, if W is diagonal) of the errors 


S=(Cx—e)’W(Cx-—e), .............. (3.2) 


and then choosing x so that S is minimum. This gives the normal equations 


where* 
N=CWC, m= OC We: 6 oe co. nie tees (3.4) 


The estimate x of x so obtained is unbiased, since H(x)=N-C’W H(e)=x : 
the symbol # denotes the expectation value of the variable in brackets and is 
obtained by averaging over the distribution of this variable. Further, 


Smin. —e’We—e’ WCN"C'We, .......... (3.5) 
and the ss covariance matrix of the estimated values X is 
Cov (X)X)= N-C’WVWGN-1, «0... eee eee (3.6) 


where V is the n Xn covariance matrix of the errors de. 


Tt was assumed above that W was given a priori, but the question arises 
as to the ‘“ best possible’ choice for W. Gauss showed that of all possible 


* N has a unique inverse provided € is of rank s. 


H 
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linear combinations Xe of the e, for which X is (functionally) independent of 
e and Xe is an unbiassed estimate of x (i.e. XC=1) that which gives the elements 
of x=Xe a minimum variance is given by 


X= (CVC OV. | theese eee (3.7) 


Usually, only the ratios of the elements of V are known (or estimated) so ues 
V=V,o2, where o? is to be determined. Then, with the choice W= Vo", an 
estimate of o2 is obtained from the equation 


ER Site VU By os oes ore eee (3.8) 
and (3.6) simplifies to 
Cov (xix)= Nic? cee eae (3.9) 


Tf it is assumed that the errors Se are normally distributed with covariance 
matrix V the maximum likelihood estimator x* of xis the least squares estimate 
with W=Vp ‘ and the maximum likelihood estimate o*? of o? is Sin,/n. Further, 

Snin,/o2=no*?/o? has a x?-distribution with n—s degrees of freedom and the 
variables [(n—s)/n]#(x* —x),/o*[N-1],, have a t-distribution with n—s degrees 
of freedom. For a joint test of a hypothetical solution x, the variable 


m—s (X*—x,)’ N(x* —x,) 


+ ee 
er = 
s Smin. 


is distributed like a variance ratio with s degrees of freedom in the numerator 
and »—s in the denominator (Cramer 1946). 


IV! ADAPTATION TO NEW PROBLEM 
The method proposed for the solution of the equations (1.2) is as follows. 
First calculate the coefficients of the #, on the left using the observed values of 
the e, and then find the least squares solution x as in the preceding section, 
treating the calculated coefficients as fixed. This is quite straightforward ; 
the real problem is to estimate the bias in the values of x so obtained and the 
covariance matrix of the solution after correction for bias. 


The equations (1.2) can be written in an obvious matrix notation as 
(A, +EB)x—e=0e, .......5...0000: (4.1) 


where E is a diagonal matrix with diagonal elements e, in order. It is convenient 
to express these equations in a form showing explicitly their dependence on 
the deviations of e from its mean value e=H(e). If D is the diagonal matrix 
E—E and 1 is ann x1 matrix consisting of a column of ones, (4.1) can be written 


(A+DB)x—e—D1=Se, ............ (4.2) 


where A=A,+EB. It will be assumed that the correct value of x is X in 
satisfying the equations 


AX,,—0=0. Gace (4.3) 
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Subtracting (4.3) from (4.2) gives 


(A+DB)(x—x,,)—Df=Se, ............ (4.4) 
where 
fle BXAee eee ce mae (4.5) 


The equations are now of the form (3.1) with A+DB replacing C and Df replacing 
e. Further, it is clear that the least squares solutions of (4.1) and (4.4) give 
the same value of Spin. 

The least squares solution of (4.4) is X—X m= N-1m, where in the present 
case 


N= A’WA-+A’WDB-+ B’DWA+ B’DWDB=M-+5M, say, .. (4.6) 

Ri ave LB) WW DTS ys oc ok ek Sars co aaies sale den ene dae (4.7) 
and 

MA WA B E(DWD) Bo etnias cic ccc elcaccswcevagactae (4.8) 


Now, provided all the characteristic roots of the matrix M-15M are of modulus 
less than unity, the series expansion 


N-!=M-?—M-1SMM-!-4+M-13MM-183MM-2—. . 0.0... 0.00. eee. (4.9) 


is convergent (Ferrar 1951). Although the series (4.9) will not converge for 
some values of D and hence of 5M it will be shown in Section V that with 
appropriate assumptions the series converges for almost all sequences of observa- 
tions e¢, as noo. Hence, retaining only terms of the second degree in D, it 
follows that 
x —x,, —=M-1A’WDf-++M-!B’ DWDf 
—M~-1A’WD BM-1A’W Df—M-'B’DWAM-!A’WDF +. . ., 


NER Tee aon Ole 2. (4.10) 
so that the bias is 
E(x—x,,)=M—B’E(DWD — DWAM-1A’WD)f 
—M-1A’WE(DBM-1A’WD)f-+. ... wwe eee (4.11) 


Terms such as H(DXD) in (4.11) are simply obtained by multiplying each 
element of X by the corresponding element of V, and to the present degree of 
approximation M-! may be replaced by N-?. Clearly there will be no bias, 
to any degree of approximation, in the special case Bx ,,=1. 
Further, 
Cov (X,x)=M-A’WH(Dff'D)WAM-!+..., .... (4.12) 
Smin. =f DW Df —f DWA’M*AWDF-+. .., .. (4.13) 


and to the present degree of approximation these are of the same form as (3.6) 
and (3.5) respectively, Df replacing e—e. Thus, the choice 


Weta (Di Dyce a... fen re (4.14) 


gives the same simplifications as in the classical case. In particular, when 
errors in e are normally distributed the classical results on the various distribu- 
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tions follow. However, since f depends on x,,, which is not estimated until the 
solution is complete, the appropriate W can only be estimated by successive 
approximation starting, say, with the approximation f=1. For the physical 
problem in Section IT Bx,, will usually be small compared with unity and the 
labour of repeating the solution is probably not worth while. 

The results of the present section fall short of the classical results in two 
respects. First, it has not been shown that the choice (4.14) for W is in any 
sense the best possible although it is probably not far short of this. Second, 
the relationship between the present solution and a maximum likelihood solution 
for, say, normally distributed errors remains unknown although it seems almost 
certain that the results after correction for bias will be the same asymptotically 
aS N->O. 


V. CONVERGENCE OF THE SERIES (4.9) 

To obtain a result concerning the convergence of (4.9) as n> oo it is necessary 
to make some assumptions concerning the behaviour of the elements of the 
matrices A,B,W and about the nature of the distribution of the diagonal elements 
of D, i.e. the distribution associated with the observations e. The assumptions 
stated below are sufficient to ensure the convergence of (4.9) as n+ oo for almost 
all. sequences of observations e, and will be satisfied in most cases of practical 
importance. 


It will be assumed that for ai n 


(i) The modulus of all the elements. of the matrices A,B, and W are 
uniformly bounded by the constants a,b), and wy, respectively, 
(ii) the elements in each column of A have a finite mean square, 
(iii) the diagonal elements A; of Dare independent and have finite variances 
v,; uniformly bounded ‘by %, 
(iv) the distributions of A,/v;* are identical. 


It now follows that as noo the series (4.9) converges for almost all sequences 
of the A, =6) —é,. 

Sines te A, are independent, the choice (4.14) for W leads to a diagonal 
matrix. Thus, every one of the s? elements of the matrix A’WDB/n can be 
written in the form : 


Bie aA, /n< <agbarours, & Ay/net, EES ei Sh 
j=1 J 


and similarly every element of the matrix [B’DWDB—B’E(DWD) B]/n can 
be written in the form 


n : n 

= B,(Aj—0,)/n'< dow gv, 2 Aj—o)no. see (5.2) 
But the variables A; [vt and (Aj —0,)/v;, are identically distributed and have zero 
mean so that the strong law of large numbers (Feller 1950) applies to 
the sums on ‘the right of (5.1)°- and (5.2). Now (ii) ensures that_ 
M/n—| A’WA-+ B’E(DWD) )B]/n is always a matrix with finite eee elements 
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and so it follows that M~'5M converges to zero as n> oo for almost all sequences 
of the e,. 
J 


Thus, aS ” increases, (4.9) not only converges for almost all sequences ¢; 
but does so more and more rapidly. 
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THE WKB METHOD FOR A COMPLEX POTENTIAL 


By C. B. O. Mour* 


[Manuscript received December 4, 1956] 


Summary 


The extension of the WKB method to a complex potential, as used in the optical 
model of the nucleus, is discussed. The formula for the complex phase shifts is formally 
deduced, and its accuracy tested against exact calculations for a square potential 
well and a well with sloping sides. At low energies there occur large discrepancies ; 
the WKB phases vary regularly with energy, whereas the exact values oscillate violently 
about the WKB values in a characteristic way and marked resonances occur. The 
factors affecting the accuracy of the method are discussed. 


At higher energies the fluctuation of the phases about the WKB value is less marked, 
and its effect largely cancels out as the result of a larger number of phases being involved 
in the scattering. 


I. INTRODUCTION 

The WKB method for the determination of phase shifts in collision problems 
has been remarkably useful, notably in the scattering of electrons by atoms 
(Massey and Burhop 1952), and.its range of validity is well understood. With 
the success of the optical model of the nucleus, in which a potential with an 
imaginary component is used, there arises the question of the correct method 
of application of the WKB method to a complex potential and its range of 
validity. 

The method has been found valid for nucleons incident on nuclei with 
energies large compared with the nuclear potential (Mohr and Robson 1956), 
in which case one may use an obvious approximation to the WKB formula 
(Massey and Mohr 1934). In this approximation the ratio of the imaginary 
to the real component of the phase is equal to the ratio of the imaginary to the 
real component of the well depth. 


At lower energies, in a calculation of «-particle scattering with a com- 
paratively large imaginary well depth, B. A. Robson (unpublished data) in this 
laboratory recently found that a tentative adaption of the WKB formula without 
approximation gave an imaginary component of the phase many times the 
value given by numerical integration of the wave equation. 


An examination of the situation seemed to be called for, including a formal 
justification of the natural generalization of the WKB method for a complex 
potential, in order to see whether extra approximations were involved. 


* Physics Department, University of Melbourne. 
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II. DEDUCTION OF THE FORMULA 


For a potential V=V,+iV;, the modified radial equation for the 7th order 
wave is 
u"+(U+iW)u=0, 
where 
U=2mh-(E+V,) —Ui+1)r-2, W=2mh-V,, 


primes here and later denoting differentiation with respect to r. The solution 
will be of the form 
u=F sin p-+iG cos x, 


where Ff, G, ~, and y are functions of r. To avoid unduly complicated formulae 
we make the approximation y=, which we shall find is a good approximation 
for a constant V, i.e. for the greater part of a nucleus. Substituting this form 
for uw in the differential equation, and equating separately to zero the coefficients 
of sin g and cos ¢ in both the real and imaginary terms, we obtain 


Pa Potten UE NG eins quest (1a) 
Fig? (OF ot SW -AelGh Nee (1b) 


and similar equations with F and G interchanged. Putting 
Wi=e( cosh 6. G==C sinhe) cece aise: (2) 
gives, on neglecting terms of second order, 


o/2—E/2— Ui, 
29't/=W. 


If we write (U +iW)!=P-+iQ, where the principal values of P and Q are taken, 
then we have 


o= |" Par, e= |" Gara tak ee (3) 


From (3) we have 
EES ee ONE eh Te Oe ewe eo (4) 


From (1b) we obtain d(F¥29')/dr=WFG. Subtracting the corresponding equation 
with F and G interchanged, integrating the result, and using (4) gives 


PG AAP, 
where A2 is the constant of integration. Substituting (2) then gives 
C=AP-. 
The radial equation therefore has the solution 
M= AP sin(@ie) ss. ee swt laes (5) 


with » and & given by (3). A is fixed by normalizing the wave function: The 
formula (5) would result from the obvious generalization of the WKB method 
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to a complex potential ; but our deduction shows that in addition to the approxi- 
mations inherent in the ordinary WKB method, the further approximation 
y= is involved. We shall find that this approximation is good only for a 
constant potential. 


In the absence of a scattering potential 
u=A,Uo* sin (+1), 


where the suffix nought denotes -values obtained with V,=0=V,. The lth 
order phase ‘j is therefore given to a first approximation by 


A=(@— pel alle ee ee ee eee (6) 


On analogy with the Langer modification of the WKB method for real potentials, 
one might expect (6) to give improved values on taking (J++)? in place of 
W(v-+1) in each integrand. 

The question of the lower limits of integration in (3) has now to be settled, 
for none of the integrands has a zero as forreal V. Examination of the behaviour 
of the integrands in specific cases indicates that with little error one may take 
the lower limit of integration to be zero. For as r decreases below the classical 
distance of closest approach, — and & both become large but their difference 
diminishes rapidly. We shall now test these conclusions for the case of a 
constant potential. 


III. IMPROVEMENT AND TEST OF THE FORMULA FOR A CONSTANT POTENTIAL 
The WKB method for a real potential V=V, gives 


u=U-tsin 0, where 0=in+ ; ide py) eee (7) 


and 7) is the zero of U. It may easily be shown that, for constant V,, this value 
of u reduces to r times the Debye asymptotic expansion of the spherical Bessel 
function j,(A,r) where K?=2mi-(E+V,). One finds that the Debye form, 
which is much more accurate than the ordinary form of the asymptotic expansion, 
gives the first zero of j,(v) to an accuracy of about 0-05 in w, and higher zeros 
with smaller errors, up to quite high orders 1. (7) will therefore be accurate for 
real and constant V. 


For complex z=«-+iy, the values of « which make Rej,(z) zero are still 
given better, though not nearly so much better, by the Debye form than by the 
ordinary form of the asymptotic expansion of j,(z) ; but the values are found to 


be given best of all by the zeros of j,(v). This result may be seen as follows. 
From Taylor’s theorem 


Re u(% +iy) =u(x) —hy?u"(~)+.... 
At a zero of u(#) we have u=0, and hence, from the form of the differential 


equation for u, w"(#) and higher even derivatives will be small, provided U is 
slowly varying and W is small. Under these conditions, then, the zeros of 
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Re u(x +iy) will be relatively independent of y for small y. A better approxi- 
mation to y than (6) will therefore be 


Wat 0s) Pil Pee a lak Soacte 23d bon (8) 


To test the accuracy of phases calculated from (8), comparison was made 
with phases calculated exactly for a square well in the usual way (Mott and 
Massey 1949) with complex values taken for the wave numbers. The test was 
made particularly stringent by the choice of a low incident energy, for which 
the WKB method would not be expected to be so accurate, namely, 4 MeV 
neutrons. Taking a nucleus of mass number 100 and a well depth of 
42 +-4-6i MeV, we obtain kR=3, KR=10-+0-5i, where K and k are 27x times the 
interior and exterior wave numbers respectively, and FR is the nuclear radius. 
The exact values obtained for the various order phases are given in Table 1, in 
the second column. The real part was found to be well within 1 per cent., in 
nearly every case, of the value of the corresponding phases for KR=10, justifying 
preference for (8) rather than (6). 


TABLE 1 


PHASES OF ORDER / FOR 4 MeV NEUTRONS INCIDENT ON A NUCLEUS OF MASS NUMBER 100, 
REPRESENTED BY A SQUARE WELL OF DEPTH (42+4-6i) Mev, FoR wHicH kR=3, KR=10+0°5i 


WKB Method 

L Exact Born 

Method Formula (8) Formula (9) Approximation 
0 6-58+0-17i 6-97+0-50i 6-60+0-171 15:87+1-75i 
1 7-47+0-25i 6-73 +0-49i 7°48+0-241 14:39+1-591 
2 5-61+0-16i 6-19+0-48i 5-62+0-16i 5-00+0-55i 
3 5:96+0-07i 5-12+0-46i 5-96+0-07i 0-87-+0-961 
4 3-13+0-08i 3-96+0-44i 3-13+0- 081 0:09+0-01i 
5 3-14-+0-0021 2-86+0-41i 3:14-+0-002i 0:01+0-001i 
6 3-14+0-000i 1-99+0-37i 3-14+0-000i 0-00-+0- 000i 
a 0-00 +0-0001 1-19+0-32i 0-00+0-000i 
8 0-55+0-25i 
9 0-11+0-15i 


The WKB phases given by (8) with the Langer modification are shown in 
the third column of the table. Large errors are evident, which may be classified 
into three types: (i) the real component varies regularly with J, whereas the 
real component of the exact phases jumps about irregularly, (ii) the real com- 
ponent is much too large for the higher order phases, (iii) the imaginary com- 
ponent is always much too large. Errors of type (i) are due to the marked 
difference in wavelength inside and outside the potential well; thus, in the 
extreme case of zero incident energy, a phase of given order jumps discontinuously © 
by multiples of z as KR is increased through successive half-integral multiples 
of «. Errors of type (ii) are due to the exterior wave functions for the larger / 
having no longer an oscillatory character in the region of the edge of the potential 
well, but an exponential character. Errors of type (iii) arise from the same 
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general feature of a considerable difference in the shape of the wave function 
inside and outside the nucleus; they will be discussed in more detail later. 


We should expect to eliminate these types of error for a nucleus with a 
sharp boundary by fitting the interior WKB wave function onto the exterior 
wave function. This gives 


Br-! sin (8 +12) =cos vy, j,(kR)+(—)' sin 7 j_,(kR), «.... (9) 


and a similar equation in the derivatives, from which to eliminate the constant B 
and obtain an improved value for the phase 7. Values so obtained are given 
in the fourth column of Table 1. Their close agreement with the exact values 
justifies the approximations made in deriving the formula (8) and confirms the 
reasons given for the failure of this formula. 


Values obtained with the Born approximation are also shown in the table 
for comparison. They are seriously in error, even when the phases are small, 
when the approximation is best. 


IV. APPLICATION TO A NUCLEUS WITH A DIFFUSE SURFACE 
The exact solution for a constant potential is relatively simple, and the 
calculations of the previous section were merely for a preliminary test of the 
WKB method. For a non-uniform potential, however, exact calculation of 
phases involves lengthy numerical integration of the pair of coupled differential 
equations into which the radial equation separates when wu and V are complex. 
If the WKB method could be used, it would certainly be much quicker. 


The form of non-uniform potential tried was 


Veto r<R—a; 
=V,(R+a—r)/2a, R—-a<r<R-a; Soa) 
==(), R+a<r; 


i.e. V falling linearly to zero over a distance 2a at the nuclear surface. Values 
of 2a/R of 0-2, 0-4, and 0-6 were taken, also the value 0-2 with a Woods-Saxon 
tail added; and the incident energy and maximum well depth were as in 
Section ITI. 

As for a constant potential, large discrepancies were again found between 
the exact phases and those calculated from (8). The equation (9) with the 
amplitude factor P-? included on the left-hand side was applied at the edge 
r= -+a of the nucleus, but this procedure did not improve the accuracy of the 
phases obtained. The reason is that while the phase of the real component of 
the interior wave function is given fairly well by @-+i&, the variation of amplitude 
is given poorly by the factor P-!. The improvement on the WKB method 
due to Bailey (1954) was tried, which for our problem gives 


U=exp (—}p'p-) sin (p?—2p"p-*)3, 


where p2=U +iW, and which obviously reduces to the usual WKB formula for 
p’=0. This wave function was fitted at the boundary r=R-+a to the exterior 
wave function, but the accuracy of the phases so obtained was not greatly 
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improved. Inspection of the values of u, and u; obtained by numerical integra- 
tion showed that the approximation y= made in Section I is poor for a varying 
potential, and that the phase is extremely sensitive to the shape of the wave 
function just inside the nuclear surface—much more so than for V real. A 
highly accurate interior wave function is required, and any iterative or other 
method of finding it with sufficient accuracy would be almost as laborious as 
numerical integration of the wave equation. 


V. ENERGY-DEPENDENT FLUCTUATIONS IN THE PHASE SHIFT 
In view of the unexpectedly large fluctuations of the phases about the 
approximate WKB values, especially of the imaginary component, the energy 
variation of the phase was investigated over the energy range 0-140 MeV. 
The zero order phase for a square well (with the same radius as in Section III) 
was studied for simplicity. The formula (6) without the Langer modification 


then reduces to 
No=(K —k)R, 


while the exact value of 7 is given by 
tan (7) +kR)=(kR/KR) tan KR. 


V; was increased regularly from 3 to 15 MeV over the energy range (Lane and 
Wandel 1955), and V, kept constant at 42 MeV. 

The exact values of y, and y,;, the real and imaginary components of y, 
are graphed in Figure 1 as a function of #?, and are seen to oscillate violently 
above and below the WKB values in a characteristic way. This behaviour 
may be understood through the following picture. Let us represent u, and u,; 
by displacements in the w and y directions respectively, and r by distance along 
the z axis. Then from (5) the interior wave function is an expanding spiral with 
Oz as axis, flattened so as to be thinner in the y direction. The exterior wave 
function, sin (kr+y,+i7n;), is a helix with Oz as axis, flattened in the same 
direction, the ratio of the widths of the helix in the y and & directions being 
tanh y;. At low energies the 2-distance between successive loops of the helix 
is much larger than the z-distance between successive loops of the spiral. Fitting 
the spiral and the helix together smoothly at the boundary thus involves a double 
requirement, which is usually met only by a stretching of the helix in either 
(a) the # direction, (b) the y direction, or (¢) some intermediate direction. Case (a) 
occurs when wu, is near a zero and uw, near a maximum at the boundary, and 
corresponds to a diminished value of tanh y;. Case (b) is the reverse, and 
corresponds to an increased value of tanh y,;: this is a resonance effect, which 
gives values of tanh y,; up to 1 (large y;). Large changes occur simultaneously 
- in 7, A resonance effect occurs also for purely real potentials, as shown by the 
dotted curve for .y,, obtained by an exact calculation with K real; but the 
fluctuations in the curve are much less violent. 


A similar effect is to be expected for higher order phases, so long as the 
exterior wave function is still oscillatory. 
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The effect of rounding off the potential at the boundary does not affect the 
general behaviour shown in Figure 1. Thus the dot-dash curve, obtained by 
numerical integrations for the potential (10) with 2a/k=0-4, exhibits just as 
marked a resonance effect as the curve for a square well. The occurrence of 
the resonance at a lower energy is due merely to the effective mean radius for 
potential (10) differing from the average value R. However, rounding off the 


fe) = 4 6 8 10 


ENERGY? ((Mev]’7) 

Fig. 1.—Energy dependence of the real and imaginary parts of the zero order 
phase shift, for neutrons incident on a nucleus of mass number 100. 

Exact, for square well, complex potential ; 

----- WKB, for square well, complex potential ; 

Woe Om Exact, for square well, real potential ; 

‘—:-: Exact, for well of form (10) with 2a/R=0-4, complex potential. 


potential brings the values of y; around a minimum nearer to the WKB value ; 
an effect which is due to the interior and exterior solutions fitting together more 
readily when there is a finite region over which the alteration from spiral to 
helical form can take place. 


For «-particles, much larger values of V; are required to match the greater 
absorption in nuclear matter (Mohr and Robson 1956). The interior wave 
function is then a very rapidly expanding spiral, and the increased difficulty 
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of fitting it to the exterior wave function will produce in general a very greatly 
diminished value of y;, unless the potential well is rounded off near the edge. 
For a square well, increasing V; causes y; to increase first to a maximum and 
then decrease to smaller and smaller values. 


For high energy nucleons, the values of 7 fluctuate much less about the 
WKB values, and also many phases contribute to the scattering cross section, 
so that the fluctuations largely cancel each other out and produce little effect. 
The WKB method may therefore be used at intermediate and high energies, 
the region of validity depending on the size of the nucleus and on the final 
accuracy required. The number of phases effective in scattering is of the order 
of K,R, and the magnitude of this quantity will be a rough indication of the 
accuracy of cross sections calculated with the WKB method. The method 
need not, of course, be restricted to the case considered here of the same radial 
dependence of V, and J;,. 


The significance of the results of calculations that have now been carried 
out for many nuclei at energies of only a few MeV with a square well is limited 
somewhat on account of the sensitivity of the calculated results to the form 
of the potential near the nuclear surface. A square well is not a realistic form 
of potential to adopt. 
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FREE PATH FORMULAE FOR THE COEFFICIENT OF DIFFUSION 
AND VELOCITY OF DRIFT OF ELECTRONS IN GASES 


By lL. G. BH. Hosea 
[Manuscript received November 15, 1956] 


Summary 
Free path methods are used to derive formulae for the coefficient of diffusion and 
the drift velocity of electrons in weakly ionized gases in the general case in which the 
collisional cross section is a function of the speed of an electron and the law of scattering 
of electrons in single collisions with molecules is not restricted to a few specific cases. 
It is found that the results are, in effect, the same as those derived by means of the 
methods of Maxwell and Boltzmann. 


The significance of the investigation for the interpretation of laboratory measure- 
ments of electronic diffusion and drift is also discussed. 


I. INTRODUCTION 

It is commonly supposed that formulae derived by the method of free 
paths are of necessity restricted in generality and less precise than those derived 
by the rigorous, but analytically more complex, methods introduced by Maxwell 
and Boltzmann. In what follows it is shown that both methods lead to 
equivalent formulae for the diffusion and drift of electrons in gases. It may be 
inferred therefore that the supposed limitations of the method of free paths is 
in this context in many instances attributable to imperfections of application 
rather than to those of principle. 


IJ. SIMPLE FORMULAE FOR DIFFUSION AND DRIFT IN WEAKLY IONIZED 
GASES 

As was first put in.evidence by Townsend, a group of electrons moving 
among the molecules of a gas in the presence of a steady and uniform electric 
field E acquires a steady state of motion comprising a random agitational motion 
in which the spéeds ¢ of the electrons are distributed, superimposed upon a 
velocity of drift W of the centroid of the group. The mean agitational energy 
Q=4mé of the electrons exceeds Qo, that of the gas molecules, and the speed W 
is, usually, a few per cent. only of the mean agitational speed é. 

The energy Q, the speed W, and the law of distribution of the Speeds ¢, 
are all functions of the ratio E/N of the electric field strength to the molecular 


concentration NV. The group of electrons also diffuses relative to its centroid 
with a coefficient of diffusion D. 


In deriving formulae for D and W it is supposed that the paths of electrons 
are rectilinear segments terminated by encounters with molecules that produce 
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abrupt changes of direction in the electron velocity c, that is to say, the pro- 
portion of the time during which the velocities ¢ of the electrons receive appreci- 
able modification during encounters is very small compared with the time spent 
in rectilinear motion between encounters. It is also supposed that the directions 
of the velocities c, that is of the free paths, are isotropically distributed through- 
out the group. 

In addition to this basic picture of the motion it is necessary to know or to 
postulate : 


(a) The law of scattering of electrons in single encounters with molecules ; 
that is to say, the distribution of directions of the speeds c’ after single 
encounters relative to the speed ¢ before these encounters. 

(6) The dependence of the collisional cross section A(c) of the molecules 
upon the speed ¢ of the colliding electron. 

(c) Moreover, because of the small proportion of its energy lost in a collision, 
an electron makes a number of collisions successively at effectively 
the same speed ce. 


The simplest case, that usually treated by the method of free paths, is 
that in which law of scattering (a) is that of isotropic scattering, all directions 
of motion after an encounter being equally probable, and the collisional cross 
section A is postulated to be constant. The molecular model consistent with 
these assumptions is the massive, smooth, and perfectly elastic sphere of fixed 
diameter. 

The formulae for D and W in this special case are, as is well known, 


in which é and c— are the mean speed and the mean of the reciprocals of the 
speeds respectively and /=1/NA is the mean free path. 

In practice, the usefulness of these formulae is greatly increased by removing 
the restrictive nature of the assumptions implicit in them. In what follows, 
generalizations of these formulae are sought, by the method of free paths, to 
include (i) an arbitrary law of scattering, and (ii) an arbitrary dependence of 
the collisional cross section A(¢) upon c. 


III. FORMULAE WHEN THE COLLISIONAL CROSS SECTION DEPENDS UPON 
THE SPEED ¢ 
It is still assumed that the scattering at an encounter is isotropic. It 
proves to be the case that the formula (1) for the diffusion coefficient should 


now be written 


but that the same modification of the formula for W is invalid, although it has 
often been considered§correct in the literature. To find the correct formula 


proceed as follows. 


120 L. G. H. HUXLEY 


Consider a group of electrons travelling either radially or in a parallel beam, 
from a common origin. Let , be the number at the origin, z=0, and n, the 
number that reach distance x without collision, it being supposed that they all 
possess the same speed c. 

If the number that collide in the interval between wand #+dz is dn,, then 
the differential equation for m, is 


On == = N ACM, GR.” as s vo ae ee (3) 


Suppose that because of the action of the electric field the speed of the electron 
changes along its trajectory so that at distance x it is e+Ac(x). Consequently, 
at distance « the collisional cross section is A(c)-+(dA/de)Ac(x), neglecting terms 
in larger powers of Ac(@). 


It follows from (3) that. the proportion of the group in which collisions 
occur at distances greater than @ is 


N,/Np=exp [—NAw—N | (A /de)Ao(e)A. ee (4) 
When A is constant this reduces to the usual expression n,/ny=exp (—2/l), 
where J=1/N A. 


The proportion that collides between x and x+dz is 


dn,/n9=([NA+N(d4A/de)Ac(x)]dx. exp [—N Ax =n (@4/ae) . Ac(x)d2]. 


When Ac(«)/c is a small quantity this expression is approximately the same as 
_ dn,/n=(NA +N (dA/de)Ac(a)][1 =N | (@A/do)de(a)dex . exp (—N Az) 


~[NA N(AA/doy{avA | Ao(a)ae —Ac(x)}]dx . exp (—N Az). 


In terms of the mean free path J=1/NA this becomes 
dn,/n)=exp (—a/D[Lt-+(/e)(at/ae){ { Mola)aat —Ac(x)}]dx. .... (7) 


Consider a group of n electrons moving in a steady state of motion in a gas 


and let the number whose agitational speeds lie within the limits ¢ and ce+de 
be | 


The displacement of the centroid of the group dn, in time dt is given by the 
product of edt/l, which is the average number of free paths traversed by each 
member of the group, and the mean displacement in the direction of E along 
these free paths. It is therefore necessary to calculate this mean displacement. 
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Assume isotropic scattering and consider those electrons that make their 
next collisions after travelling distances lying between »# and w+da# in the 
direction 6. In this distance they are given deflections 4(He/m) (a/c)? sin 0 
by the field at right angles to the direction @ so that on this Aaa they are 
advanced a distance 4(He/m)(x/c)? sin? 6 in the direction of the force Ee. 

‘In addition they travel a distance « cos in the direction of Z in the course 
of their free flight. The increment of speed Ac(x) along the free path «# is 
(He/m)(x/c) cos 0, consequently the proportion of those setting out in direction 6 
that collide between x and #+dz is given by substituting this value of Ac(zx) 
in equation (7). 

It follows that the mean displacement of a particle of the group dn, taken 
over all directions 0 and free paths «@ is 


1 [” { “Usel2m)(alo sin 0-+2 008 0) exp (—alb) [11-2 Gal 912) # 008 0. 


1? de 
sin 6d0da 
Pe ne ae 
= ¥— (I/c) a (aa 
eN (ae ek 
IESG Ves roe caer ) 


The number of collisions made by the group dn, in time df is (e/l)dn,dt, so that 
the sum of the displacements in the direction of Ee experienced by the group 
in time dt is obtained by multiplying expression (8) by (e/l)dn,dt, giving 


The displacement of the centroid of the whole group is 
au(s ‘ dn,)in=at | sf(e)de 
Consequently the drift velocity of the centroid is 
W= | sf(e\de—(Be/3m) Jeet cs) 
=[Ee/3mN] jena. (c?/A) |. Sse Racor Peoria (9) 
When 1 is independent of ¢ this expression reduces to that in equation (1). 


In terms of the mean free time of flight 7=I/e along free paths traversed 
at speed c equation (9) becomes 


W=(Eejm). d(T) [de® oss +s. ces seen. (10) 
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In the special case in which electrons and molecules repel according to an 
inverse fifth power law of their separation, it is known that J=ac, where a is a 
constant. In that case, T=l/e=a=constant and 


WS(Eemyl. sas. eee ee (11) 


which agrees with a formula given by Pidduck (1913, 1915). 

In treatments of drift based on the Maxwell-Boltzmann procedure it is 
supposed, following Lorentz, that the distribution function in the presence of 
the electric field E, here supposed directed along Ox, takes the form of a chief 
term representing the isotropic motion and a correction term; thus, 


S=flO) 770 h0), cea ce acienns oones (12) 


where wu is the w component of c(u, v, w) and f,(c) is so defined that 
{| fo(e\dudedo tre | Jo(c)e?do=1. 
Raat @ 0 


The drift velocity W then becomes | u*f,(c)dudvdw, the problem being to 


determine the form of f,(c) in relation to f,(e) 
We here investigate the form of f,(c) required to make | eth(e)auadvare the 
same as expression (9). 
Put 
f=fl{(u—Au)? +0? +-w?}4] ~f[e—uAu/c], 

and Bnpose that wAu/e<1. Then 

f=fo(e) —(wAu/e)dfy/de. 
The mean drift velocity W of the whole group is 


{ fududodw=4a i fo()e®udo—4xr | Au(u?/c)(af,/de)e2de 


averaged over all values of the component u. Consequently, 


4r sf Ar ( i 2d. 
; Vie Aue ago = 3 =a —Awetf + [hoe ou ; e)etde'. 


Thus, since the first term in the brackets vanishes at both limits, 
=(1/3c2){d(Aue?)/de}. | 
Whence, on comparison with equation (9), 


Au=(He/m)(i/e) and in equation (12) fi=(—He/m)(1/c?)(dfy/de), 
which is essentially the form given by Chapman and Cowling (1952, p. 348). 
Formula (9) was first derived explicitly by Davidson (1954) by a method different 
from that followed here. 
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IV. FORMULAE WHEN THE SCATTERING IS NON-ISOTROPIC. 
COEFFICIENT OF DIFFUSION 
Consider the diffusion of a group of electrons in a coordinate system moving 
with its centroid. The coefficient of diffusion, as is well known, is related to 
the mean rate of increase of the squares of the distances from the origin, as 
follows : 
(pide O Mie, Cee ts 58.3 on (13) 


Of a large group n of particles and a subgroup of them at the vector position 
r, at t=0, consider those particles of the subgroup whose speeds lie within the: 
limits ¢ and ec+de. In time ¢ each particle will traverse on the average ct/L 
free paths s so that the vector position of a particle at time t is 


However, since the centroid of the subgroup does not change, the mean value 
of &s,,, for the subgroup, is zero. 


From equation (14) it follows that 
r=ro+2r, « LYS 9, -LUS in + U8 ne 


' Whence the mean value of r?—r5 for the subgroup is 


2 
r—i= s x Ss 
m=1 m=1 
eo, [i ae hPa. ce 
= 33,42 % 8 m(8m+1 COS O1m+8m+2 CO8 Oam+. . .-+) 
m=1 m= 


=(ct/1)[21? +2? (cos 0,-+cos 0.-+cos 05+. . .)] 
=2clt[{1+cos 0,+cos 0.4. . .]. 


Tt is assumed that ct/l is a large number and that cos 0,, diminishes not too. 
slowly with m, so that the content of the bracket is the same for all except the 
last few free paths. A term cos 0, is the mean value of the cosine of the angle: 
between a free path s,, and the nth subsequent free path sn, of the same 


particle. 
Thus for the subgroup at r, at t=0 and moving with speeds e, 


dy? /dt =r? —r2/t=2e1[1 +cos 0,+co0s 0.+. . .]. 


Since the expression on the right-hand side is independent of 7, it follows that: 


dr? /dt for all electrons with speed ¢ in the whole group n is given by the same 
expression. On averaging over all speeds ¢ it follows that 


D=}dr?/dt=4[le(1 +cos 0,+c08 0,4. . .J. «0... (15) 


According to a theorem established in Appendix I, these mean cosine: 
terms are related as follows: 


cos §,,=(cos 0,)”, 
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consequently the contents of the bracket on the right-hand side of equation (15) 
form a geometrical progression and this equation becomes 


——, 


D=}{le/(1 —cos 6,)] 
#e }{1,,0 hi Coed ed eee (16) 


Thus, when the scattering in single collisions is not isotropic cos 0, is not zero. 
Nevertheless, formula (1) for D retains its form but with an equivalent mean 
free path /,,=l/(1—cos 0,) as if the molecules scattered electrons isotropically. 


(a) Formula for Drift Velocity 

cos 0, is, in general, not zero and additional terms appear in expression (8) 
for the mean displacement along a free path traversed at speed c. 

When the scattering is isotropic any preferred direction in the velocities ¢ 
before impact are obliterated by the encounter, but this is not the case when 
the scattering is not isotropic. The mean velocity parallel to Ee acquired 
along single free paths is (He/m)(I/c). Of this the velocity (He/m)(l/c) cos 6, 
remains after a collision with a molecule. 

The total mean velocity parallel to Ee at the start of each free path, that 
has accumulated from previous free paths, is 


(Ee/m)(1/c)[cos 6,-+(cos 6,)°-+. . .]=(Ee/m)(l/e) cos 0,/(1 —cos 6,). 


This gives an additional displacement normal to the free path « of amount 
(He/m) (l/c) {cos 0,/(1—cos 6,)}(x/c) sin 0 with a resolved part parallel to Ee 
equal to (He/m)(l/c){cos 0,/(1—cos 0,)}(x/e) sin? 6. This term when included 
in the first bracket of | the integrand in expression (8) produces a term 
3(He/m)(l/c)2{cos 0,/(1—cos 0,)} in the integral that combines with the term 
2(He/m)(l/e)2 to give a single term 


3(He/m)(1/c)?{1/(1 —cos 0,)]. 


The residual velocity (He/m)(l/c){cos 0,/(1 —cos 0,)} also adds to Ac(a) in equation 
(7) a term ; 


(He/m)(L/c){cos 0,/(1—cos 0,)}cos 0. 
The end result is that the term }(He/m)(1/c)dl/de in equation (8) becomes replaced 
by 
3(He/m)(1/¢)(dl/de){1/(1—cos 0,)}. 
The final term in equation (8) becomes 3(He/m)(U/e)(1/c?)d(U,,¢2)/de, where 


eal /(1—cos 0,) and is the same equivalent free path as is defined in the modified 
expression for the coefficient of diffusion, equation (16). 


The expression for the drift velocity follows, and equation (9) becomes 
W = (Ee/3m)[e-*d(1,,¢?) /de] 


—(E 737 dee 
where 7,,=I,,/¢. (Ee/m)[d(e®T') de®) 9) sane we eee (17) 
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Thus in the formulae for D and for W when the Scattering is not isotropic 
the actual gas may be replaced by a model gas in which the scattering is isotropic 
but with a modified mean free path U,g=4/[1—cos 0,]. In what follows J and be 
will be regarded as synonymous except in specific discussions where the distine- 
tion is required. 


V. SPECIAL MOLECULAR MODELS 
(a) Hard Spherical Molecule 
Here the collisional cross section is independent of c but the scattering may 
not be isotropic. Formulae (1) are valid with J replaced by Ue: 


(b) Point Centre of Force 
Neglect all encounters beyond a distance of closest approach co. The deviation 
§ is a function of the impact parameter b and the proportion of encounters 
for which b<o and b lies between b and 6+db is 2bdb/o?. Consequently the 
mean values of quantities such as 0(b) and cos 6(b) are 


Go 


TH) = (2/58) oe)par ; cos 6(b)=cos 7 =2/6*| cos 6(b)bdb. 


0 


When the law of force between an electron (mass m,) and a molecule (mass 
Ms) is P=k,,/r, the angle 6(b) is given by (Chapman and Cowling 1952, p. 171) 


O@)—=n—2{" it yt a(;) b ae=n—2000 Sica (18) 


0 


where v, is the real positive root of 1—v?—{2/(v—1)}(v/u))"-1=0 and 
Uy =b{m mc? (m, +m.s)ky os VO—Y, 


The expression for /,, in equations (16) and (17) is equivalent to 


1/lz.= (1 —c08 0,) [l= No? . jo) |” [1 —cos 0(b) Joab 


=n [ Pimento ads hose (19) 
0 


in which o may now be made infinite provided the integral converges. 


Equation (19) transforms to 


(m1 +m.)ke 9 |20-D al _ 2nNBA,(v) 
1/l,,=2TN . eee Pott} iV eH/w-1) ? 


where Aso)={ “Cl —cos 8)x dv. It follows that, when v=5, l,, ce. 
0 
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Values of A,(v) for several values of v are given by Chapman and Cowling 
(1952, p. 172); for instance, A,(5)=0-422. The formulae for D and W 
appropriate to these “point centres of force”? models are 


D=Hel,, =4[e0t90-D/2nNBA,(y) ], | 


a fo ee ee (21) 
W =(Ee/3m) [o-28 fo +002 BAY()} | 


In practice the general formulae (16) and (17) which do not relate to specific 
models prove to be more useful for interpreting the experimental measurements 
of D and W of electrons in gases. 


VI. APPLICATIONS TO LABORATORY MEASUREMENTS OF D AND W 
In the methods devised by Townsend for investigating the motions of 
electrons in gases, the macroscopic quantities that are measured directly are 
the drift velocity W as a function of H/N (that is to say, E/p, where p is the 
pressure of the gas at a fixed temperature) and the ratio W/D. Consequently 
both W and D are obtained from the measurements. 


(a) The Ratio W/D 
According to equations (16) and (17), with / written for 1,,, 


W Be [ed(le®)/de] 
Dm (Ic) : 


In the ‘‘ weak field”? case in which W is small in comparison with the mean 
thermal speed of the molecules. a condition of approximate equipartition of 
energy prevails and the electronic speeds are distributed according to Maxwell’s 
law. 


In equation (22) the factor c~*d(lc?)/de is 


4 aa 2 ‘ 2 | 2 
tral de (1e*) exp (—e?/a*) . de. 


When this expression is integrated. by parts it is seen to be equivalent to 
(3/c?)(le). Consequently equation (22) reduces to the well-known Nernst- 
Townsend relationship which is independent of any particular molecular model, 
since J is eliminated, 
W/|D=Ee|(4me?) =Ee/kT 
=(3/2)(He)\/(dme"), gs «4 cee eee (23) 


where & is Boltzmann’s constant and 7 the absolute temperature of the gas. 


In the “‘ high field case W greatly exceeds the mean speed of the molecules 
and the speeds ¢ of the electrons are no longer distributed according to Maxwell’s 
formula. The earliest general investigation of the law of distribution of the 
speeds ¢ appears to be that made by Pidduck (1915) and the subject has been 
frequently discussed. The law of distribution for the case of elastic losses has 
been given in a convenient general form by Chapman and Cowling (1952, p. 350) 
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and in what follows their formulation is adopted. In the notation of the present 
paper the distribution function in the “ high field ” case is 


3m3cd 
fo(c)e?de=const. jexp le mma) | CC cae tach 6 (24) 


in which J is, in general, a function l(c) of e. 
It may be seen that in the ‘“ high field ’’ cases, where the law of distribution 
is no longer that of Maxwell, equation (22) does not reduce to the form (23), 
but becomes 
W/D=C . Ee/4me?, 
where C@ is the dimensionless factor =f} eee eeeee (25) 
ce . [e-d (Ie?) /de]/2(Ic), 


the value of which depends on the nature of the dependence of J upon ¢ and is 
in general appreciably different from the value 3/2 that occurs in equation (23). 

It is evident that, when equation (25) is used to deduce the value of the 
electronic mean energy Q =4me?, it is necessary to know the value of C if accuracy 
is required. When / is constant the distribution function approximates to that 
of Druyvesteyn, namely, 


fleje*de= (4/03 4/2) exp (—c4/a*)e?de. 
The factor then becomes 
C=? .c/6=1-312; W/D=1-312 . He/(4me?). 
When /=g/c, where g is a constant, the law of distribution tends to the form 


fleje2de=(6/a3./r) exp (—c®/x®)c*de, 
and O=4c?.¢?=1. awe 

If 1 is proportional to ¢ then C=3/2, whatever the law of distribution of 
the speeds ¢, as in equation (23). 

These examples show, as already remarked, that, in general, in order to 
derive the mean kinetic energy of the electrons Q from equation (25) it is 
necessary to know the dependence of l(c) upon ec. For instance, in nitrogen 
over a range of values of the parameter E/p (p=gas pressure) the coefficient of 


diffusion D is constant. Since D=4(lc) it follows that /=g/e and, as shown 
above, that C=1. , 


VII. FORMULA FOR A GASEOUS MIXTURE 

It is easy to extend the theorem of Appendix I to a gas, such as air, com- 
prising molecules of several kinds and to show that N/l,,=2N;,(1.,),. where 
N=Xy, and /,, is the equivalent free path in the mixture, NV, and (1,,), being 
the partial concentrations of the kth component, the corresponding equivalent 
free path in it alone. This result is the same as that for a gas comprising a 
mixture of molecules of different kinds, all of which scatter isotropically. 

A companion paper dealing with drift in a magnetic field and in an 
alternating electric field will appear in the next issue of this journal. 


128 Ty: Goo. AUKGEY 


VIII. ACKNOWLEDGMENT 
The author is indebted to Dr. R. W. Crompton for discussions on the subject 
matter of this paper. 


IX. REFERENCES 

Crapman, S., and Cowrrne, T. G. (1952).—‘‘ The Mathematical Theory of Non-uniform Gases.” 
2nd Ed. (Cambridge Univ. Press.) 

Davipson, P. M. (1954).—Proc. Phys. Soc. Lond. B67: 159. 

MacRosert, T. M. (1947).—‘‘ Spherical Harmonics.” Ch. 7, Section 10. (Methuen and Co. 
Ltd., London.) 

Pippuck, F. B. (1913).—Proc. Roy. Soc. A 88: 300. 

Pippuck, F. B. (1915).—Proc. Lond. Math. Soc. (2) 15: 89. 


APPENDIX I 


Theorem 
Let a large number of particles all travelling in the same direction enter a 
system of scattering centres. Let cos 0,, cos @,,..., cos 6,,... ete. be the 


mean values of the cosines of the angles between the directions of entry of 
particles into the scattering system and those of the free paths traversed by the 
particles following their first, second, ..., nth, ... scattering within the 
system. If the law of scattering at single encounters is symmetrical about the 
direction of approach of a particle to a scattering centre and the law of scattering 
remains unchanged in successive encounters, then cos 0,=(cos 0,)”. 


Proof 

Let a group of P particles move into the system along parallel 
trajectories and suppose, that the distribution of directions over the unit 
sphere of the free paths following the first collision of each particle is 
given by dP/P=—2r7xF(0) sin 0d0, or alternatively in terms of the cosines of 
the angles 0 

dP/P=s(u)dp, 

where »=cos 0. 

It follows that 


+1 
| 9((t)dp=_ 1s. rom | oa cugeelet ae eke ea (Al) 


ih 


Assume that s(u) may be. expanded in a series of Legendre coefficients, thus, . 


S(L) =a 2d P 9(), 


where 
+1 


a,= (+4) | S(p)P Godua (eee mee (A2) 


=) 
It follows from (A1) and (A2) that a,=4. 


In order to find the distribution of the directions of the second, third, ete. 


free paths over the unit sphere use is made of a formula in the theory of spherical 
harmonics (MacRobert 1947). 
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Let (0, ¢) and (0’, @’) be points on the unit sphere and ” the angle between 
their radii; then. 


cos y=cos 0 cos 0’-+sIin 0 sin 0’ cos (p —¢’). 


Let Y,,(0, @) be a spherical harmonic of degree m, then 
2r ff +1 
| ¥ (8, @)P, (cos y)dude={47/(2n+1}¥,(6', "). .- (A3) 
0 J -1 


The free paths following the first collisions comprise a number of elementary 
beams within solid angles do=—dude with strengths Ps(u)dw/2z7. 


These elementary beams are scattered in the second encounters about 
the directions of their axes according to the same law as prevailed in the first. 
The number of representative points at any point on the unit sphere is comprised 
of contributions from the elementary beams scattered in the second encounters. 
It follows that the number of free paths within solid angle dw’ in the direction 
(6’, ’) immediately following on the second collision is 


iW ee =) [s(u)dude/27][s(cos y)/27]dw’ 
(8, ¢) 
2m +1 
és —PLde'/(2x)41 | | [4+2a,P,(u)][4+ua,P, (cos y)|dudg, 
o J —1 
whence, using equation (A3), 


dP’ = —P(do'/2x)[4 +22 {a?, /(2n +1)}P,(u)]; 


where p’=cos 0’. 


It can be seen that, after m collisions of each particle, the distribution of 
the directions of the free paths over the unit sphere is given by 


dP/P=—(do'/27) [3 +22" Nan/ (2m +1)" 3} P (iu) 1]: 
Consequently the mean value of cos 0,,=cos 0,, is 
Qn tl 
cos 5=(1/4r) | | [eee as/(2n 71) Ee dade 
=(3a,)"—=(cos 6,)”, 


which was to be proved. 


SEISMOLOGICAL AND RELATED ASPECTS OF THE 1954 
’ HYDROGEN BOMB EXPLOSIONS 


By T. N. BuRKE-GAFFNEY* and K. E. BULLENT 
[Manuscript received November 8, 1956] 


Summary 


Seismic data, recorded in the regular way, from four American hydrogen bomb 
explosions of 1954, indicate that the origin-times of the explosions were, in G.M.T. : 
(i) Feb. 28 days 18hr 45 min Osec, (ii) Mar. 26 days 18hr 30min Osec, (iii) Apr. 
25 days 18hr 10min Osec, (iv) May 4days 18hr 10min Osec. If these surmised 
times are correct, and if the assumed source-point is correct, the results show that 
the seismic travel-times from Bikini in all azimuths need reductions of the order of 
1-2 sec (possibly more) from the standard travel-times. 


The analysis focuses attention on the great value atomic explosions can have in 
advancing knowledge of the Earth’s interior when precise details of origin-times and 
source-points are released. 


The analysis is also applied to observations by Yamamoto of air waves from the 
explosions. It is shown that there is no seasonal effect on the mean air velocities as 
suggested by Yamamoto. Also discrepancies which appeared in Yamamoto’s work 
between the velocities for these shocks on the one hand, and the Krakatoa eruption of 
1883 and the fall of the Siberian meteor of 1908 on the other hand, are removed. 


; I. INTRODUCTION 
About the middle of March 1954 news of the explosion of a hydrogen bomb 
was made public. Press reports indicated that the explosion occurred near 
Bikini, and, according to Japanese fishermen, shortly before dawn on March 1. 


The first author (T.N.B.-G.) noted on Riverview seismograms an isolated 
impulse at a time which would agree with the arrival of waves from the bomb. 
A similar isolated impulse was then found to be reported in the Brisbane seismo- 
logical bulletin. As bulletins from seismological stations in other countries 

came in, routine entries were examined for reports of readings at the appropriate 

times. It soon became evident that seismic waves from the bomb were recorded 
at a number of widely spread stations, the readings fitting together in quite 
good agreement. 

During March, April, and May 1954 news was released of the occurrence 
of three further hydrogen bomb explosions, and sets of readings of these explosions 
were gathered in a similar way. It may be remarked that none of the bulletins 
associated the readings in question with an atomic explosion. 


It soon became evident that the readings were seismologically valuable 
and the first author carried out a provisional analysis of them. 


* Riverview College Observatory, Riverview, N.S.W. 
{ Department of Applied Mathematics, University of Sydney. 
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At a meeting in Paris in April 1956 of the Council of the International 
Union of Geodesy and Geophysics, the second author (K.E.B.) raised the question 
of the new ethical situation created as to whether scientists, who in the regular 
course of their work have made observations of results connected with atom or 
hydrogen bomb explosions carried out by a nation other than their own, should 
publish an analysis of such observations. Dr. J. W. Joyce of the United States, 
who was present at the meeting, kindly undertook to raise the question in 
Washington on his return, so far as it affected explosions carried out by the 
United States. Subsequently, when one of us was passing through Canada, 
Dr. Joyce kindly telephoned to say that the United States had no objections, 
ethical or otherwise, to the publication of work based on observations made 
in the course of regular scientific work. Following this advice, the authors 
proceeded further with the analysis, which is given below, the readings having 
in the meantime been slightly supplemented from further regular sources. 


II. ANALYSIS OF SEISMOGRAM READINGS 

Table 1 shows the times and nature (impetus or emersio) of the onsets 
at stations which appear to have recorded the hydrogen bombs of (i) February 28, 
1954, (ii) March 26, 1954, (iii) April 25, 1954, (iv) May 4, 1954. The times 
given in the table are in minutes and seconds after 18 hr (G.M.T.) on each of 
the four occasions. 

A striking feature of the table is the broad agreement, at each individual 
station, of the entries under the seconds columns for the various shocks. This 
agreement is specially noticeable in the impetus readings at those stations— 
Brisbane, Riverview, Victoria, Pasadena, Fayetteville, and Quetta—which 
have recorded two or more impetus onsets ; in no case is there a difference of 
more than a second from shock to shock. This suggests that the intervals 
‘between the explosion times of all four bombs were very close to integral numbers 
of minutes. 

This suggestion is strengthened on examining the readings at stations 
which have recorded all four shocks. The mean values of the seconds readings 
at these stations (replacing 58 sec by —2 sec at Baguio for shock (iii)) are: 
(i) 29-1 sec; (ii) 30-1sec; (iii) 29:0 sec; (iv) 28-9 sec. If the readings at 
Kimberley are omitted (the reading for shock (ii) at Kimberley is very discordant 
‘with the other readings), the mean values are: (i) 30-3 sec; (ii) 29-8 sec; 
(iii) 29-7 sec; (iv) 30-3 sec. The mean of these four times is 30-0 sec and 
indicates that all four explosions occurred within 0-3 sec of the same number 
of seconds after a whole number of minutes (G.M.T.). Moreover, the observa- 
tions at stations recording just two or three of the shocks—Noumea, Quetta, 
Fayetteville, Tananarive, and Pretoria—are in agreement with this conclusion. 
(Matushiro is not here included since the reading of shock (i) could only be S, 
not P—see Table 2.) 

The readings likewise imply that the source-position was approximately 
‘the same in all four shocks. 

Tt is known that the shocks took place in the vicinity of the Bikini atoll. 
¥or the shock of J uly 24, 1946, which also occurred in this vicinity, details of 
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the position have been released, and are given by Gutenberg and Richter (1946) 
as 11° 35’ N., 165° 30’ E. Taking the latitude to be geographic, the corres- 
ponding geocentric direction-cosines are —0-9486, +0-2454, +0 -1995. The 
distances A from this position to the stations—Brisbane, Baguio, Riverview, 
Victoria, Pasadena, Fayetteville, and Quetta—which have recorded an impetus 
P onset from shock (i) are as shown in Table 2. The corresponding theoretical 
travel-times, as given by the Jeffreys-Bullen tables and corrected for ellipticity 
are 7 min 43-9 sec, 8 min 9-5 sec, 8 min 36-3 sec, 11 min 9-1 sec, 11 min 30-2 sec, 
13 min 9-8 sec, 13 min 10:2 sec respectively. These times and the data in 
Table 1 imply origin-times for shock (i) which differ from 1954 February 


TABLE 1 


TIMES AND NATURE OF ONSETS OF HYDROGEN BOMB EXPLOSIONS 


(i) | (ii) | (iii) (iv) 
Station 28.11.1954 26.111.1954 25.iv.1954 4.v.1954 
min sec min sec ) min sec | min sec 
Noumea .. a 51 45 (e) / 16 45 (e) 
Matsushiro = 57 29 (e) 36 53 = (e)| 
Brisbane. .. 52 43 (i) 37) 48° @i 40 Bea 1) 2 eee 
Baguio... - 53 6 4D 38 2 (e)| 17, 5B oe) | 18 2» ‘fe 
Riverview ie 58 35) (i) 38. 36 (i) if 35 (Gul 18) seu 
Kaimata .. te | | 19 28 (e) 
Victoria... . 56 5B (i) 11 6 21 7 (e) 
Pasadena .. She 56 29 (i) 41° 29° (i) 21 29 (i) 21 28 (i) 
Fayetteville A Boal ai) Tet Pie | 
Quetta. “a 58 «66 (i) | 23° Babi es OS) Rare eae 
Kiruna... ne | | 23 30 (e) 
Uppsala... an | 24 12 = (e} 
Ksara on fe 49 42 (e) 
Stuttgart .. J 63 44 (e) 48 45 (e)| 28 45 (e) 28 45 (e) 
Tananarive a6 48 54 (e) 28 54 (i) 
Pretoria... ¥ 64 16 (i) 49 16 (e)| | 29 15° (6 
Kimberley ‘- 64 22 (e) 49 32 (e) 29 25 (e) 29 20 (e) 
Tamanrasset a 64 26 = (e) 49 324 (e) of 29 «28 | 29 28 = (e) 
(traces) 


28 days 18 hr 45 min 0-0 sec by —0-9, —4-5, —1-3, —4-1, —1-2, —1-8, 
and —4-2 see respectively. The observations of the 1946 atomic explosion 
showed that the P waves reached American stations 1-8-40-8 see earlier than 
the J.-B. tables would imply (Bullen 1948); this. discrepancy is probably 
connected with the crustal thickness at the source, but may partly arise from: 
corrections needed to the travel-time table (Jeffreys 1954). If this correction 
of 1-8 sec be applied uniformly to the present readings, the implied origin-times. 
become +0-9, —2-7, +0-5, —2:3, +0-6, 0-0, and —2-4 sec, which give a, 
mean value of —0:8+1°-5 sec. 

There is thus a strong suggestion that the four detonations took place at: 
times extremely close to integral numbers of minutes in G.M. T., a suggestion. 
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which is supported by the fact that the origin-time of the 1946 explosion is given 
as within 0-2 sec of precisely 35 min 0 sec past the hour. If this suggestion is 
adopted, and the data for the shocks (ii), (iii), and (iv) are treated as in the last 
paragraph, then the origin-times are close to: (i) Feb. 28 days 18 hr 45 min 0 see, 
(ii) Mar. 26 days 18 hr 30 min 0 see, (ii) Apr. 25 days 18 hr 10 min 0 see, 
(iv) May 4 days 18 hr 10 min 0 sec. It will be noticed that the times are all 
integral multiples of 5 min past the hour, which lends further support to the 
pattern here suggested. 


TABLE 2 


P anp PKP RESIDUALS 


(i) (ii) (i1i) (iv) Mean 
Station A Az. 28.11.1954/ 26.11i1.1954| 25.iv.1954| 4.v.1954 | Residual 
: (sec) (sec) (sec) (sec) (sec) 
Noumea .. | so-~710 | 180° |— 0-2 — 0-2 — 0-2 
Matsushiro ce) 84°06" | 320° ee. 70S) = 8-0. — 3-0 
Brisbane .. = 40°-68 195° |— 0-9 — 0-9 — 0:9 — 0-9 — 0-9 
Baguio... ee 45°278 280° |— 4-5 — 7:5 —11-5 — 7°5 == Yfo'y/ 
Riverview Oe ace fares P95? d= 3.0 oes = 08S he es ell 270.8 
' Kaimata .. Ne §4°-03 | 175° -| =~ 025 2s 
Victoria .. oe 68°-94 40° j— 4:1 — 4:1 <== oil aed 
Pasadena ae 72°°39 55° |— 1-2 — 1:2 — 1:2 — 2-2 — 1-4 
Fayetteville ee ie a O02 a8 — 0:8 = eS 
Quetta .. Fs 91°-50 | 300° |— 4-2 — 2-2 — 3:2 — 3-2 
Karuna 7. 5 96°-91 345° | == “ai WSN 
Uppsala .. - 104°-24 | 345° | + 4:9 1420 
Ksara ae a 114°-18 315° 0 
(EE) 
Stuttgart Bs 116°-36 | 340° |— 1-8 — 0:8 — 0°8 — 0:8 — 1:0 
Tananarive He 119°-93 | 255° + 0-3 + 0:3 4° 70-3 
Pretoria .. “i 137°-37 | 245° |—10:7 —10:7 —11-7 —11-0 
Kimberley ft 139°-58 240° j— 8-5 + 1:5 — 5:5 —10°5 — 5:7 
Tamanrasset ae £40°°60 | 300° |— 6-6 — 8-6 — 4:6 — 4-6 == Gail 


* Tf the reading at Ksara were taken as 48 min 42 sec instead of 49 min 42 sec, the reading 
would agree with PKP with a residual of —0-1 sec. 


In Table 2, the above origin-times are assumed, and the residuals computed 
against the J.-B. tables corrected for ellipticity. The residuals are taken against 
the P tables for A<105° and PAP for A>105°, except for two cases where S 
and PP phases appear to have been recorded. Table 2 also gives the approximate 
azimuths of the stations from the assumed source-point, and the mean residuals 
in cases where two or more P or PKP phases have been recorded. © 

An outstanding feature of Table 2 is that practically all the residuals are 
negative for all azimuths. (In the case of the Uppsala reading, the P wave 
has grazed the core, and Dr. Bath informs us that the real onset, which is of 
emersio type, could be up to 7 sec earlier than the time recorded.) AS already 
pointed out, the 1946 explosion showed that for paths from Bikini to the United 
States the travel-times are about 2 sec less than those given by the J.-B. tables, 


134 T, N. BURKE-GAFFNEY AND K. E. BULLEN 


The present data show that, if the origin-times have been correctly surmised. 
then the travel-times for paths in all directions from Bikini are less than those 
given by the J.-B. tables. This is in keeping with the evidence that the crustal 
thickness in the Pacific region is significantly less than that in continental 
regions. 

The observations of Brisbane, Riverview, Pasadena, and Fayetteville, 
where only impetus readings have been recorded, are of particular interest. 
The mean residuals at Brisbane and Riverview, which have approximately the 
same azimuth, are in practically full agreement; and the same applies to 
Pasadena and Fayetteville. These two sets of means differ by only 0-5 see 
and so suggest that the P travel-times from Bikini to Australia and to the 
United States differ, if at all, by not much more than a half-second. This 
would be a firm conclusion if the assumed origin-times and source-position 
are closely accurate. 

It will be noticed from Table 2 that the three Pretoria readings while very 
self-consistent are apparently 11 sec early, and indeed markedly early compared 
with the readings at nearly all other stations. For this reason we wrote to 
Dr. A. L. Hales who kindly re-examined the records for us. He gives these 
results for Pretoria. Shock (i): start at 64min 15-0sec; phase at 64 min 
23-5 sec; large impulse at 64 min 26-3 sec. Shock (ii): start not well defined, 
onset probably at 49 min 15-8 sec, but not later than 49 min 17-5 sec; large 
impulse at 49min 28sec. Shock (iii); not readable. Shock (iv): short, 
small but clear, at 29 min 16-1sec; large impulse at 29 min 28-1 sec. Dr. 
Hales comments on the remarkable similarity of the records for shocks (i), (ii), 
and (iv). He states that ‘‘ it is perhaps possible that there is an error of as much 
as 3 sec in the records of (ii)? but doubts ‘‘ whether any one could change the 
- readings of (iv) by more than 1sec”’. The Pretoria residuals corresponding 
to Dr. Hales’s readings are: (i) —11-7 sec, —3-2 sec, —0-4 sec; (ii) —10-9 sec, 
+1:3 sec; (iv) —10-6 sec, +1:4 sec. The existence of small readings of the 
order of 10 to 11 seconds earlier than expected therefore appears to be well 
confirmed. 

Dr. Hales also kindly re-examined the Kimberley records, which he finds 
to be remarkably similar in general appearance to the Pretoria ones. The 
residuals become: (i) —8:0 sec, —1-6 sec, +1-1 sec; (ii) —8-0 sec, +1-0 sec; 
(iii) —6-1sec; (iv) —10-7 sec, +1:8sec. The Kimberley residuals, while 
not quite as self-consistent as the Pretoria residuals, also exhibit early residuals. 
Should source data on the four shocks become available it may be possible to 
draw some interesting inferences from these features. The implications are 
also being considered from other aspects. 


If there were no dependence of the P and PKP travel-times on azimuth 
the distribution of the residuals in Table 2 would suggest that the siatseqponnts 
of the explosions were on the average slightly to the north-west of the assumed 
point. To shift the source-point and origin-times on this evidence would, 
however, be to treat the shocks as natural earthquakes, and because of the 
relatively small number of readings no useful inferences could be made on 
travel-times. 
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Should, however, precise details of the origin-times and source-points 
of the explosions come to be released, the data of the present paper can be used 
as important checks on the travel-time table and as important evidence on the 
question of the variation of travel-time with azimuth. 

It may be remarked that the reading at Matushiro, if a genuine reading of 
waves from the hydrogen bomb (i), appears to be the first occasion on which an 
S reading has been recorded from an atomic explosion. 

What the present discussion does is to focus sharply the potential value 
of atomic explosions for the advancement of seismological knowledge. The 
precision of the inferences which can be made from the 1954 explosions depends 
overwhelmingly on the release of the source data. If the surmises made in the 
present paper are correct, then some of the suggestions made will become firm 
inferences. If, on the other hand, the surmised origin-times and source-points 
have to be corrected, then a simply made adjustment of the computations made 
in the present paper will still lead to valuable results. 


III. APPLICATION TO MICROBAROGRAPHIC READINGS 

A study of waves through the air from the 1954 hydrogen bomb explosions 
has been made by Yamamoto (1955). Yamamoto uses microbarograph record- 
ings at a number of Japanese stations to estimate mean velocities of the air 
waves between the source and the station at Shionomisaki (33° 27’ N., 
135° 46’ B.). A table in his paper gives the velocities corresponding to the 
arrival-times of the first troughs as: (i) 284 m/sec, (ii) 287 m/sec, (iii) 304 m/sec, 
(iv) 310 m/sec. He infers that there is ‘‘ a tendency for the velocity to increase 
with the progress of the season from cold to warm ”’, but is at pains to point out 
that ‘‘ some inaccuracy must arise from the smallness of the triangle we are 
forced to employ ’’. He also compares his results with figures for the air waves 
from the Krakatoa eruption of August 27, 1883 and the fall of the Siberian 
Meteor of June 30, 1908. Whipple (1930) states that the velocities in these 
cases corresponding to the arrival of the first trough are 314 and 318 m/sec 
respectively. Whipple gives 323 m/sec as the velocity corresponding to the 
first onset in the case of the Siberian Meteor. 

It is possible to use the seismic discussion of the present paper to test 
Yamamoto’s inferences, and to improve sharply the precision of the results. 

The hours and minutes (G.M.T.) of the arrival-times of the first troughs at 
Shionomisaki on the relevant days are given by Yamamoto as: (i) 22 hr 17 min, 
(ii) 22hri1min, (iii) 21 hr 40min, (iv) 21hr41min. Using the estimated 
origin-times in the present paper, the corresponding travel-times are : 
(i) 3 hr 32 min, (ii) 3 hr 31 min, (ii) 3 hr 30 min, (iv) 3 hr 31 min, which yield 
a mean of 3 hr 31:3+0-8min. The four travel-times are in good agreement 
with one another and do not show any seasonal trend as suggested by Yamamoto. 
Presumably there were large errors in the origin-times computed by Yamamoto 
from his limited group of stations. 

Copies of the actual records at Shionomisaki are shown in -Yamamoto’s 
paper, and these indicate that the first onsets arrived about 4 min before the 
first troughs. Thus the mean travel-time for the first onsets is indicated as 


136 T, N. BURKE-GAFFNEY AND K. E. BULLEN 


approximately 3 hr 27 min. If the source-point be taken to be that assumed 
in the present paper, the distance to Shionomisaki is 35° 52’ or 3986 km. The 
mean velocity of the air waves given by using these figures is 321 m/sec. 

Uncertainty in identifying the time of onset on the microbarograph record 
contributes an uncertainty of about 2 m/sec to this last result. Any alteration 
required in the position of the assumed source point could alter the velocity 
further by up to 3 m/sec. Any allowable change in the seismic origin-times 
used would, on the other hand, have negligible effect on the present calculations. 

The result of the present calculations is therefore to bring Yamamoto’s 
observations into line with the results for the Krakatoa eruption and the Siberian 
Meteor. 
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‘IV. AUTOMATIC PROGRAMMING BY SIMPLE COMPILER TECHNIQUES 
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Summary 


Techniques are described for using the C.S.I.R.O. Mark I computer to assemble 
complete programmes from greatly reduced input programmes by selecting and trans- 
ferring routines from standard libraries and forming appropriate commands to inter- 
connect routines and the problem programme. The “‘ compiler ”’ process is described 
for computer-code programmes, and for hyper-code programmes which use interpretive 
routines to provide elaborate arithmetical operations corresponding to each hyper- 
code. 

Examples of compiler routines are given in computer-code command form and 
as schematic outlines, and the compiler processes are illustrated by simple problem 
examples. Possible extensions of compiler techniques are considered and processes 
for using compiler techniques are discussed. 


Use of compiler techniques reduces considerably the ‘‘ human error ”’ in programmes, 
training time of programmers, and the time required for preparation, insertion, and 
checking of problem programmes. 


I. INTRODUCTION 

As the use of automatic computers expands, increasing attention is being 
paid to the principles involved and the techniques used for rapid programming, 
in particular to the more advanced aspects of programming known as ‘‘ automatic 
programming ”’ (Office of Naval Research 1954). This is a logical extension 
of the principles of programming already well established and is being developed 
largely from a need to assist the user by reducing the effort and specialized 
knowledge required of him, to reduce the frequency of errors in programmes etc. 
and thereby increase the use of a computer. 

Much of the routine type of work required of a programmer can be transferred 
to the computer. The programmer need supply only basic, non-redundant 
information about his problem, in a suitably chosen “ language ”’, leaving the 
computer to build up the detailed programme in its own, or command language. 
- Recent work by Laning and Zierler (1954) indicates the trend towards the 
presentation of computing problems in language closer to that of the user. 
With further developments of automatic programming techniques we may 
expect a user to be able to submit his problem in his own language and to have 
no concern with the basic command code of the computer. 

A practical automatic programming system involves a number of specially 
designed routines which facilitate the transformation of the information presented 
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into a complete programme which the computer can “ understand ” and later 
perform. The first stage toward such a system is the development of compiler 
routines which are here discussed, the principles of which are illustrated in 
relation to a particular machine. 

To simplify the task of programming, automatic programming of the 
C.S.I.R.O. Mark I computer by means of simple compiler techniques has been 
developed. This computer is of the high-speed fully automatic type, which is 
directed by a suitable programme of coded commands. Electronic equipment 
provides elementary arithmetical and logical operations as well as operations 
used for organization of sequences of operations and for communication between 
the computer and the user. To each elementary operation provided by electronic 
equipment corresponds a “computer code”. More elaborate operations are 
obtained by appropriate routines of commands expressed in computer code. 
Special groups of routines have been designed to enable elaborate operations to 
be invoked by ‘“‘ hyper-code ’’ commands. Programme design in terms of these 
code systems has been described in previous papers ; computer-code programme 
techniques in Part II (Pearcey and Hill 1953b) and hyper-code programme 
techniques in Part III (Pearcey and Hill 1954). The notation there described 
has been freely used in the present discussion and has been used in the pre- 
sentation of Tables 3 and 7 of the actual compiler routines. 

Programming is the process of translating a problem from the mathe- 
matical language of algebraic expressions and methods of solution into an 
appropriate sequence of data to be punched on the input tape as “‘ input codes ”’. 
Special insertion routines enable the computer to translate input codes into the 
coded commands of the problem programme. One of the simplest insertion 
routines, the ‘‘ primary ” routine, uses upper or lower halves of command codes 
as input codes and the programmer must translate the problem into the form of 
half command codes. The exacting task of evaluating addresses for upper-half 
command codes can be performed by the computer by use of a ‘ control” 
routine to decode further input codes known as ‘ control designations ”’. 


Even more of the burden of programming can be transferred to the computer 
by extending the range of input codes, and increasing the complexity of the 
decoding routines. The technique of using a computer to construct commands 
for problem programmes is known as automatic programming and the decoding 
routines used for this purpose are called “‘.compiler routines ”’. 

Compiler routines designed for use on the C.S.I.R.O. Mark I computer 
decode special input codes representing elaborate operations supplied by routines: 
stored as a library in the computer’s slow-access store. The routines are trans- 
ferred to the store containing the problem programme, and appropriate inter- 
connexion commands are inserted in the programme. 


IJ. THE FUNCTION OF COMPILER ROUTINES 
The input codes, used by the programmer to specify the operation required, 
may be arranged according to a variety of conventions. A simple convention 
considered in this paper requires the input codes to be arranged in a manner 
similar to that adopted in normal programming, thus exploiting the fact that 
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users will generally be acquainted with normal programming techniques. A 
logical extension to a more elaborate convention will be indicated which corres- 
ponds to coding of “ three-address ”? operations with a corresponding reduction 
of the amount of punching required in preparing an input tape. This requires 
a few additional techniques to be learned, such as counting a three-address 
operation as corresponding to a number of commands when calculating addresses 
of subsequent commands. 

A much more elaborate compiler routine is required to extend the convention 
for input codes to correspond with the widely known symbolism used in normal 
algebraic expressions. Such a “ symbolic-compiler”’ routine greatly reduces 
the amount of specialized knowledge required of the user since input codes 
can be punched directly from algebraic expressions. The techniques required 
for this elaborate process include those to be considered in this paper. 

The simple compiler routine to be considered merely relieves the programmer 
of the task of selecting standard routines and incorporating them into the 
problem programme. ‘These standard routines are made continually available 
to the compiler routines by storing them as a “library ”’ in store space S,. 
Library routines must be selected and transferred from the library to the problem 
programme in store space S, and appropriate interconnexion commands formed.. 
These operations are performed almost unconsciously by the human programmer 
but must be programmed explicitly and systematically for compiler routines. 

Interconnexion commands in the resultant programme must transfer 
problem data from definite store locations implied by the problem programme 
to registers required by the library routine and transfer results from those 
registers back to the same or other store locations. The interconnexion com- 
mands also shift control to the routine and arrange for control to be returned 
to the programme commands following use of the routine. 

Consequently, the programmer must supply extra input codes to specify 
the locations implied by the problem programme for operands and result, and a 
“compiler code’’ to specify which library routine is involved. The library 
store, S,, contains “‘ library data ” associated with each routine, which specifies 
which registers are to hold operands and results and indicates the “ linking ” 
mechanism for returning control to the programme when the routine’s operation 
is completed. The compiler routine combines the library data with the pro- 
grammer’s input codes according to the coding conventions associated with 
such interconnexion commands. 

Selection and transfer of library routines must simulate the effects obtained 
by a human programmer using the control routine to incorporate parameters 
into routines. Provision must be made to transfer all routines involved in a 
problem, including all subordinate routines used by any superior routine involved. 
To economize on store space, any routine is to be transferred only once, even if 
involved more than once by the same problem. 

During transfer, all routine commands referring to other locations in the 
store must be adjusted to refer correctly to new locations in Sp. This corresponds 
to operations of the control routine which add the address in which the first 
command of a routine is stored to those commands of the routine which are 
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coded with addresses relative to the first. Provision must be made tou enable 
other parameters to be incorporated during transfer for the cases in which the 
parameters are supplied by the programmer or by superior library routines. 
In special cases provision can be made for parameters to modify the very process 
of transfer itself as is required in “ unrolling” a repeated loop of commands 
into a linear sequence. 

Addresses must be expressed in symbolic form if the compiler routine 
varies the number of commands in a section of the problem programme. For 
economy in store space the compiler routine may omit redundant interconnexion 
commands or insert transferred routines into the programme when they are first 
referred to. The programmer is unable to predict correct addresses of commands 
in such a programme and must therefore denote them by convenient symbols 
and let the compiler routine calculate the correct equivalent address when it has 
completed the variation of groups of commands. 

The extra programming work imposed by use of ‘‘ symbolic ”’ addresses is 
rarely worth the small saving in store space obtained by suppressing redundant 
commands. It is simpler to adopt an invariant pattern of interconnexion 
commands including redundant commands and to avoid inserting ‘‘ unpredict- 
able” lengths of routine commands into the input programme by transferring 
routines after the programme is completely assembled. A process for organizing 
this will be subsequently illustrated. 

Hyper-compiler routines, which construct programmes in hyper-code for 
problems involving elaborate operations provided by interpretive routines, must 
cater for transfer of the interpretive routines as well as of hyper-routines involved. 
Since interpretive systems enable inclusion of special operations as well as 
standard operations, the compiler must keep a record of all hyper-operations 
used by the problem and organize the transfer of all required interpretive routines 
and interconnect them to form an interpretive system. 


III. CONVENTIONS FOR COMPUTER-CODE COMPILERS 
The following conventions have been adopted for initial versions of com- 
puter-code compiler routines for the C.S.I.R.O. Mark I computer. 


(1) Notation.—Stores are denoted by S, for storage of library routines and 
library data, S, for the compiler routine and working space, and S, in which 
commands of the problem programme are inserted. R,, R,, R, denote single- 
word registers of the arithmetic unit, while x, y, z denote locations in stores, or 
the D register, of problem data. ‘ Transfer data’ are to be stored in a block 
of locations starting at t) relative to which t, and ¢, are addresses in which is 
stored, or from which is extracted, a transfer datum. Similarly i is the address 
of the first location of an “ index block ” in which the library data of the mth 
library routine are stored in location i+m. 

a, is the address in S, of library data currently required and a, is the address 
in S, in which the next command will be stored. The particular a, corresponding 
to reference to the mth routine in the library is denoted by a, and that corres- 
ponding to the ¢th library routine transferred is denoted by ao The address in 
Sp to which the ‘ head” of a library routine is transferred is denoted by hp 
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while e denotes the address relative to the “ head”? at which a routine is to be 
“entered” by shifting control to hp+e. A routine will have n parameters, 
occupy J+1 store locations, and use D, (L=15, 14, etc.) as a “ link register ”’. 


(2) The entire input programme is assembled before transferring library 
routines. During compilation of the problem programme, transfer data are 
stored and are later used to specify which routines are to be subsequently trans- 
ferred from S, to S,. This avoids the necessity for symbolic addresses. For 
the same reason redundant commands are included in an invariant pattern of 
interconnexion commands. 

(3) Conventional computer-code commands are assembled by the normal 
processes of the primary and control routine, but an extra control operation, 
E, is provided which transfers control to the compiler routine whenever E- 
designated compiler codes are input. 


TABLE 1 


COMPUTER-CODE CONVENTIONS FOR INTERCONNEXION COMMANDS 


Location Programme Input-coce Library 
in Sp Commands Commancs Data 
ap—3 (z)—R,, (~)—M* R, 
ap—2 (y)—-R, (y)-M R, 
ap—1 (S)—D, (S)—D,y L 
ap hpte—S mie: 
ap+1 (R,)—z (M)—z Rk, 


* The code M is a zero or “blank ” in the machine code, so that (x)—M is punched as 
x;0,0X. 


(4) Table 1 indicates the conventional pattern of computer-code inter- 
connexion commands for reference to a library routine which evaluates a function 
of the contents of registers R, and R, and stores the result in register R, when 
control is shifted to its eth command. The programme data occur in store 
locations «, y and the result is to be stored in location z. The compiler routine 
must use the compiler code, mp,,+ep, ; H (in which EF corresponds to tape code 
7Y (cf. Table 3)) or in punched code m;e,X :7Y,* to organize transfer of the 
mth library routine to store locations starting from h, and then form the correct 
“ eue command ”’, hpte—S. 

(5) When the interconnexion commands are first stored in S,, the compiler 
code mp,, +ép, is held in location ap. _The address a is stored in the ¢,th location 
of the transfer data block, i.e. location t+, of S,. When the input programme 
is completely assembled the ¢,th transfer datum from location t ++, is extracted 
for 0<t,<final value of ¢,, The transfer datum a’ is then used to extract the 
corresponding compiler code and m, the library code, specifies the routine to be 
transferred. When h,, the head address of the first command of the routine, 


* For punching notation see Part I, p. 333 (Pearcey and Hill 1953a). This particular code 
may be written m;e:H. 
JJ 
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is determined, it is combined with the entry code, e, to form the cue command 
hp-+e—S, which is then inserted in location a, to complete the interconnexion 
commands. 

(6) Routines involving subordinate routines are stored in the library with 
each cue command to a subordinate replaced by the corresponding compiler 
code, e.g. m,+e,. During transfer to S,, each library command of the form 
(S)—D, is detected as implying that the following library command is a compiler 
code. The compiler code is transferred unaltered to S, and its address a, is 
stored in the transfer data to ensure subsequent transfer of the subordinate 
routine. 

(7) A library index is held in S, to enable the library code m to be used to 
yield data specifying the location in S, of the corresponding library routine. 
Location i+m of the index contains a,p,,;+np.+tp; in which t=1. When a 
routine requiring no parameters, n=0, is transferred, the index datum is replaced 
by hpp,,+0p, in which t is given the fresh value of zero. This change is detected 
upon any subsequent reference to the same routine and is used as a criterion for 
avoiding a repetition of the transfer of the routine. In this case the cue command 
is formed and inserted as hp,—S, thus completing the interconnexion commands 
correctly. 

(8). The library data listed in Table 1 are packed in location a, as five-digit 
codes for the link number, LZ, and register codes R,, R,, R, in the form 
Lp,.t+h,py4+h.1.+k,p,. For routines involving fewer registers, some register 
codes are zero and the programmer omits corresponding input-code commands. 
Thus for the operation z=log xz, involving-one operand only, the second row of 
Table 1 is omitted, and for a “ hoot ” routine, which involves no operands and 
yields no results, the programmer supplies only (S)—-D, and the compiler code, 
while all register codes of the library datum are zero. ; 

(9) The library data include specification of the length of the routine to be 
transferred by holding l/p,, in location a,+1 and the commands of the library 
routine occur in locations a,+2 to a,+1+2. 

(10) When referring to a library routine involving » parameters, the pro- 
grammer supplies the parameters in the input programme immediately preceding 
the compiler code at each reference of the routine. Library routines supply 
parameters for subordinate routines involving n parameters by storing them 
immediately following the compiler code. In each case the parameters are 
transferred by the compiler routine to the transfer data block following the 
‘cue address ”, ap, of the subordinate routine. The programmer may avoid a 
redundant second transfer of the same parametric routine by punching the 
entry code, equal to the number ¢, corresponding to the a, of the first reference 
involving the particular set of parameters. Otherwise the entry code for 
parametric routines is zero. 

(11) Parameters are incorporated only into those commands which shift 
control to, or transfer data to or from, store locations. Such parametric 
commands have the form “ (M)—?, (?)—M, (K)—S”. The address digits 
Pis-Po Of each parametric command are used to hold the number p where 
0<p <7, so that the pth parameter is added to the remainder of the command. 
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For p=0, the address, hp, of the routine’s first command in S p 18 added and 
therefore library parametric commands are coded with addresses relative to the 
head of each routine. This process corresponds to the use of control designations 
for incorporating parameters during input of commands. 


Constants stored as pseudo-commands in library routines, whose binary 
codes would be confused with parametric commands, would be modified during 
transfer. Such constants are therefore assembled via the H register as described. 
in Part I (Pearcey. and Hill 1953a, p. 330). 

These conventions are summarized in Section EX from the point of view of 
the user, who is more concerned with the processes of constructing input tapes: 
for library routines and problem programmes than with the principles of operation: 
of compiler routines. 


IV. EXAMPLE OF COMPUTER-CODE COMPILERS 

A number of computer-code compiler routines have been designed to cater 
for various operations. Compiler routine 1 forms interconnexion commands 
according to conventions 4, 5, and 8, while compiler J2 caters for parametric 
routines as in convention 10. Transfer operations according to conventions 
6 and 7 are provided by compiler 71, while up to seven parameters can be 
incorporated by compiler T2. 

Compiler routines 72 and T2 are given in ‘ schematic’ form in Table 2 
and in conventional computer coding in Table 3 for use in association with the 
problem programme, which, together with an outline of the library contents and. 
resultant programme, is given in Table 4. In the schematic outline of Table 2,. 
orders are to be performed serially unless otherwise indicated. In the equation 
notation used, (#) implies “‘ the current contents of location x”’, and new values. 
are indicated by primes. Commas are used to indicate partitioning of 20-digit. 
words into codes for symbols, most of which have been implicitly defined pre- 
viously. Numbers in square brackets are addresses of computer-code commands. 
in Table 3, corresponding to each schematic order of Table 2. The tape of [2 
and 72 is read in and compiled into the second magnetic store M” by standard. 
methods. 

The tape programme of Table 4 is designed to print values of 


y =(are sin #)/cos o> a," 
for values of 2 <0-5 read from tape punched in decimal code. Such a programme 
might be used, for instance, to examine goodness of fit of a polynomial to the: 
function (are sin @)/cos @. 

The primary, control, and compiler routines are transferred from S,;=M", 
the second 1024-word magnetic drum store, to 8,=—M by switch operations of 
the console switchboard. The input tape listed in Table 4 is placed in the tape 
reader, all registers are cleared, and the computer started. The problem pro- 
gramme is compiled in S,=M’ in locations 0’ to 29’ with compiler codes not yet 
replaced by cue commands and their addresses stored as transfer data in locations 
250-257. When the command 110—-S,D, punched at the end of the programme: 
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tape, shifts control to compiler 72, the routines specified in the transfer data are 
transferred until t,—¢,. Command 186 then returns control to the primary 
routine to read p.)—T,D punched at the end of the input tape and the computer 


TABLE 2 


SCHEMATIC OUTLINE OF COMPILER ROUTINES /2, T'2 


Compiler Routine 12 


1. Extract (¢-+-m)=a,;2n+t [40-45] 

2. If n is non-zero shift to 9. [46-50] 

3. Set (f+¢t,)’=ap and t,=t,+n+1 [51-54] 

4. Set (ap) =m,e and extract (a,)=L, R,, R,, Rh, [55-60] 

5. Set (ap—l)’=L+(ap—l) and r’=ap [61-71] 

One R, is non-zero set (ap—2)’=R, + (ap—2) and r’=r—l1_ [72-82] 
7. If R, is non-zero set (r—2)’=R,+(r—2) [83-90] 

8. Set (A)/=R, code, ap=ap+l1, shift to the primary routine [91-94] 
9. Set r=n—1 and t,=t,+n [95-98] 
10. Set (f+¢,)’=(ap—l) and t,=t,—1, ap’ =ap—l, r’=r—1 [99-105] 


1l. If 7 is negative shift to 3 otherwise to 10. [106-109] 


Compiler Routine T2 

12. Set %=0 [110] 

13. Extract (t+t,)=ap and (ap)=m,e and (i+c)=a,py+(2n+t)p, or hppy, [111-123] 
14. If ¢=0 shift to 24. [124-125] 

15. Extract (a,+1)=l. If n40 shift to 31. [126-132] 

16. Set (i-+m)/=hp (i.e. #=0, n=0) [133-135] 

17. Set (f4+¢#,)’=hp [136-137] 

18. Extract (@,+2)=library command, set az=a,+1 [138-141] 
19. If of form (?)—M, (M)—?, (K)—S, shift to 26. [142-153] 

20. Set (ap)’=library command and ap=ap+1 [154-157] 

21. If of form (S)—D, shift to 27. [158-161] 

22. Set l’=/—1. If />0 shift to 18. [162-164] 

23. Extract (¢+m)=hp [165-168] 

24. Set (ap) =hpte—S, te=t,+n+1 [169-178] 

25. Ift,>t, shift to primary routine, otherwise to 13. [179-184] 
26. Add (é+¢,+-p) to library command and shift to 20. [185-197] 
27. Extract (a,+2)=m,+e,, set a, =a,+1, (t)+t,)=ap, t.=t,+1 [198-204] 
28. Extract (t+m,)=a,, n,, t [205-207] 

29. Set n,=n,—l, if n, negative shift to 20. [208-210] 

30. Set (é+¢,)’=(a,), %=t,+1, aj=a,+1, shift to 29. [211-218] 
31. If e is zero, shift to 17. [219-222] 

32. Extract (é+e)=hp, set n’=0, shift to 24. [223-226] 


Programme constants [227-231] Library index [232-237] Transfer data [250-300] 


stops with the problem programme completely assembled in M’. This example 
illustrates : 


(1) The method of forming interconnexion commands.—The first E-designated 
compiler code has m=1, which causes (232+1)=285p,, +p, to be extracted. 
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After ap=1 is stored in location 250, and the compiler code 0,1;0,0 in 1’, the 
content of location 285”, i.e. 15,0,4,0, is extracted and combined with (0’) to 
form (S)—D,;, while (A)—M is left in register A to be combined with the next 
input command, forming (A)—30 in 2’. 

(2) Incorporation of parameters into library routines.—After 18 programme 
commands are formed, the parameters are stored temporarily in locations 18’, 
19’ before being transferred to locations 255, 256, whence they will be added 
during transfer of the polynomial routine to commands whose pa-p,, digits. 
represent p=1, p=2 respectively. 

(3) Transfer of library routines.—Library routines are held in M”’. When 
the command 110—S,D is performed, ¢, is started at zero and the process of 
transferring library routines begins. The transfer datum (250)=—1p,, is used to 
extract the compiler code 0,1;0,0 from location 1’, and this specifies the routine 
to be transferred; the input routine for which m=1. The corresponding 
library data (i-+-m)=(232+1)=285p,,-+p, and (286”)=l1—1=26 are extracted 
and, after the current a,=h, is stored in locations 233, 250 of the index and 
transfer data blocks, the 27 commands, 287”’—313”, are transferred to locations 
33’-65’. Finally the cue command h,+e—S=33-—S is placed in location 1’ 
and the compiler routine proceeds to transfer the next library routine required. 

(4) The method of ensuring transfer of library subordinate routines.—The 
“are sin’ routine uses the “ sinecosine ”’ routine as a subordinate routine in a 
trial and error process. As the arc sin routine is transferred from 375"-392” 
to 66’-83’, the command from 385” is detected as having the form (S)—D and 
the compiler code 0,2;0,0 in location 386”, which implies a reference to the 
sinecosine routine, is transferred unaltered to location 77, which number is then 
stored as a transfer datum in location 258. If any parameters had been involved 
by the subordinate routine, they would have been transferred also. 

(5) Omission of redundant transfers.—Following transfer of the “ print ’’ 
routine, the transfer datum (258)=77p,,, is used to extract the compiler code 
0,2;0,0 from location 77’. Since the corresponding sinecosine routine has been 
transferred, (232 +2)=84p,, has zero ¢ and therefore the transfer is not repeated, 
while the cue command is correctly set as 84—S in 77’. 


V. EXTENSION OF COMPUTER-CODE COMPILER TECHNIQUES 
The similarity of the pattern of interconnexion commands for the compiler 
routine just described to that used by human programmers enables users to 
exploit the advantages of compiler techniques with very little extra training ; 
the actual programming is more rapid and errors less frequent. The volume 
of tape punching in preparing input tapes can be reduced further by using a. 
- more elaborate compiler routine for forming interconnexion commands. In 
this way the number of keyboard operations involved by the pattern of Table 1 

may be reduced by about 30 per cent. by using the punching pattern 


ayeme:E., 
which is transformed by the compiler routine to the equivalent of Table 1. 
The data addresses, 7, y, 2, can be made to refer to D registers for values less 
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than 16, otherwise to serial store locations, and full use of input control designa- 
tions can be made in assigning these addresses. 

In programmes involving fewer than 32 data elements, the tape punch 
pattern can be reduced to 35 per cent. of the original number of keyboard 
operations, by the codes, 

xv,y;2,m:H and e=0, 
where «,y,z,m are five-digit codes and the three-address operation, assembled 
by the primary routine as a single command, is transformed by the compiler 
routine to the five commands of Table 1. In this system, use of input control 
operations is very restricted. 

These reductions of keyboard operations require compiler routines with 
elaborate decoding operations, in which each three-address command is counted 
as five computer-code commands for the purpose of numbering programme 
commands. If such a scheme is used consistently, the programmer need not 
be familiar with normal programming methods but only with the special three- 
address methods. 

The techniques used in transferring library routines can be extended to 
cater for modification by a parameter, of the process of transfer. This would be 
required to unroll a repeated loop, such as a polynomial routine, into a linear 
sequence of commands. The programmer would supply the parameters, n 
(number of coefficients) and h (address of the first coefficient), and mark the 
e code with distinctive digits such as p41), P,. The schematic commands numbered 
23 and 31 of Table 2 would have the form: 


23. If e has py) shift to 36, otherwise extract (i+m)=h, 
31. If e has py, shift to 33, if e is zero shift to 17 


which transfers control to an extra sequence of commands. T is sequence 
transfers coefficients from the library if e has p, and then unrolls the library 
routine by transferring /,+1 commands and transferring /,+1 commands 
. m times, increasing the parameter h by unity each time and finally transfers the 
terminating sequence of length 1;+1. The library data 1,, 1,, ls are stored in 
a,+1, a,+2 with the first command of the routine in a,+3. It is convenient 
to use portion of compiler routine 72 by replacing 1 and a, of Table 2 by 
appropriate values, as in the following schematic form of an additional sequence 
of compiler commands, 


33. If e has p, transfer (h+r) to ap+r for 0<r<n and set h'=ap=ap+n 
34, Extract (,, 1,, 1;, set l’=1l, and shift to 17. 

35. Set U’=1,, ap=a,—l,—1, n’=n—1, h'=h-+1, if n>0 shift to 18. 

36. Set l’=1,, e’=0 shift to 18 


after which command 23 detects e=0 and continues compilation normally. 


Computer-code compiler techniques can be extended to cover quite a wide 
range of problems by extending the number of library routines. Less than 500 
store locations would be required for routines for printing fractions or integers, 
reading decimally punched fractions or integers, division yielding fraction or 
integer results, square root, cube root, Sinecosine, tangent, are cos, arc sin, 
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exponential, logarithm to the base 2 or e, and hyperbolic functions. The rest 
of the 1024 store locations of one only of the magnetic drum stores of the 
C.S.I.R.O. computer may be devoted to the primary, control, and compiler 
routines and a battery of test routines for testing units of the computer, i.e. 
arithmetic unit test, store test, ete. 


VI. CONVENTIONS FOR HYPER-CODE COMPILER ROUTINES 

Hyper-code commands are interpreted by a system of computer-coded 
routines, which provide an elaborate arithmetical or organizational operation 
corresponding to each hyper-code selected and interpreted by an interpretation 
system. As indicated in Part III (Pearcey and Hill 1954); standard operations 
are provided which include addition, subtraction, multiplication, division, and 
Square root, as well as simple transfers, printing, and input of numbers according 
to different systems of representation. Useful systems of interpretive routines 
have been developed for elaborate arithmetics using floating decimal, double 
precision, and complex number representations, etc. 

Additional hyper-operations of the form f(A)—A are provided by hyper- 
commands of the ETC type,* coded as 1;15,Z, which shift control to additional 
computer-coded routines starting at location n. Sequences of hyper-operations 
are obtained by hyper-routines which are invoked by hyper-commands of the 
CUE type, coded as n;10,Z, which shift hyper-control to location n. After the 
hyper-routine is performed, the hyper-routine returns hyper-control to its 
superior routine by a LINK-type hyper-command, coded as n;11,Z. 

Interpretive techniques have the effect of providing the user with a “‘ hyper- 
computer ’’ operating as though the hyper-code were the new computer code. 
Compiler routines for hyper-code programmes must not only form the hyper- 
programme with its associated hyper-routines, but also, in effect, construct the 
hyper-computer by compiling the necessary function block and any additional 
routines of the ETC type. For this dual process the following conventions have 
been adopted for initial versions of hyper-code compiler routines for the C.S.I.R.O. 
Mark I computer. 

(1) Notation.—It is convenient to distinguish those symbols referring to 
store locations and operations associated with the interpreted hyper-programme 
by the superscript H and those associated with the interpreting routines, 
including the function block and additional ETC routines, by the superscript I. 


(2) Again, the complexity of symbolic addresses is avoided by including 
even redundant commands in the interconnexion pattern and by using transfer 
data stored during assembly of the input programme to organize transfer of 
library routines involved. The hyper-commands assembled from the tape and 
transferred hyper-routines are inserted in store space 9% Pr while the interpretation, 
function pos and ETC routines, are transferred to Sp, leaving space for data 
storage in S>. When this process is complete the interpretive system is trans- 


* Hyper-commands of types ETC, CUE, and LINK correspond to those correspondingly 
coded and concerned with programme organization as described in Part III (Pearcey and Hill 


1954). 
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ferred from S> to M, the rapid-access store, all registers are cleared, and the 
* computer started. tee abo commands will be extracted from S% by the inter- 
pretation routine in Sp and decoded to refer to data locations and routines for 
hyper-operations in Sb. 

(3) The primary and control routines are used to input conventional 
computer-code and hyper-code commands and shift control to compiler routines 
whenever H-designated compiler codes are detected. Two types of compiler 
codes are H-designated ; namely, CUE-type codes punched as m,e;10,Z, which 
refers to the hyper-operation provided by the mth hyper-routine in S#, and 
ETC-type codes punched as m,e;15,Z, which —— to the hyper-operation 
provided by the mth special interpretive routine in Si. 

The process of punching data-address codes of hyper-commands is simplified 
by modifying the conventions outlined in Section XV of Part III (Pearcey and 
Hill 1954) which required post-punched P and Q designations to adjust data 
addresses to refer to p-word and q-word data groups respectively. The task of 
adjusting data addresses has been transferred to the interpretation procedure 
by including extra commands in interpretation routines to multiply stored data 
addresses by p or q and add the address of the head of the data groups. Conse- 
quently data addresses may be coded and stored as numbers of the set 
On Le 2eeogee aeures ObCe ; 

TABLE 5 
HYPER-CODE CONVENTIONS FOR INTERCONNEXION COMMANDS FOR z=f(x.y) 


Location Programme Commands Library 
in Se Data 
Input (Hyper-code) Compiled 

ap—4 (2) —A (x) —A 

ap—3 (4)—0* (A)—R,, R, 

ap—2 (y) +A (y)—A 

ap—l (A)—0 (4)—-R, R 
H = Bs y 

ap f m,e—L Ey hte—L 
H 

apt+l (0)—A (R_)—A Rk, 
oi z 


* The symbol “‘ 0” denotes a ‘‘ blank” or zero address. (4)—0 is punched 8,Z: 
j This is punched m,e;10,Z:7Y. 


(4) No modification of the input hyper-command pattern is required for 
ETO-type library references but in the case of CUE-type library references to 
library hyper-routines the interconnexion commands must be constructed from 
input commands and library data as is illustrated in Table 5. Similar patterns 
are obtained for operands requiring fewer addresses for operands or data by 
omitting unnecessary rows. 

(5) When the interconnexion commands are first formed = Sz Pp, the CUE- 
type compiler code, e—L, is stored unaltered in location a and its address 
is stored in location t@ +t! of a transfer data block referring = hyper-routines. 
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Similarly Ore ETO-type pomupiler oS m,e;15,Z, is stored unaltered and its 
address ap as stored in location ie ae of angiies transfer data block, where 
0<t! <th<th<40 say. 

When aoe input programme is completely assembled, the transfer data of 
the type we p are used to select hyper-routines to be transferred from gz to s% Ps 
and when this is complete the standard interpretive routines, together with 
additional pe TEreMve routines determined by the transfer data Gp, are trans- 
ferred from S7 to Sp. When each hyper-routine or ETC routine is transferred, 
the address of its first command is known and used to form h+e—Z or h+e-—-8 
to replace the compiler codes, m,e—L or m,e—NS in locations a% or ab respectively. 

The same compiler routine is used for this purpose with certain commands 
changed to alter the reference from ‘“ hyper’ to “ interpretive ”’. 

(6) Hyper-routines involving either subordinate library hyper-routines 
or ETC routines are stored in the library gh with CUE commands and ETC 
commands replaced by appropriate compiler codes. During transfer the 
address in Ss to which such a compiler code is transferred is included in the 
appropriate transfer block to ensure transfer of all subordinate hyper-routines 
or ETC routines involved. 

(7) With each library is associated an index in S, consisting of a list of 
af p,,+kp,+np.+tp, in locations +#-+-m for hyper-routines, and for the non- 
parametric ETC routines a list of OP 1 +tp, in location i/-+-c¢, where af and at 
are the addresses of the mth routine in the libraries in gt and Si respectively. 
As previously, ” is the number of parameters and ¢ is a sign that the routine has 
been transferred. The extra symbol, k, denotes a number having a p,) digit 
if the hyper-operation does not involve R, and a p, if FR, is not involved. 

When a non-parametric routine, with n=0, is transferred, the index datum 
is replaced by h,pp,,+0p, and detection of zero t for any subsequent reference to 
the same routine enables the compiler code to be replaced by hp,+e—-L or 
hp +e—S without a second transfer of the routine involved. 

(8) Hyper-routines can be standardized to use data locations 0, 1, 2 as 
registers R,, R,, B,, thus reducing the library data to the length specification 
Ip,, in location a# and the number corresponding to k incorporated in the index 
data. If k has no pj, , the compiler routine adds &,=1 to the command in 
location a4 —1 and if k has no p, the compiler routine adds k,=2 to the command 
in location a%+1, while if R, is involved no modification is required to the 
corresponding input command. 

(9) ETC routines provide operations of the form f(A)—A so that problem 
parameters are involved only by provision of various points of entry into the 
routine. Since ETC routines may require to use operations provided by routines 
of the interpretive function block, provision is made for incorporation of the 
head parameter of the standard interpretation block of routines as well as that 
of the ETC routine itself for p=1, 0 respectively. Since only the register A 
is involved, the library data are reduced to the length specification Jp,, stored in 
location a} where the first routine command is in location a/ +1. 
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(10) As in the case of computer-code compilers, the convention for incor- 
poration of parameters requires that parameters be provided immediately 
preceding the compiler code in the case of input programmes, and in the case of 
library hyper-routines which refer to subordinate hyper-routines, any parameters 
are stored following the compiler code. In both cases, the parameters are to be 
transferred to the transfer block, whence they are incorporated into commands 
of the hyper-routine when it is subsequently transferred. To avoid redundant © 
transfer for further references to the same parametric hyper-routine, the entry 
code is punched equal to the value t# had at the time of first reference to the 
routine. 

(11) Since it is found that hyper-commands of library routines have the 
Po digit zero, it is convenient to distinguish those hyper-commands into which 
parameters are to be incorporated by storing them in the library with their Poo 
digit unity. The p, -p,, digits of such commands are used to represent p, 
where the pth parameter associated with the hyper-routine is to be incorporated 
into the command. 


VII. EXAMPLE OF HYPER-CODE COMPILER 
A compiler routine for hyper-code programmes, compiler H2, is given in 
schematic form in Table 6 and in conventional computer coding in Table 7, 
together with library data for use in association with the problem programme 
outlined in Table 8. This hyper-programme is designed to print values of 


8 
y =(sin «)/(are cos w)— X a,at 
, r=0 
for values of «<0-5 read from tape punched in decimal code. It is intended 
for use in association with an interpretive system for double precision arithmetic. 


The library of hyper-routines is to be held in S7/=M" from location 300” 
onwards, while the interpretive routines are to be held in S/=M‘v in locations 
as listed in Table 7. The primary, control, and compiler routines are to be 
transferred from S7/=M" to S,.=WM by switch operations of the console switch- 
board. The input tape is placed in the tape reader, all registers cleared, and the 
computer started. The problem hyper-programme will be compiled in locations 
0’-21' of SZ=M’ and transfer data will be placed in locations 300-303 and 
322-323 as indicated in Table 7. 


The command 101—S,D, punched following the problem programme (Table 8), 
shifts control to the group of commands 101-246, which are designed for transfer 
of hyper-routines if D, has no py) and for transfer of interpretive routines after 
Po is set in D, by command 249. In this case, D, holds ¢/, which has no Do 
and the transfer data in 300-303 are used to transfer hyper-routines from 
314"-325” to 22'-33’ and from 327"-334" to 34’-41’. In the latter case para- 
meters in 302, 303 are incorporated into the hyper-commands transferred to 
34’ and 37’. At the conclusion of this transfer, t, exceeds t/ and control is 
returned to the primary routine. 


The control designation 507’, read from tape, sets at, equal to 50p,,, thus 
leaving space for working data. The command 247—8,D shifts control to a 
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TABLE 6 


SCHEMATIC OUTLINE OF COMPILER H2 FOR HYPER-PROGRAMMES 


Sowvrwwnwwnnr nd nbd bd WS W NY DS NY HK HK BH eB eB eB eB eS eS Ee 
Sete ie Se BS Ba SCE POOL SAT CR OU COBO ON CO G0 STG OI ONS SS 


eo 
= 


Ba) Ge Sp Sie eS edo aes 


Set ey eres (ie. 20p,,) and erase this command [40-42] 

If (A) is a cue command, shift to 4. [43-47] 

Set (age A = re and shift to primary routine command 1. [48-54] 
Extract ((24+m)=a,p4,+kp,+np,+tp,. If n is zero shift to 8. [55-69] 
Set ran—1, ff’ =e2# 4n [70-72] 

Sn ee falafel, ge marr [73-791 

If r not negative shift to 6. [80-81] 

Ree is ee VO py fed 82285) 

Set (aé)’=cue command, at =Ge 21 [86-89] 

If & has no py, set (a 5—2)’=(a—2)+p,, [90-95] - + 

If k has no py set 2p,, in A to be added to next command [96-98] 

Shift to primary to continue assembly of input commands [99-100] 

Entered by 101—S,D following input programme; sets ¢,=0 [101] 

Extract (i +t,)=a {or ap}, (ab)=m,e; CUE {or (ap)=m,e; ETC} [102-107] 
Extract (4 +m) =a,p,+kp,t+np,+tp, {for (2+m)=a,;t} [108-120] 

Store a, and nm and if t=0 shift to 26. [121-127] 

Extract (a,;)=l. If n zero shift to 20. [128-133] 

If 7 is zero, shift to 21. [134-137] 

Extract (#2 +e)=n2, set n’=0 and shift to 27. [138-141] 

Set (H+m)y =n for (2+m)’=hb} [142-143] 

Set (6 +14)’ =hp {or (t+t¢)’=Kp, (t)+t¢+1)'=hy n’=1} [144-151] 

Set az =a,+1, extract (a,)=library command if hyper-command, shift to 28. [152-159] 
If of the form ?—M, (M)—?, K—S, shift to 31. [160-171] 

Set (ap)’=library command and ap=ap+1. [172-175] 

Set /’=I—1. If I>0 shift to 22. [176-178] 

Extract ((#-+4m)=n5 {or (i-+m)=hb} [179-180] 

Set (af) =n Bb +esl {or (ab)’=hb+e—S} [181-183] 

Set 1,=t,+n+1. If t,>t,, shift to primary, otherwise to 14. [184-192] 

If CUE type shift to 33, if ETC type shift to 32. [193-200] 

If non-parametric shift to 24, otherwise shift p to poy—py, digits [201-204] 

Add (t)+t,-+-p) to library command, shift to 24. [205-218] 

Set (t2+11)’=ab and shift to 24. [219-222] 

Set Gey 208, extract ((4+m,)=a,py+kpy+n,pottp, [223-236] 

Set ni=n,—l, if n, negative shift to 24. [237-239] 

Set (F407) =(a,), HY =i +1, aj, =a,+1 and shift to 34. [240-246] 

Entered by nT, 247—-S,D from tape; set t=t), tl’ =p, t,=t)—t) [247-251] 
Adjust teferences of 174 to si, 129,154,242 to Se, set first command in Sis shift to 15. 
[252-262] 


Programme constants [263-272] Library index [273—-275, 276-279 | 
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sequence of commands 247-262 designed to prepare for transfer of pete MS 
routines. Commands 247-251 replace t# by ee te DY Pop, and t, by to—to 


252-258 change 174 to refer to Sp, and 129, 154, 242 to refer to Si 
959-261 sets the first command in si as 50—S 

262 shifts to 107 with D, previously set at 42 by command 191 
107-125 with (A) zero set ¢, a,, n zero corresponding to a pseudo-command 
of the ETC type in 42’. 


The interpretive system of routines is transferred from 1'v-227' to 
50”-276” and (42’) is adjusted as though it were an ETC-type compiler 
code. Commands 184-186 increase t, from 20 to 22, which is then used 
to organize the transfer of the are cosine routine from 269'-306'" to 
277-314". It will be noted that commands 148-151 set hj=50 in location 323 
so that during transfer all commands with p=1 will be adjusted to refer to 
address hy=50, the head address of the interpretive system of routines. When 
this transfer is complete, t, exceeds t, and control returns to the primary routine 
which reads p.—Z7,D from tape and the computer stops. 


By use of switchboard operations, the contents of the store Sh=M" are 
transferred to M, all registers are then cleared, and the data tape is inserted in 
the tape reader. When the computer is started, command 0 shifts control to 50, 
the first command of the interpretive system of routines, and this system proceeds 
to extract and interpret hyper-commands. The hyper-commands 0’—4’ read 
in nine two-word coefficients into locations 8-25 and then, for each a#-value 
read by hyper-command 5’, the value of y is calculated by hyper-commands 
6’-19’ and printed by hyper-command 20’. 

This example illustrates those aspects of hyper-compiler techniques, which 
differ from the techniques previously described for computer-code compilers. 


VIII. EXTENSION OF HYPER-COMPILER TECHNIQUES 

The volume of punching required in forming the programme tape may be 
reduced by minimizing the data put on the tape for library references, as indicated 
previously. Further reduction of punching of hyper-codes can be obtained 
by including an additional routine linked into the primary routine designed 
to expand 10 binary digit codes, consisting of five address digits, a, and five 
operation code digits, f, into the conventional 20-digit hyper-code form, 
Op 1 +fP 6 +20p,. 

A further economy in store space would be obtained if only those inter- 
pretive routines actually required by the programme were transferred to form 
the interpretive programme finally used. This would require an additional 
routine to examine each hyper-code of the input programme and transferred 
hyper-routines, and store a third set of transfer data. These transfer data would 
be used following transfer of hyper-routines to select standard interpretive 
routines for transfer, and, when this is completed, the ETC-type routines would 
be transferred in the manner already considered. 


In certain cases, the library of routines used may require extension of the 
hyper-compiler routine to cover the case of parameters modifying the mode of 
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transfer as in unrolling a polynomial, and the case of ETO-type interpretive 
routines which require other ETOC-type routines as subordinates. These 
extensions correspond to those discussed in the case of computer-code compiler 
routines, and were omitted in compiler H2 for the sake of simplicity. 


IX. PROCESSES FOR USE WITH COMPILER ROUTINES 
While most programmers will be concerned solely with construction of 
problem programmes, some will be concerned with construction of libraries for 
use with compiler routines. 


(a) Process for Construction of Libraries 

Having selected the routines to be formed into a library, adjust the coding 
of parametric commands to include p.p,, in the pop, digits of commands of 
the form (?)—M, (M)—?, K--S, or (8+ p)p,, in the py —p,, digits of hyper- 
commands. Allocate library code numbers to the routines and then replace 
all references to subordinate routines by mp,,-+ep, in the case of computer-code 
compilation or by m,e—S, m,e—L in the case of hyper-code references to ETC 
routines or hyper-routines respectively. If parametric subordinate routines 
are involved, insert the parameters immediately following the compiler code 
in the superior routine. Finally insert lp,, preceding the routine and in the 
case of computer-code programmes include library data Lp,,+R,pi4+Rh,p.t+k,py 
preceding the length datum. 

These may be assembled together with the primary, control, and compiler 
routine into M” using control designation mS to store the a, of the mth library 
routine and the library index is simply formed for each m by the control opera- 
tion mA, mp,+p, and the result inserted into the appropriate location 74 -+-m 
of M”. The resultant sequence of commands can then be punched out on tape 
using a standard routine and is thereafter available for subsequent use. 


It remains only to form a “ library record ”’ for use by other programmers 
intending to use this library. The library record lists the routine d6perations 
provided by the library together with a list of corresponding values of m,e,n 
and a description of any parameters involved. Also included are the terminating 
control designations to be punched following input programmes as in Table 8. 


(b) Processes for Users of Libraries 

The problem programme is designed in the conventional manner with the 
following exceptions. In the case of hyper-programmes data locations 0,1,2 
are left free for use as registers. All references to library operations are encoded 
as m,e,H; m,e—L,E; or m,e—S,H as the case may be, where m and ¢ are obtained 
by reference to the library record. Should be non-zero the parameters 
indicated in the library record are provided immediately preceding the compiler 
code. 

The terminating control operations specified in the library record are 
punched on tape immediately following the punching of the input programme. 
After the library is inserted from tape and checked, the input programme is 
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inserted as has been described. The compiled programme may then be trans- 
ferred to appropriate stores by switchboard operations and performed in the 
standard fashion. 


TABLE 8 


8 


HYPER-PROGRAMME COMPILATION FOR y=(sin 2)/(are cos z)— & a,x" USING INTERPRETIVE 


r=0 


ROUTINES FOR DOUBLE PRECISION ARITHMETIC 


Programme Commands Library Contents 
No. As Punched As Compiled As in Table 7 ay, l 
MS (Hae CFS, TsyosAe [A=5, n=8] Primary routine iO” 16 
3S, 1AT Control routine 16” 14 
0 3A 0—D, 8—D, Input parameters 30” 10 
1 (D,)>K (Dj kK Compiler H2 40” 233 
2 oA (70 (18 Index of hyper-routines 273” 3 
a = Index of ETC routines 210" 4 
3 1=>D, 1—D, 
Pie Wiles is" hae of 
5 (i)+4 (4 brary 0 yper-routines 
6 (4)~A (4)—A 0 | Exponential 300” 12 
7 2,0—S. EB 277-8 1 | Sinecosine 313” 
8 (A)—3 (A)—3 2 | Polynomial 326” 
9 (4) A (4)—A 
10 (A)—0 (A)—0 
il 102577 E 29--L Library of Interpretive Routines 
12 (Os a 0 | Basic interp. system oiv 226 
13 (3)>4 (3)+A4 1 | Cube root 227Kv 40 
14 (4)—3 (A)—3 2 | Are cos 268iv 38 
15 (4)—A (4)—A 3 | Logarithm 307iV 52 
16 (A)—0 (A)—0 
3A 0 = 
2A 0 ie Transfer Data 
17 2,0-L. H 34—L Loc. | Hyper-routines | Loe. | Int Routi 
5 - 5 i t 
AL, ante et yp | erp. Routines 
19 (3) +A (3)+A 300 | 11; 22 320 | —; 50 
20 (A)—0t (A)—0¢ 301 | 17; 34 321 | —; 50 
91 Wi R&S Bees 302 | 64;0 i.e. 8n 322 by eae | 
101 See Fa 303 530 i.e. h 323 | —; 50 
507,247—S. D oo 
Po-T. D = Hyper-programme Interp. Programme 
in M’ in M" 
0-21’ Input pro- 0”"— 49” Data space 
gramme 
22’-33’ Sinecosine 50”—276” Interp. syst. 
34’-41’ Polynomial 277”-314" Arc cos 


X. USE OF COMPILER ROUTINES 
Efficient use of a group of libraries requires a rapid means of checking that 
any library is correctly inserted from tape. An extra pseudo-code included 
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at the end of each library may be so chosen that the sum of this and preceding 
library command codes is zero. This enables a checking routine, using a repeated 
loop of commands to sum the command codes of any library, to check the 
accuracy of insertion in a few seconds. 


Checking of compiled programmes is speeded by use of a special routine for 
printing the resultant programme in symbolic form. This routine prints the 
input programme in conventional form and then lists the name and store location 
of the head of all transferred routines. This process is quicker than printing 
the complete programme, including library routines, in the conventional manner. 
It is necessary, however, to design a group of codes associated with each library 
routine which is used by the programme-print routine to print the names of 
library routines transferred. These print codes can be stored in locations 
a,—1 and a,—2 for eight-letter mnemonics. 


Design of compiler routines and associated libraries of routines requires 
little more programming time than is required for design of the library routines 
themselves. The time required for inserting and checking programmes using 
compiler techniques is less than that required previously, because of the con- 
siderable reduction in checking time due to the reduction of human errors in 
coding and punching. 

A further advantage of compiler techniques is the simplification of pro- 
gramming techniques,:- which results in faster preparation of programmes and 
training of programmers. The ‘“ Programmers’ Manual” for use with compiler 
techniques is much simpler than that required for previous techniques and 
reduces the need for specialized knowledge of instrumental techniques foreign 
to the field of research of the user. 


The compiler techniques adopted for use with the O.S.I.R.O. Mark I 
computer have been designed so far to simplify the task of programming in 
conventional ‘“‘ command ”’ form for both computer-code commands and hyper- 
code commands. Further simplification requires the input symbolism to be 
freed from the restrictive form of ‘‘ command” notation and brought closer 
to the form of conventional algebra, to which mental idiom a far larger number 
of users is more accustomed. 
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A PRELIMINARY SURVEY OF RADIO SOURCES IN A LIMITED REGION 
OF THE SKY AT A WAVELENGTH OF 3-5M 


By B. Y. Mitts* and O. B. SLEE* 
[Manuscript received November 2, 1956] 


Summary 


A preliminary catalogue has been prepared of radio sources observed in a sample 
area of about one steradian near the celestial equator: a total of 383 sources is listed. 
The brightest nebulae in the area are found to be radio sources. Statistical analysis 
of the catalogue reveals no obvious cosmological effects except, perhaps, for a significant 
degree of clustering which may be indicative of metagalactic structure. The catalogue 
is compared in detail with a recent Cambridge catalogue which includes the sample 
area ; it is found that they are almost completely discordant. A theory is developed 
which explains this discordance in terms of instrumental effects and it is concluded 
that a major part of the Cambridge catalogue is affected by the low resolution of their 
radio interferometer. 


I. INTRODUCTION 

The analysis by Ryle and Scheuer (1955) of the recently completed survey 
of radio sources observed at Cambridge with the 3-7 m interferometer (Shakeshaft 
et al. 1955) has raised many interesting questions in cosmology. An independent 
check on the accuracy of the Cambridge survey is therefore of value. A radio 
survey of the sky south of Dec. +10° is at present being carried out with the 
1500-ft Sydney ‘ cross” aerial at the closely similar wavelength of 3-5 m. 
From this a catalogue of radio sources is being prepared which will extend to a 
rather lower intensity than the Cambridge survey and have a convenient overlap 
of more than 45° in declination. Because the two instruments are completely 
different in character, the Cambridge instrument being an interferometer with 
multiple responses and the Sydney one having a single pencil-beam response, the 
comparison should be valuable for detecting the presence of instrumental 
effects. 

Completion of the Sydney catalogue will take a long time and therefore, to 
check the Cambridge survey, it was decided to make a preliminary detailed 
comparison over a limited but representative area. We have chosen an area 
bounded by declinations +-10° and —20° and by Right Ascensions 00% and 08, 
This area was chosen principally because M. Ryle sent us, in advance of publica- 
tion, a list of the Cambridge sources in part of it for the purpose of checking. A 
catalogue has been prepared from our records available up to the present ; it is 
preliminary in nature as single records only are available for about half the 
sources and this is not considered adequate for complete reliability at the lowest 


level of intensity, but, as we show later, errors due to this cause will not affect 
our conclusions. 


* Division of Radiophysics, C.8.I.R.O., University Grounds, Chippendale, N.S.W. 
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The most important conclusion of Ryle and Scheuer was that there exists 
a very large excess of weak radio sources, much more than would be expected 
with a uniform spatial distribution; the excess is used to prove that the 
sources are extragalactic and that the steady-state theory of the universe is 
untenable. If the excess of faint sources in the Cambridge catalogue is real and 
not of instrumental origin, their final conclusion seems difficult to avoid. It is 
well known, however, that radio interferometers are very subject to instrumental 
effects (e.g. Mills 1952). 


Some of our early results, reported by J. L. Pawsey at the Jodrell Bank 
Symposium on radio astronomy, 1955, appeared to contradict the Cambridge 
observations, but the comparison was a statistical one and, moreover, our data 
were not very homogeneous ; consequently the results could not be regarded 
as a direct refutation of the Cambridge survey. However, the detailed agreement 
between the present catalogue and the Cambridge catalogue is also extremely 
poor, indicating that at least one of them is largely incorrect ; from an analysis 
of the comparative performance of both instruments we conclude that the 
majority of sources listed in the Cambridge catalogue are affected by the low 
resolving power of their interferometer, many being simply blends of two or more 
-weaker sources. Likewise, the statistics of the catalogues in the sample area are 
incompatible, the present results being consistent with our earlier approximate 
statistics.* We find only a small excess of faint sources, which, when account is 
taken of instrumental effects, is found to be insignificant as far as any cosmo- 
logical evidence is concerned: a real excess is possible but that suggested by 
Ryle and Scheuer is impossibly large. 


Although the source counts appear to have no cosmological significance 
there are two observable effects which may be relevant in this connexion. These 
are (a) possible large-scale clusterings of radio sources which may be an indication 
of metagalactic structure, and (b) a rather low value for the fluctuations in 
background brightness which may indicate a reduction in the flux densities of 
distant sources due to red shift. 


II. PREPARATION OF THE CATALOGUE 

The Sydney cross aerial is a pencil-beam instrument of beamwidth 50 min 
of arc; the principle of operation has been described by Mills and Little (1953). 
It is arranged as a transit instrument and altered in declination by phasing the 
dipoles in the north-south arm of the cross. In our survey, the aerial is switched 
successively between five adjacent declinations separated by slightly less than 
half a beamwidth, recording each quasi-simultaneously. Because of the reduced 
observing time on each declination the sensitivity is less than in the earlier work 
using a stationary aerial beam (e.g. Mills 1955); it was decided to sacrifice 
sensitivity and also positional accuracy in this way in order to complete the 
survey in a reasonable time. A facsimile of a typical record within the com- 
parison area is shown in Figure 1 ; in this, the vertical deflection of the recorder 


* The intensity scale used for the earlier statistics must be approximately doubled (see 
Appendix II). 
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pen is proportional to the integral of the power received from the aerial, the 
integration process being commenced every 12 sec, when the aerial beam 
is switched to another declination. Thus the upper ends of the repetitive 
line pattern indicate the brightness at the corresponding declination setting, 
each declination being observed once a minute at every fifth integration. 
A bias is applied in the integrating circuit so that a positive-going deflection is 
obtained in the absence of any signal; this avoids changes in the sign of the 
deflection which could result frony noise fluctuations or negative side lobes and 


| 
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Fig. 1.—A typical record centred on a declination of —2° 17’. Vertical time marks at the right- 
and left-hand ends indicate the sidereal times 00% 30™ and 01" 00™ respectively. Immediately 
following the time marks the receivers are connected to dummy loads for a period of 12 sec as a 
check on stability, other negative-going deflections are added to identify the beam positions. The 
prominent sources near the right- and left-hand ends are respectively 00-010 and 00-078. 


which cause difficulty in reading the record. Time and calibration marks are 
added at regular intervals. The whole system will be described in detail else- 
where. 

As a first step in reduction, the records are traced with each declination 
displaced vertically ; smooth curves are then drawn through the series of points 
corresponding to each separate declination, and the zero level computed and 
inserted. Two such tracings at adjacent beam settings are shown in Figure 2. 
It is arranged that the outer declinations of each setting overlap as shown ; this 
has advantages in tying together calibrations. 
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After a set of interlocking tracings covering the whole area of interest has 
been obtained, an examination is made for indications of discrete sources. These 
appear on the record as humps with a width between half-amplitude points of 
50 min of are (or more if the source is extended). The humps are visible on at 
least two declinations since the separate declinations are less than half a beam- 
width apart. The Right Ascension of a source is obtained from the point of 
symmetry of its response, and the declination from the ratio of the deflections 
on adjacent declinations. 


7 
~ 2041! 
f = E3°04' 
4 hee ee we 
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Fig. 2.—Traces obtained by separating vertically the five separate declinations recorded 
sequentially. The responses of catalogued sources are indicated. 


(a) The Catalogue 

Our catalogue of sources is given in Appendix II. For convenience each 
source has a reference number in which the first two digits denote the hour of 
the Right Ascension ; these are followed by the sign and tens digit of the declina- 
tion in degrees and an italicized serial number arranged in order of increasing 
Right Ascension within the 1-hr period. The probable errors in position, 
which are indicated by superscripts, have been estimated provisionally, but 
with further experience of the survey a correction may be required. Sources 
listed in the catalogue are indicated on the tracings of Figure 2; the weakest 
are not easily visible on the reproduction although they are reasonably clear 
on the originals. The gain of the system is deliberately kept low in order that 
the deflections due to very bright regions should be as much as possible within 
the range of the recorder. 

Although the majority of sources have angular sizes much less than the 
beamwidth of the aerial and thus cause no widening of the response pattern, 
there are some for which the response is appreciably widened. These may be 
either sources of large angular size, or blends of two or more small sources ; 
in general, it is not possible to distinguish between these possibilities. They 
are listed as ‘“‘ extended sources”’ in the catalogue and an estimate of their 
integrated emission is obtained by multiplying the peak apparent flux density 
by the ratio of the solid angle of the observed pattern to that of the aerial beam. 
For strong sources an extension of about 4° can be detected, but recognition 
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becomes increasingly difficult at the low levels. When the angular size becomes 
very large, it is often difficult to decide whether an extended source is real or 
represents merely a structural feature in the background radiation. This 
problem is particularly difficult in the neighbourhood of the Milky Way, that is, 
around 6-75 R.A. To reduce uncertainties of this kind, the catalogue is restricted 
to sources of size less than 2°. 


In order to check the reality of the sources listed, the earlier records taken 
with a stationary aerial beam and of higher signal-to-noise ratio have been used. 
Although these records are too sporadic for a complete coverage of the area, 
the existence of humps close to the positions of more than half the sources in the 
catalogue could be verified ; these sources are indicated by an asterisk. A 
small number (about 3 per cent.) of those checked were found to be fictitious and 
have been omitted from the catalogue ; these were all very weak sources. A 
greater number (about 5 per cent.) showed discrepancies, but could not be 
excluded completely because available records were insufficient to decide whether 
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Fig. 3.—Check records obtained for two of the declinations shown in Figure 2. (a) refers 
to Dec. —1° 31’, (6) to Dec. —2° 41’. The Right Ascensions of catalogued sources which 
; should appear on the records are indicated. 


the discrepancies resulted from variations of position or flux density within ‘the 
limits of error. These sources are indicated by daggers and must be regarded as 
doubtful. Of the unmarked sources, it seems probable that the same proportions 
of fictitious and doubtful sources would be preserved if checking were possible, 
thus a reliability of better than 90 per cent. might be expected ; sources with 
flux densities greater than 210-25 W m-? (¢/s) should all be included and 
_ completely reliable except perhaps in the small areas where confusion from 
side lobes exists. Two of these check records corresponding to declinations 
shown in Figure 2 are reproduced in Figure 3. Again the responses due to 
catalogued sources are indicated. 


It was shown by Mills and Little (1953) that there is possibility of a spurious 
response with a cross type aerial when a strong source crosses one of the fan 
beams of the individual arrays. Hach source crosses the beam of the east-west 
array, which lies in the meridian plane, at the time of its culmination. Two 
sources, [AU 0383A and IAU 05N2A, are sufficiently strong to cause trouble 
in this way within the sample area, and allowance for their effects has been 
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made in preparing the catalogue. This type of spurious response has often 
been observed amounting to about 1 per cent., and sometimes more, of the 
flux density of the interfering source. The fan beam of the north-south array 
cuts the celestial sphere along an east-west small circle intersecting the meridian 
plane at the declination setting of the aerial ; thus, for this array, it is necessary 
to compute the times at which each source crosses the beam for every declination 
setting. The possibility of spurious responses of this type was ignored when 
compiling the catalogue, since it seemed likely that they would be smaller 
than in the other case because the adjustment of the east-west arm of the cross 
is not altered when changing declination and hence it may be set up for minimum 
side lobes. Subsequently the positions were calculated at which such spurious 
responses might be expected due to the sources [AU 05N2A, TAU 0981A, and 
TAU 12N1A, the only ones likely to produce observable effects in this area. 
However, no indications were found of any clustering of sources near them, 
and only one source can possibly be seriously affected (01+0/1). 


It is interesting to check the [AU catalogue of radio sources (Pawsey 1955), 
which contains two weak sources, 02S0A and 02814, in the area of the present 
catalogue. In both cases the positions and flux densities of the sources, which 
are in the “ least reliable ”’ list, appear to have been badly affected by blending 
effects in the earlier surveys. In the case of 02S1A, the identification seems 
clear with our source 02—14, the most prominent in the area, but the [AU 
position is several degrees in error, and the flux density too high by a large 
factor. The source 02S0A is clearly a blend of our sources 02 —06 and 02 —014 ; 
it is natural to identify it with the stronger of the pair, 02—06, and again the 
position error is several degrees. 


A number of reasonably certain identifications with bright nebulae of 
various types are indicated in the catalogue, and several possible identifications 
with fainter nebulae are also noted, for which the only evidence is a coincidence 
in position. The latter are bracketed to indicate their provisional nature. 
The question of identifications is discussed later. 


III. CoMPARISON BETWEEN THE SYDNEY AND CAMBRIDGE CATALOGUES 

The Sydney and Cambridge catalogues are compared directly in the maps 
of Figure 4. Sydney sources are shown at their listed position as solid circles 
of diameters dependent on their flux densities, while Cambridge sources are 
shown as corresponding open circles. A source listed as ‘‘ extended ” or “ large ” 
in either catalogue is surrounded by an irregular line which is dotted when the 
extension is not definitely established. The loci of possible spurious sources in 
the Sydney catalogue due to the passage of a strong source through the east-west 
fan beam of the aerial are shown as dotted lines labelled with the [AU designation 
of the source concerned. 

Simple inspection of the maps reveals that the two catalogues are almost 
completely discordant. The conclusion follows that instrumental effects play 
a decisive part in determining the positions and intensities of sources in at least 
one of the surveys. 
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Fig. 4.—Maps of the comparison area showing the distribution of Sydney and Cambridge sources. 
The half-power response contours of each instrument are indicated on the same scale. 
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The half-power response contours of each of the aerial diagrams used for 
the surveys are also shown in Figure 4 ; the response of one of the four Cambridge 
interferometer aerials is given because this determines the angle over which 
the system responds.* It is obvious that the Cambridge sources, with an 
average density of about two per beamwidth, are likely to be affected by con- 
fusion, while the effect might be expected to be trivial in the Sydney catalogue, 
averaging one source per 17 beamwidths. We show later that the discrepancies 
seem to be quite consistent with inadequate resolution in the Cambridge survey ; 
first, however, let us begin a quantitative comparison of the surveys by examining 
their flux density standards. 

Because of the very poor general correlation between the catalogues, it is 
clearly unwise to attempt to compare calibration standards by comparing flux 
densities of the few sources which appear to agree in position. Instead, it is 
more convincing to use some sources close to the comparison area which are 
sufficiently strong to permit the neglect of resolution effects. The only suitable 
choices appear to be the IAU sources 05N2A, 09S1A, 12N1A, and 16NOA, and 
in Table 1 their flux densities are compared. The mean ratio between the Sydney 
and Cambridge flux density standards near zero declination is 1-2, with a 
probable error of 0-1. The difference is insufficient to require a correction 
factor when comparing individual sources. 


TABLE I 


COMPARISON OF SYDNEY AND CAMBRIDGE OBSERVATIONS ‘OF BRIGHT SOURCES 


Flux Density 
Source (10-24 W m-? (¢/s)-1) Ratio Sydney 
IAU No. Cambridge 
Sydney (3:5 m) Cambridge (3-7 m) : 
O5N2A 23-0 18-5 1-24 
09S1A 6-7 5:7 1-18 
12N1A 24-3 17 1-43 
16NO0A 8-9 9-0 0-99 


Also, we may compare the positional accuracies of each survey, and the 
mean probable errors of all the sources in each catalogue of the comparison area 
are listed in Table 2. 

Tt has been suggested by Shakeshaft ef al. (1955) that a substantial pro- 
portion of the Cambridge sources may be placed in the wrong lobe of the inter- 
ferometer pattern. If a movement of one lobe either way in declination and 
Right Ascension is allowed, the area of uncertainty of the Cambridge ‘¢ small ”’ 
sources is increased ninefold, corresponding to the nine allowed lobe positions. 
Under these conditions it is easy to show that there is a probability of 0°4 of a 


* The response of a uniformly illuminated aperture of the dimensions of the Cambridge 
aerial, i.e. 320 by 40 ft, has been given (2° by 16°). In fact the response might be expected to 
be rather wider than this in a north-south direction because the illumination is tapered towards 
the edges. 
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coincidence, within an arbitrary limit of three probable errors, between a 
Cambridge source and any point in the comparison area. It therefore seems 
futile to consider the possibility of lobe shifts when intercomparing the catalogues, 
except in the case of sources specifically mentioned in the catalogue as having an 
ambiguity in their position and also, perhaps, the stronger sources. 


Before looking for coincidences it is desirable first to calculate the number 
to be expected assuming that the catalogues are completely uncorrelated and 
that the sources are distributed atrandom. We take as a criterion of coincidence 
the agreement of two catalogue positions within three times the combined 
probable errors, that is, on the average, within +18’ in Right Ascension and 
+99’ in declination corresponding to an area of 2 square degrees. There are 
227 Cambridge and 383 Sydney sources in the area of 3550 square degrees ; it 
follows that the expected number of chance one-to-one coincidences is 42. 
The actual number of such coincidences is 62 and accordingly it would appear 
that a certain proportion represent genuine observations of actual sources. By 


TABLE 2 


COMPARISON OF SYDNEY AND CAMBRIDGE POSITIONAL ACCURACIES 


Mean of Quoted Probable Errors in Each 
Survey 
Right Ascension Declination 
(min of arc) (min of arc) 
Sydney .. a 8 5 | 6 
Cambridge ea 3% 3 32 


.accepting only those coincidences for which both flux densities are high and not 
too different, we consider it probable that in the following 12 examples the same 
physical object is being observed in both surveys : 206, 00+0/ ; 2023, 00—17; 
2050, 00—010; 2092, 01-12; 2C122, 01—05; 20196, 02—15; 20280, 
03+02; 2C317, 03—04; 20331, 03+07; 20338, 03-19; 20443, 04—022; 
2C553, 06—02. The source 20122 requires a lobe shift in Right Ascension to 
bring it into approximate coincidence with the Sydney source 01—04, but, as 
the flux densities agree and, moreover, there are no adjacent strong sources 
likely to cause bad confusion in the Cambridge observation, the lobe shift 
appears to be legitimate. 

Since it would seem that instrumental effects play an important part in the 
preparation of a catalogue of radio sources, it is clear that the statistics of the 
distribution of sources in space cannot be investigated without a thorough 
analysis of all such effects. We have therefore attempted to assess the importance 
of these effects in our survey and, since we are not aware of any such analysis in 
connexion with the Cambridge survey, in that also. We begin with an estima- 
tion of the effects of finite resolution in the Cambridge survey, since the calcula- 
tion is easily made and the result is very illuminating. | 
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IV. EFFECTS OF FINITE RESOLUTION 

The simple model used by Ryle and Scheuer is assumed, i.e. that the radio 
emission arises in a population of physically discrete sources distributed randomly 
and without clustering throughout a static Euclidean universe; later we will 
investigate some modifications needed with a more realistic model. Logically 
the investigation of the Cambridge survey must be carried out in two parts, 
the “‘ small ” sources observed with the interferometer and the “ large ”? sources 
observed with a single aerial being treated separately. 


Let us consider the problem of the response of an interferometer to a 
population of sources too numerous for individual resolution. Each source 
within the reception angle of the aerial contributes a sine wave response of 
amplitude proportional to the flux density of the source, of phase dependent on 
its Right Ascension, and of frequency dependent on its declination. All fre- 
quencies within the aerial beam will be closely the same since, except near the 
celestial poles, the frequency of the pattern is not a rapidly changing function 
of declination. The combined effect of all the sources is therefore a sinusoidal 
oscillation, modulated slowly by the response pattern of one aerial and by the 
frequency dispersion caused by the finite range of declinations to which the 
system responds ; the number of separate maxima will be of the same order as 
the number of beamwidths which can be fitted into the sky. The problem of 
describing the probability distribution of the envelope of the interferometer 
pattern is therefore essentially that of the two-dimensional random walk, for 
which the method of solution is well known (e.g. Chandrasekhar 1943). With a 
very large number of ‘‘ walks’ of small amplitude, the solution is a Rayleigh 
distribution, but this cannot be assumed here because the number-intensity 
distribution of the sources is extremely skew. The calculation of the true 
distribution is very laborious* and we limit ourselves to computing the r.m.s. 
amplitude of the envelope under various conditions, for which an exact solution 
is easily obtained; this is quite adequate for our purpose. 


Let us make the simplest assumption that the distribution of sources in 
space is uniform and isotropic: the number of sources, dn, in the whole sky with 
flux densities between S and S—dS is given by 


diva (3 (21S BASHA S WIE dui ecm ones ee. (1) 


where S, is the flux density of the strongest ‘‘ average ” source of the population, 
obtained by extrapolating the log n—log S curve to n=1. 


* Ryle and Scheuer (1955) give curves which they have derived for this probability distribu- 
tion with various types of source distribution, but no flux density scales are appended and no 
details of the calculations are given, so that we are unable to check their correctness. 

Note added in Proof.—We have just received from P. A. G. Scheuer a copy of his paper 
(1957, in press) giving the theoretical derivations on which the probability distribution curves 
are based; however, we have not yet been able to compare the curves directly with our own 
results because of the lack of essential numerical data. 
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The mean square amplitude of the output, in flux density units, due to 
sources of flux density between S and S—dS and in solid angle dQ is given by 


(apa - F2S82dn 
= 82" Fa0 st8td 8) 2. 4. Sree (2) 


where F is the normalized power response of the aerial in the direction of dQ. 


The r.m.s. amplitude of the output due to all sources of flux density between 
S, and 8, is therefore given by 


— Si 
(42)i—= ls" | FQ | sas 
4r 


So 
= (3.Q,,/472)#So#(S,2 —S5?)?, bell See She ee ee ny et (3) 
where | F?dQ is written as .. 
4r 


If the population of sources is effectively infinite, that is, if S,<S,, we 
have * 
* (A?) S(O fare ES ES es oe es en ae ee (4) 


We will assume that the population of sources extends much lower than 
the lowest flux density recorded in the Cambridge survey and estimate the 
lowest flux density at which the survey is reliable. As a criterion of reliability 
it will be assumed that the r.m.s. amplitude due to all sources less than the 
minimum reliable flux density (S;) should be less than 4S,. While the criterion 
is arbitrary, it is one which is related to practical experience in the detection of 
small signals in noise or interference. Even at this level it seems clear that 
an appreciable proportion of the sources might be expected to be listed in 
the wrong position and with the wrong flux density. Substituting in equation 
(4) we have 

38, = (8Q,/4x) 4S 48,2, 
or 
= 9 (Jar) 2 280 os sie ee eee eee oe (5) 


For the Cambridge survey we take S)=1-8 10-8 W m-? (e/s)-1, derived 
from the uniform distribution curve of best fit in Figure 6, after allowing for 
the calibration difference of 1-2 between the two surveys. For a uniformly 
illuminated aperture of area A it may be shown that the value of Q, is approxi- 
mately equal to 3)7/A. After allowing a factor of 4, because there are two pairs 
of aerials in the Cambridge interferometer, we find the value of ©, is equal to 
3X10-° steradians. The minimum reliable flux density, S,, for the Cambridge 
survey should therefore be about 6x10-*> W m-(ce/s)-1. It is interesting 
that of the eight Cambridge ‘“‘ small” sources with flux densities greater than 
6 x10-*° W m~? (e/s)-1, six agree well in position and flux density with Sydney 
sources, one agrees well in position but not in flux density, and one agrees well 
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in flux density and also in position if a lobe shift is applied in Right Ascension. 
Below this level agreement deteriorates rapidly. 


The minimum reliable flux density of a pencil-beam survey may be estimated 
in a very similar way. Again the unresolved sources add together to produce a 
random deviation of the output and again we may calculate the r.m.s. value 
of this deviation, although the calculation of the actual probability distribution 
is too laborious. The number of sources, dn, between S and S—d8 is given 
by equation (1) as before. These have a Poisson distribution, of variance dn. 
The total flux density of all sources in the interval is therefore Sdn and the 
variance of this distribution (now no longer Poissonian) is Sdn. It is therefore 
easy to see that the r.m.s deviation of the output signal is given by the same 
expression as before (equation (3)), but where (42)! refers to the r.m.s. deviation 
of the output rather than to the r.m.s. amplitude of the envelope. The other 
equations are similarly applicable and we may use equation (5) to determine S,. 

For the Sydney survey we take 8,=2-1x10-22 W m-2(c/s)-! and 
Q.=1-2x10-4, the value of S, is found to be approximately 8 x10-?6 
W m-? (c/s)—4, or, on the Cambridge flux density scale, 7 x 10-2 W m-? (e/s)-1, 
that is, nearly 10 times lower than in the Cambridge survey. The improvement 
is the result of the much higher resolving power of the instrument. The survey 
is limited by sensitivity at about this level. 


A similar analysis may be applied to the Cambridge ‘‘ large” sources, 
which were observed with a single aerial. This time we take Q,=6x10-3 
and find a minimum reliable flux density of about 10-24 W m~-? (c/s)-1. The 
two Cambridge large sources with flux densities greater than this (20493, 520) 
do not correspond with Sydney sources, although two with somewhat smaller 
flux densities agree reasonably well (2C6, 433). The two former sources are, 
however, close to the galactic plane, where it is clear that the simple model of a 
random distribution of discrete sources breaks down completely. The brightness 
distribution is very complex and it is often difficult to separate the discrete 
sources from fluctuations in the general background radiation. Examination 
of our records suggests that the Cambridge sources 2C493 and 520 correspond 
roughly with regions of excess brightness in which, however, the distribution is 
complex. It is quite unclear whether such regions should be designated as 
discrete sources and, aS mentioned earlier, we partly avoid the problem by 
limiting our catalogue to sources less than about 2° in size (i.e. about 3 square 
degrees). 

This fluctuation in background brightness can also cause some difficulties 
in the Cambridge interferometer survey, although it does not seem likely to be a 
major cause of error. An interferometer responds to one spatial Fourier com- 
ponent of the sky brightness distribution ; any substantial change in brightness 
within an angle corresponding to the lobe separation of the interferometer will 
therefore produce an output signal indistinguishable from that of a discrete 
source. We have not yet sufficient data regarding the background irregularities 
near the galactic plane for any reliable estimates of their effect on an inter- 
ferometer survey, but we have estimated from the available data that they are 
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not likely to produce many spurious sources of flux density greater than about 
2 or 3X10-25 W m-? (c/s)-1; thus the effect is probably negligible compared 
with effects of finite resolution. ° 


V. ANALYSIS OF THE SYDNEY CATALOGUE 

It has been shown that the Cambridge catalogue does not agree with ours 
and that errors in the former due to poor resolution might be expected to occur 
just at the level where agreement begins to break down. On the other hand, 
the corresponding level of reliability in our catalogue is nearly 10 times lower 
at a flux density of 8x10-2* W m-? (¢/s)-!. We include very few sources with 
lower flux density (~2 per cent.) so it appears that the finite resolving power of 
our aerial is not a serious drawback. In addition, the existence of a substantial 
proportion of the sources has been confirmed under very different conditions of 
observation, and it has been found that side lobe effects are probably quite 
negligible in the area. It therefore seems safe to assume that practically all 
our sources represent real concentrations of radio emission, the majority probably 
being physically discrete. An analysis of the catalogue should therefore give 
meaningful results. 


(a) Identifications 

A search through our catalogue for radio sources which can be identified 
with optical objects is of value in two ways, as a means of acquiring information 
about the radio and optical objects and as a check on the reliability of the 
survey. The ‘ Palomar Sky Atlas’ appears to be the best source of optical 
data, for not only is the plate limit very low, but the direct photographs in two 
colours enable some estimate to be made of peculiarities in any suspected radio 
emitter. However, we have not yet available sufficient prints of the Atlas in 
this area to make the comparison worth while, and accordingly we have limited 
ourselves, for the present, to an examination of the ‘‘ Skalnate Pleso Catalogue ” 
(Becvar 1951) supplemented for the external galaxies by the revised Shapley- 
Ames Catalogue of de Vaucouleurs (1952-53).* The limiting magnitude of these 
catalogues is about 13.- 


Of the 76 galaxies listed in the area,°6 are coincident with the positions of 
radio sources within three probable errors. By chance, two or three such 
coincidences would be expected, and it therefore seems probable that some of 
the coincidences are real. The brightest galaxy in the area, NGC 1068, appears 
well identified with the radio source 02—014; this identification has already 
been noted (Mills 1955). The position of the source agrees closely in Right 
Ascension with the galaxy, but is about 10 min of are, or two probable errors, 
different in declination. It is possible that the nearby bright galaxy NGC 1055 
contributes slightly to the emission as it is too close to be separately resolved 
and such a contribution would help explain the slight discrepancy in position ; 
the appearance of the records is consistent with such an interpretation. None 


* A systematic comparison of portion of our catalogue with the ‘‘ Palomar Sky Atlas” has 
been carried out by R. L. Minkowski, and several of the possible identifications we 


} ; : uot 
included in his much longer list (unpublished data). eH ac 
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of the other possible identifications appears to be of great interest except, 
perhaps, NGO 157 with the radio source 00—07. This is the third brightest 
galaxy in the area, an Sc, and the radio position is within two probable errors 
of the optical centre in both coordinates. The radio emission seems rather high 
in comparison with other ‘‘ normal’ Sc galaxies as the ratio of radio to optical 
emission, defined by the magnitude difference, m, —™M,, 18 —1-0* compared 
with a mean of +1-6 obtained earlier (Mills 1955). This possible identification, 
- however, does not affect significantly the previous estimate of the radio emission 
of Se galaxies as a class, particularly in view of the fact that six other bright Se 
galaxies in the area were undetectable. 


Close to the galactic plane there are several good identifications with 
emission nebulae, most of which have already been given (Mills, Little, and 
Sheridan 1956). The most obvious is the source 06 +08 which is identified with 
the Rosette nebula in Monoceros, NGC 2237. The source 05—010 which is 
identified with M42 is also clear and the source 05 —011 appears well identified 
with the extended nebulosity around the Horsehead nebula (IC 434 etc.) ; 
it appears possible also that the source 05 —0/35 is associated with the eastward 
extension of the M42 nebulosity. The pair of sources 07—J1 and 07—12 
are difficult to disentangle but both could be identified with the IC 2177, 
NGC 2327 complex; isophotes of the region are desirable to form a definite 
opinion since there is much complexity of detail. The nebula NGC 2264, for 
which an identification was also suggested before, is centred within the northern 
boundary of the area, at a position of 06" 38™-2, +09° 57’, but the extended 
source is outside at a position of 062 37™-1+0™-5, +10° 10’+10’, and therefore 
it is not included in the catalogue. As the nebula is very extended, the position 
we obtain is quite consistent with an identification. To sum up, it would seem 
that all the bright emission nebulae in the area are accompanied by a radio 
source close to the position of maximum brightness; none of these sources 
is included in the Cambridge catalogue. 

The lists of globular clusters, planetary nebulae, and novae contained in 
‘the ‘‘ Skalnate Pleso Catalogue ” have been searched for coincidences. There 
are no globular clusters, 11 planetaries, and 2 novae in the area; but none 
agrees with the position of a radio source. 


(b) Statisties 
It remains to examine the statistics of the sources in our catalogue. In 
Figure 5 the logarithm of the number density of sources with flux density S or 
higher is plotted against log S; the actual numbers of sources within various 
flux density ranges from which the figure is derived are given in Table 3. The 
standard errors in the plotted points due to chance effects in the spatial distribu- 
tion (./N) are shown as vertical wings in the figure. For comparison the 
corresponding Cambridge data are also included, after adjusting their flux 
densities to the Sydney standard by multiplying by 1-2; error indicators are 

omitted from the Cambridge points for clarity. 


* Using the earlier flux density scale (see Appendix IT). 


176 B. Y. MILLS AND O. B. SLEE 


The greater slope of the straight portion of the Cambridge curve is very 
clear, and is the result of an excess of sources with flux densities between 2 x 10-?° 
and 8 x 10-25 W m~ (c/s)-! where the Sydney catalogue is reliable. We consider 
this excess to be another effect of low resolution in the Cambridge survey, 
since the total number of sources listed is of the same order as the number of 
separate maxima that can be obtained from the interference pattern (2 sources 
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Fig. 5.—A comparison of the Sydney and Cambridge source counts. 


per beamwidth) and the flux density range most favoured in Table 3 is that at 
‘which a random modulation of the output is expected owing to the effect of 
unresolved sources. 


It is known that a uniform distribution of sources in a static Euclidean 
universe should, when plotted as in Figure 5, yield a straight line of slope —1-5. 
The slope we obtain, —1-7, is sufficiently different to warrant some investigation. 
From the map of Figure 4 it is seen that near the plane of the Milky Way there 
is a concentration of moderately strong extended sources, presumably the Class I 
galactic sources (Mills 1952). These and the Class II sources must be considered 
separately, but, as there is insufficient area close to the galactic plane for a 
worthwhile investigation, only the latter will be considered here. Since present 
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evidence strongly favours an extragalactic origin for Class II sources,* their 
investigation is likely to be of importance to cosmological theory. We take the 
dividing line at a galactic latitude of 124°, as before, and in Figure 6 a logarithmic 
plot is shown of the number density of sources against the flux density for the 


TABLE 3 
THE NUMBERS OF SOURCES WITHIN VARIOUS FLUX DENSITY 


RANGES 

Flux Density Range Number of Sources 

(10-76 W m-? (e/s)—1) 
Sydney Cambridge 

<10 49 5 

10— 19-9 206 52 

20— 39-9 90 121 

40— 79-9 25 39 

80-159-9 10 7 

> 160 2 3 


high latitude area ; the numbers within various flux density ranges are tabulated 
in Table 4. In estimating the slope of the ogive a difficulty arises because of the 
small number of sources with high flux densities and the correspondingly large 
statistical uncertainty. In fact it is well known from previous surveys that 


TABLE 4 


NUMBERS OF CLASS II SOURCES WITHIN VARIOUS 
FLUX DENSITY RANGES 


Flux Density Range No. of Sources 
(10-76 W m-? (c/s)—*) 


<10 42 
10- 19-9 177 
20- 39-9 68 
40- 79-9 19 
80-159-9 5 
> 160 0 
>100 in 36 (see text) 


Cambridge survey 


there is a conspicuous absence of strong sources in an area near the south galactic 
pole, which includes a large amount of the sample area. To overcome this 
difficulty, use has been made of the data in the major part of the Cambridge 
survey to deduce a mean density for sources stronger than 10~** W m-? (¢/s)~* 


* We are clearly unable to apply the arguments of Ryle and Scheuer for their extragalactic 
origin, but the many identifications which have been made with abnormal galaxies, and some 
recent measurements of the angular sizes of the 70 brightest sources by A. W. L. Carter (paper 
in preparation), leave little room for doubt. 


L 
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(8-3 x10-25 W m- (¢/s)-1 in the Cambridge scale) ; we have shown that their 
survey should be largely unaffected by finite resolution at this level. Sources 
have been counted which have declinations north of —20° and galactic latitudes 
greater than 124°; there are 36 such sources in the total area of 6-7 steradians, 
corresponding to a density of 5-4-+-0-9 sources per steradian. Sources south of 
—20° have not been included in this count, because it appears that the reliability 


300 


100 


30 


No. OF SOURCES/STERADIAN 


10 20 40 80 160 


FLUX DENSITY (10-26 wm? (c/s)~) 


Fig. 6.—Source counts of the Sydney “Class IL’ sources, 

compared with a theoretical curve based on a uniform distribution 

of sources and including approximately the expected instru- 
mental effects. 


of the Cambridge survey decreases markedly near the southern horizon ; this is 
indicated by the large probable errors quoted in the catalogue and the omission 
of the very strong source IAU 0383A. 

The point deduced from the Cambridge data is shown in Figure 6 surrounded 
by a dotted rectangle indicating the standard errors in both coordinates. The 
line of best fit is drawn through this and the low-level points derived from the 
Sydney catalogue; the initial segment is straight with a slope of —1-8 
(P.H.-+0-1) while a curvature is evident at low levels, indicating an apparent 
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reduction in the space density of sources with flux densities less than 
10-°° W m~* (c/s); this, however, is quite likely to be due entirely to the 
operation of instrumental effects near the survey limit. More interesting is 
the slope of the straight portion which, being three probable errors greater than 
—1°-5, suggests a possible cosmological effect ; it is necessary to estimate the 
contribution of instrumental effects to this increased slope. 

There are two important factors which tend to increase the apparent 
number of sources with flux densities just above the survey limit. Firstly, 
confusion or blending effects in which sources below the limit cause a random 
variation in the output as discussed earlier; large chance excursions are then 
counted as single sources. Secondly, the effect of observational selection in 
the presence of noise ; the rapid increase in numbers with decreasing flux density 
provides many more sources, below the limit of visibility, capable of being 
included owing to the presence of favourable noise fluctuations than sources, 
above the limit, likely to be excluded through the presence of unfavourable 
fluctuations. Selection effects may be reduced in importance by taking more 
observations, but to reduce the blending effects an increase in resolution is 
required. A further factor which could be of importance is the possible existence 
of a large number of side lobes, each of which could be counted as a single weak 
source ; in the sample area, however, this effect is probably quite negligible, 
as explained earlier. 

The exact computation of the effects of blending and selection is extremely 
laborious ; fortunately it appears that neither are likely to be very pronounced. 
in the catalogue and accordingly approximate methods may be used. The 
calculations are outlined in Appendix I. The dotted line through the open 
circles in Figure 6 is the source count expected, after allowance has been made 
for instrumental effects, from a uniform distribution of sources in which the 
strongest ‘‘ average’’ source has a flux density of 2-1 10-3 W m-? (¢e/s)-1. 
The slope of the observed count is clearly not significantly different from the 
theoretical and it is simplest to assume that the small discrepancy is caused by 
the local space density of sources being rather lower than average owing to 
chance fluctuation ; there is no need to invoke any special cosmology. Extending 
our survey is unlikely to affect this conclusion greatly since there are already 
sufficient sources to define the curve at low levels with little statistical! 
uncertainty, whilst at high levels the numbers are not likely to be modified. 
significantly because the whole of the reliable part of the Cambridge catalogue 
has been used. The above results agree quite well with our earlier statistics 
presented by J. L. Pawsey at the Jodrell Bank symposium on radio astronomy, 
1955, when 1030 sources of very roughly known flux densities were counted. 


Blending effects may actually have greater effect in causing an increased 
slope if there is a physical clustering of weaker sources. ‘To detect any clustering 
effects the x? test (e.g. Fisher 1948) has been applied to the catalogue. The 
area between 00 and 06 has been chosen in order to confine attention largely 
to the Class II sources, and smaller areas 1" by 10° have been used for making 
the test. Each declination strip has been treated separately to allow for different. 
sensitivities, yielding values for y? of 6-25, 6-8, and 6-6 for the six areas in each 
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of the three declination intervals +10 to 0°, 0 to —10°, and —10 to —20°. 
The probability of these or higher values arising: by chance in a random distribu- 
tion is 0-02. It therefore appears probable that there is a real clustering of the 
sources in space, which may be indicative of a metagalactic structure. Examina- 
tion of Figure 4 suggests possible clustering centres at positions of, roughly, 
th, 2°; 2h, —4°; and 5}$4, —14°. Further evidence for clustering is supplied 
by the large number of extended sources found at high galactic latitudes. From 
the analysis of Appendix I it may be calculated that the expected chance blends 
would produce five extended sources with flux densities greater than 
210-25 W m-? (c/s) in the portion of the catalogue between 00 and 045, 
There are, in fact, eight such extended sources and seven cases of suspected 
extension in this area. None of these coincide with large nearby galaxies, and 
they presumably represent either blends or fluctuations in the brightness of the 
galactic corona. From the general appearance of our records, the latter explana- 
tion appears unlikely for the majority of the sources, and we conclude that 
blending effects are probably appreciably greater than expected from a random 
distribution of sources.- 


VI. BACKGROUND VARIABILITY 

In Section IV we derived an expression for the r.m.s. deviation of the output 
to be expected as the result of a uniform distribution of sources. As a check 
on the correctness of our assumptions it is interesting to actually measure this 
deviation and compare it with that predicted. This has been done by choosing 
four very good records near the south galactic pole, the records having been 
taken with a fixed beam position to obtain the maximum sensitivity. The 
recorded output was averaged over a period of 1 min every 10 min, and the 
difference between adjacent pairs of readings measured on the appropriate flux 
density scale. Readings near sources of flux density 10-?° W m-?(e/s)-! or 
higher were omitted. The r.m.s. difference between 150 adjacent readings was 
found to be 4:0x10-?® W m-?(ce/s)-!. Noise fluctuations are important at 
this level and for the condition of this experiment it was found from tests with 
dummy loads that the r.m.s. difference due to noise would be 2-2 «10-26 
W m-?(c/s)1; after correction for this effect, the differences due to brightness 
variations alone are found to have an r.m.s. value of 3-3 x 10-26 W m-? (¢/s)-1. 


If the population of sources is sensibly infinite, the r.m.s. deviation is 
given by equation (4) after putting S,=2-1 x10-23 W m- (e/s)-1, Q.=1-2 «10-4, 
and S,=—10-7> Wm? (c/s)"'; it is equal to 3-0x10-2* W m-(e/s)-. The 
r.m.s. difference between adjacent uncorrelated points is 1/2 times this value 
or 4-2 10-76 W m= (c/s)-1. The observed deviation is thus of the same order 
as, but rather less than, that predicted from the model based on an infinite 
population of sources distributed randomly in a static universe. 


If clustering is significant, as appears likely, the deviation would be increased; 
the low value obtained suggests a possible limiting of the population. This 
might be expected as the result of a reduction in the flux densities of distant 
sources due to red shift. If the values above are inserted in equation (3) it is 
found that S, is equal to 1-5 x10-*6 W m- (e/s)-1, or, in other words, red shift 
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could have an appreciable effect at this flux density level. It is possible to 
calculate the source spatial density and absolute intensity from this result for 
various model universes. However, the values are critically dependent on 
the measurements, which are as yet uncertain, and on the degree of clustering, 
which may be appreciable ; thus an extensive investigation is not warranted. 


As a matter of interest, however, the mean space density, the mean value of 
M,—m,, and the total integrated brightness have been calculated from a model 
in which all Class II radio sources are assumed to be galaxies of absolute optical 
magnitude —18 and of uniform radio brightness. They are further assumed 
to have a radio spectrum in which the flux density is proportional to the wave- 
length, and to be distributed randomly in an expanding universe with Hubble’s 
constant 180 km/s Mpe-! and of zero curvature. We find the space density 
is one source per 4 x 10”? pc’, the value of m,—m, is —10, and the total integrated 
brightness temperature of the background is about 100 °K: All these values 
appear quite plausible. Clustering effects would tend to decrease the space 
density and brightness temperature and increase the absolute intensity of radio 
emission. Since the majority of sources in the area have radio magnitudes 
between 9 and 10, using this model identifications need only be expected in 
quantity with galaxies of magnitude 19 and 20, apart from the ‘ normal ”’ 
galaxies noted. 


VII. CONCLUSIONS 

We have shown that in the sample area, which is included in the recent 
Cambridge catalogue of radio sources, there is a striking disagreement between 
the two catalogues. Reasons are advanced for supposing that the Cambridge 
survey is very seriously affected by instrumental effects which have a trivial 
influence on the Sydney results. We therefore conclude that discrepancies, 
in the main, reflect errors in the Cambridge catalogue, and accordingly deductions 
of cosmological interest derived from its analysis are without foundation. 


An analysis of our results shows that there is no clear evidence for any 
effect of cosmological importance in the source counts, but there is some evidence 
for a significant clustering of the radio sources, which may be indicative of 
metagalactic structure, and the background fluctuations indicate that red shift 
may be of importance. 

All the brightest nebulae in the area are possible radio emitters, but none 
appreciably more than might be expected from earlier observations. No clear 
examples of “‘ radio galaxies”? were found to a limit of 13m ; however, this is 
not surprising, as it seems likely that such identifications need not be expected in 
quantity until magnitudes of the order of 19 or 20 are reached. 
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APPENDIX I 
CALCULATION OF INSTRUMENTAL EFFECTS 


(a) Correction due to Blending 
Corrections in the Sydney counts due to finite resolution are small, and it 
is legitimate to obtain an approximate correction by calculating the number of 
blends of two, three, or four sources. The following method is applicable if 
the proportion of blends is small. 


Consider the sources with flux densities greater than 10-25 W m-? (¢e/s)-1. 
Two sources will appear as one, possibly ‘‘ extended ”’, if they are closer together 
than the beamwidth, that is 0°-83, and the effect of such a blend in one flux 
density class (2 : 1 in range) is to produce.a single source in the next higher class. 
Sources with flux densities lower than 210-5 W m-? (c/s)! are not always 
recognized as “‘ extended ” and a flux density is usually given as the peak value 
of the deflection rather than the integrated deflection. Under these cireum- 
stances sources must be closer together before blending effects increase the 
recorded flux density. We will adopt a blending angle of 0°-5 for sources of 
flux density lower than 10-25 W m-? (c/s)-!; since corrections are not large, 
it is not important to be precise in estimating this angle. 


If the total number of sources in the sky in any flux density class is mn, it 
is easily shown that the number of two-source blends is given by 
N,—=(an?/87) exp (an/47), 


where a is the blending area, taken as 6-5 x 10-4 steradian (i.e. 0°-83 radius) 


for sources stronger than 10-25 W m-? (c/s)-! and 2-3x10-4 steradian for 
weaker sources. 
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Calculation of the blending effect is carried out in Table 5; the second 
column is the number of sources with flux densities greater than the corresponding 
flux density in the first column on the assumption that So, the strongest 
‘‘ average ”’ source, has a flux density of 2-1x10-2? W m-?(e/s)-!; the third 
column contains the corresponding number of sources in each flux density range ; 
the fourth contains the number of two-source blends in each range; the fifth 
contains the corrected number after allowing for such blends ; the sixth contains 
the blends based on the corrected numbers of column five, i.e. it includes certain 
classes of three- and four-source blends ; the seventh contains the final corrected 
numbers; the eighth contains the corresponding total numbers and the ninth 
the ratio between the corrected and original numbers. 


TABLE 5 


CALCULATION OF THE BLENDING EFFECT 


1 2 3 4 5 6 7 8 9 
S N n Ns n’ No n” Ne Ratio 
(10-26 W m-?(c/s)-1) 
160 47 47 1-00 

80 132 85 0 86 0 86 133 1-01 
40 375 243 1 254 1 257 390 1-04 
20 1076 701 12 776 15 791 1181 1:10 
10 3000 1924 87 2105 105 2244 3425 1-14 

5 8450 5448 268 6850 425 

2°5 24000 15552 1670 


The actual increase in sources counted might be expected to be rather 
greater than the tabulated amounts because not all possible blends have been 
considered. The error, however, is probably small and certainly not significant. 


(b) Correction for Noise Fluctuations 

Source counts are carried out to certain flux density boundaries, i.e. 10-?°, 
210-25 W m-? (¢c/s)-1, ete. There is, in general, a net change in the number of 
sources above a boundary due to noise fluctuations. The effect of noise is to 
introduce an uncertainty in the measured flux density giving it a standard 
error p, which is equal to the r.m.s. noise fluctuation averaged over the observing 
time and is independent of the actual value of the flux density. Consider 
intervals of flux density AS at flux densities S+kAS and S—kAS where S is 
the flux density of the boundary and & is an integer. If a uniform spatial 
distribution of sources and no blending effects are assumed, the number in the 
lower interval is given by 


_dn 
ae : 
= (3/28),2/2(S —kAS)-5/2 . AS. 


An_ AS 
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Similarly the number in the upper interval is given by 
An, =(3/2)8,3/2(S +kAS)-52 . AS. 


The proportion of these sources found on the wrong side of the boundary is 
equal to 4[1—erf (kAS/p)]. The net result is an increase in the number of sources 
on the upper side of the boundary and a decrease on the lower side by an amount 


(An_—An,) 


An=3|1— —erf ( eal 


= 8§,3/2[(S —kAS)->/2 (8 +kAS)-5/?] [1 —erf (kKAS/¢)] 


The total change at a boundary is therefore given by 


k= ‘ 
n' =38,2/2 X [(S—kAS)-5/2—(S +kAS)-5/2] [1 —erf (KAS/o)] 
k=0 
In the sample area the mean value of o is about 3-5 10-28 W m-? (c/s)-? 
whence, taking S,=2-1 10-23 W m-? (c/s)-1, we find the numbers of sources 
above each boundary have net increases shown in Table 6. 


TABLE 6 


NET INCREASES OF SOURCES ABOVE EACH BOUNDARY 


Flux Density at 
Boundary Number Ratio 
(10-28 W m=? (c/s)—) 


40 = 1-02 
20 1-06 
10 1-20 


At levels around 10-75 W m-? (c/s)! sources are often not counted if the 
section of record in which they occur is obviously ‘“‘ noisy ” and their existence 
is doubtful ; this reduces the correction needed at this level. At lower levels 
still, sources are only counted if they occur reasonably free from obvious noise 
effects, and this results in the rapid decrease in slope of the source count ogive 
observed in this region. At present it is not considered practicable to calculate 
these effects quantitatively. 


APPENDIX IT 


THE CATALOGUE OF RADIO SOURCES 

Table 7 lists sources between declinations +10° and 0°, Table 8 lists those 
between declinations 0° and —10°, and Table 9 lists those between declinations 
—10° and —20°. 

Sources marked with an asterisk have been confirmed, those marked with 
a dagger are doubtful. When a source is extended the peak flux density is 
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bracketed and the integrated flux density shown in italics. The probable error 
in the final digit of a position measurement is indicated by a superscript, e.g. 
the Right Ascension of the source 00-+01 is 004 04m-9+10M-3, 

As the result of an improved measurement of the aerial gain by A. G. Little, 
the flux densities of many of the sources included in the catalogue are different 
from the values given in earlier papers. 

Sources may possibly be identified with bracketed nebulae in the footnotes ; 
when the identification appears certain the brackets are omitted. 


TABLE 7 


SOURCES BETWEEN DECLINATIONS +10° anD 0° 


Reference R.A. Dec. Flux Density Notes 
No. (10-26 
h m 2 i W m-? (e/s)-1) 

00+01* 00 04-98 +06 058 38 (22) 1 
00 +027 00 07-08 +04 327 8-4 

00+03 00 10-08 +00 325 21 

00+ 047 00 12-84 +02 407 10 

00+05* 00 14-48 +06 487 20 

00 + 06* 00 16-04 +08 208 10 

00+07* 00 30-08 +01 4010 48 (21) 

00+08* 00 30-8? +06 00° 31 

00+09* 00 32-08 +01 PAT 23 

00+010* 00 32-14 +04 286 17 2 
00+011* 00 34-08 +00 (128 17 

00+012* 00 36-74 +03 356 15 

00+013 00 37-3? +09 30° 42 

00+014 00 39-88 +06 537 20 

00+015 00 40-94 +02 208 9-5 

00+ 016* 00 42-04 +05 307 21 

00+017* 00 55-18 +01 146 23 

00+ 018* 00 55-5 +08 478 16 

01+01 01 14-78 +06 158 14 

01-+02* 01 17-34 +03 205 35 (17) 3 
01-+03* 01 23-3 +01 225 23 4 
01-+04* 01 24-38 +09 238 18 

01+05* 01 28-7? +03 526 29 

01 -+06* 01 29-22 +06 076 25 

01+07* 01 33-58 +08 008 31 

01+08 01 34-94 +06 348 11 

01+09 01 46-28 +06 108 16 

01+010 01 47-6? +07 076 31 5 
01+011* 01 ozo 14 +03 328 52 (29) 6 
014012 01 56-04 +07 317 15 

01+013* 01 57-34 +01 13° 14 

02-+01* 02 02-04 +04 168 8-7 

02+02 02 Oia +09 2510 34 

02+03 02 09-54 +06 218 15 
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TABLE 7 (Continued) 
Reference R.A Dec Flux Density Notes 
No. (10-8 
h m 2 A W m~? (c/s)~*) 

02+04 02 11-22 +02 544 25 

02-+05* 02 19-24 +08 308 23 

02-+06 02 26-48 +02 466 13 

02-+07 02 26-88 +07 288 18 

02-+08 02 35-73 +07 01s 17 

02-+09 02 50-44 +01 196 1l 

02+010 02 53-43 +06 488 12 

02+011* 02 55-22 +05 505 57 

02+012* 02 58-52 +01 305 22 

03-+4+01 03 01-18 +09 456 23 af 
03-+02* 03 05-42 +03 535 36 

03-++03* 03 09-44 +05 048 17 

03+04* 03 24-72 +02 154 50 

03-+05 03 33-84 +09 51? 27 

03-+06 03 35-84 07 407 21 

03-++07* 03 40-58 +04 555 44 

03 -+08* 03 45-38 +00 445 16 

03-++09* 03 46-68 +05 426 25 

03+010* 03 51-44 +03 588 17 

03+011* 03 58-22 +00 275 23 

04-+-01* 04 00-08 +05 358 17 

04-++02* 04 00-18 +02 215 15 

04-+-03* 04 04-72 +03 454 39 

04-++04* 04 11-94 +05 437 12 

04-+05 04 22-94 +00 308 11 

04-406 04 23-24 +04 268 14 

04-++07* 04 28-58 +01 075 21 

04-+-08* 04 32-82 +03 575 27 

04-++09 04 38-83 +06 55? 16 

04-+-010* 04 41-88 +02 215 31 

04-+011* 04 45-94 +01 078 17 

04+012 04 54-95 +06 438 19 

04+013* 04 56:38 +05 208 ll 8 
04-+-014* 04 58-34 +01 18¢ 22 

05+01 05 04-58 +07 207 18 

05+02* 05 10-72 +01 08s 40 

05 -+03* 05 16-52 +03 395 18 

05-404 05 22-34 +09 167 23 9 
05-405 05 28-98 +06 358 40 

05 -+06* 05 41-58 +02 465 23 

06-+-01* 06 00-54 +02 298 12 

06-++02* 06 02-38 +00 545 139. 

06 +03* 06 05-45 +08 0810 120 (31) 

06-+04* 06 14-24 +05 438 19 10 
06-+05+ 06 16-14 +03 368 9°5 

06-+06* 06 20-34 +09 0010 200 (50) 

06+-07 06 24-88 +02 505 19 

06-+08* 06 29-62 +05 018 270 (94) ll 
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TABLE 7 (Continued) 
Reference R.A. Dec. Flux Density Notes 
No. (10-26 
ho Sn ane: W in (0/s)-1) 
06+09* 06 32-9? +02 094 31 
06+010 06 34-38 +07 158 94 (50) 12 
06+011* 06 42-74 +05 158 29 13 
06+0172* 06 42-84 +00 107° 22 
06-+013* 06 52-54 +03 008 25 
06 +014* 06 53-0° +08 3610 48 (24) 
07+01* 07 17-54 +08 488 18 
07+027 07 19-48 +01 345 18 
07 +03* 07 Zoe +03 068 22 
07+04* 07 41-7? +02 055 38 
07+05 07 43-94 +09 578 18 
07+06 07 53-48 +07 007 12 
1. Perhaps two sources. 
2. Perhaps background irregularity. 
3. (NGC 470/474). 
4. (NGC 533). 
5. Perhaps extended. 
6. Perhaps two sources, or interference from 05N2A. 
7. Perhaps extended. 
8. Perhaps extended. 
9. Perhaps extended. 
10. Perhaps extended. 
11. NGC 2237. 
12. May be background irregularity. 
13. Perhaps extended. 
TABLE 8 
SOURCES BETWEEN DECLINATIONS 0° anp —10° 
Reference R.A. Dec. Flux Density Notes 
No. (10-26 
h m e s W m-~? (c/s)-1) 
00—O01* 00 03-8? —00 50* 38 
00—02 00 06-0° —06 301 10 
00—03* 00 17-38 —05 10° 12 
00—04* 00 18-08 —02 514 23 
00—05t 00 18-88 —O01 426 16 
00—06* 00 22-04 —08 04 54 (27) 
00—07 00 ales —08 325 16 1 
00—08* 00 32-68 —07 26° 13 
00—09F 00 33-88 —05 226 14 
00—010* 00 36-4? —02 205 120 (67) 2 
00—O11 00 39-25 —06 30° 12 
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TABLE 8 (Continued) 


Reference 
No. 


00—012 
00—013* 
00—014 
00—015* 
00—016* 
00—017* 
00—018* 
00—019* 
01—01 
01—02* 
01—03* 
01—o4* 
01—05* 
01—06* 
01—07 
01—08 
01—09* 
01—010* 
01—011 
01—012* 
01—013* 
01—014 
01—015 
02—01* 
02—02+ 
02—03* 
02—04* 
02—05* 
02—06* 
02—07* 
02—08 
02—09* 
02—010* 
02—011* 
02—012* 
02—013* 
02—014* 
02—015* 
02—016* 
02—017* 
02—018 


02—019* . 


02—020* 
02—021* 
03—01* 
03—02* 
03—03* 
03—04* 


Flux Density 
(10-26 
W m-~? (e/s)-1) 


63 
14 


Notes 
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TABLE 8 (Continued) 
Reference R.A. Dec. Flux Density Notes 
No. (10-26 
hom oan: Wm-* (c/s)-2) 
03—05* 03 38-98 —05 008 10 8 
03—06 03 44-24 —00 038 16 
03—07* 03 46-04 —04 046 20 
03—08* 03 47-48 —06 444 15 
03—09* 03 56:55 —03 50° ll 
03—010* 03 59-28 —02 108 16 9 
04—01* 04 00-18 —09 565 14 
04—02* 04 00-88 —09 Ous 16 
04—03 04 05-04 —05 338 12 
04—04* 04 05 - 98 —06 466 20 
04—05* 04 09-4? —00 576 27 
04—06* 04 09-58 —0l1 505 15 
04—07* 04 15-13 —05 267 10 10 
04—08* 04 15-6? —03 264 31 
04—09* 04 19=6* —09 288 8-5 
04—010* 04 26-44 —O01 15° you 
04—011* 04 28-28 —09 586 7:3 
04—012* 04 aH lol he —08 406 14 
04—013* 04 Boe} —05 30? 14 
04—014* 04 39-12 —09 525 17 
04—015* 04 39-84 —00 546 9-3 
04—016* 04 47-18 —09 555 19 
04—017* 04 47-14 —04 208 25 1l 
04—018* 04 47-64 —04 458 23 12- 
04—019 04 48-84 —06 385 12 
04—020* 04 49-64 —02 BU 13 
04—021 04 ole? —08 108 8-7 
04—022* 04 =—«53-34 —00 248 31 (17) 
04—023* 04 58-74 —03 396 18 
04—024* 04 59-68 —05 488 il 
05—01 05 00-04 —08 one 11 
05—02* 05 10-03 —07 308 21 
05—03* 05 12-43 —02 195 tf 
05—04* 05 13°33 —O07 358 10 
05—05* 05 18-68 —06 155 21 
05—06* 05 22-24 —02 50° 16 
05—07 05 22-34 —07 228 19 
05—08* 05 23-68 —09 265 ile 
05—09* 05 27-98 —00 035 15 
05—010* 05 32-5? —05 248 83 (69) 13 
05—011* 05 38-08 —02 200 88 (24) 14 
05—012* 05 39-14 —O01 258 23 15 
05—013* 05 40-14 —05 166 9:5 16 
05—014t 05 45-64 —04 428 733 
05—015t 05 46-64 —06 416 11 
05—016* 05 48-24 —08 056 19 
05—017* 05 52-08 —02 00° 29 17 
05—018* 05 53718 —01 00° 19 18 
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TABLE 8 (Continued) 
Reference R.A. Dec. Flux Density Notes 
No. (io™ 
h m : d W m ~ (c/s)~*) 

05—019* 05 54-88 —03 276 18 
05—020* 05 57-18 —08 035 17 

06—01* 06 06-1? —07 214 23 

06—02* 06 24-81 —05 578 130 

06—03* 06 San —02 25% 9-5 
06—04 06 37°24 —08 576 18 
06—05* 06 38-95 —06 408 9-5 
06—06* 06 39-05 —08 01 50 (25) 
06—07* 06 45-04 —02 06° 44 19 
06—08* 06 45-0 —08 108 17 

06—09* 06 45-64 —09 166 ll 
06—010* 06 47-28 —05 37° 25 
06—011* 06 56-7? —02 125 27 
07—01* 07 07-04 —00 246 9-5 20 
07—02* 07 10-48 —09 065 21 

07—03* 07 Uae —02 414 25 

07—04* 07 22532 —09 494 36 

07—05* 07 23-18 —06 108 94 (47) 
07—06* 07 24-4? —02 00+ 38 
07—07* 07 31-44 —05 316 13 

07—08* 07 36-44 —02 .055 19 

07—09* 07 39-15 —01 Ue 19 

07—010 07 44-48 —08 058 17 
07—011* 07 48-98 —06 525 13 
07—012* 07 58-94 —02 06° 3 

1. (NGC 157). 

2. Extended source stretching almost N.-S. or two sources.’ 

3. Perhaps slightly extended. 

4. Perhaps background irregularity. 

5. IAU 02S0A. 

6. NGC 1068, (NGC 1055). 

7. Perhaps slightly extended. 

8. (NGC 1417). 

9. Interpretation difficult, complex response. 

10. Interpretation difficult, complex response. 

Pe Perhaps one extended source. 

13. M42. 

14, IC 434 ete. 

15. Interpretation difficult, complex response. 

16. (M42—eastward extension). 

is year $ one sour 

188s P is 

19. Perhaps slightly extended. 

20. Perhaps extended. 


Reference 
No. 


00—11 

00—12 

00—13* 

00—14* 

00—15 

00—16 

00—17 

00—18* 

00—19 

00—1 107 
00—111 
00—112* 
00—113 
00—114* 
00—115* 
00—116 
00—117 
00—118 
00—119* 
00—120 
00—121* 
00—122 
00—123 
00—124* 
00—125 
01—11* 
01—12 

01—13* 
01—14 

01—15 

01—16* 
01—17* 
01—18* 
01—19 

01—110 
01—111 
01—112 
01—113 
‘01—114* 
01—115* 
01—116* 
01—117* 
01—118 
01—119 
01—120 
01—121* 
02—11 
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TABLE 9 
SOURCES BETWEEN DECLINATIONS —10° anp —29° 
R.A. - Dec. Flux Density Notes 
(10-26 
h m 2 m W m-? (c/s)-1) 
00 00-12 —17 325 33 
00 00-38 —15 286 15 
00 00-63 —12 238 16 
00 05-68 —20 00° a 
00 09-33 —19 048 13 
00 12-43 —15 078 34 (20) 1 
00 15-98 —13 025 52 (33) 2 
00 16-2? —10 465 23 
00 18-54 —19 ys 10 
00 25-34 —13 227 1l 
00 25-74 —16 486 8-0 
00 27:62 —ll1 502° 14 
00 29-43 —15 466 9°7 
00 32-53 —16 50° ae 
00 32-78 —18 T75 17 
00 35-05 —12 388 1l 
00 39-15 —15 447 17 3 
00 39-65 —19 498 12 
00 42-63 —l17 48? 11 
00 43-54 —14 496 13 
00 48-58 —12 285 18 
00 56-98 —13 408 13 
00 56-93 —15 228 17 
00 57-28 —l17 185 29 
00 58-98 —14 30° 12 
01 01-8? : —12 oie 18 
01 05 - 8? —16 124 57 
Ol 07-23 —18 fap 9-0 
01 08-24 —14 338 18 
ol 11-74 —10 07° 7:8 
Ol 14-68 —ll 57 Te 
ol 16-85 —16 4510 13 4 
ol 16-84 —18 467 14 
01 17-8? —15 333 48 
ol 24-93 —12 00° 9-5 
01 25-18 —14 104 34 
01 28-04 —19 338 7:3 
01-28-18 —15 385 20 5 
01 38-08 met S S20" 11 
01 40:52 =16 554 34 
Ol 45-83 Ss > 64" 16 
01 47-68 —ll1 068 10 
0147-98 —13 1658 11 
01 50-64 —14 516 16 
01 55-48 —10 458 20 
01 59-63 —ll1 478 14 
02 02-43 —19 516 9°7 
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TABLE 9 (Continued) 
Reference R.A. Dec. Flux Density 
No. (10-% 
h m ? ‘ W m* (c/s)~) 

02—12* 02 03-88 —18 126 17 
02—13* 02 08-02 —l1 185 19 
02—14 02 11-44 —16 046 8-2 
02—15 02 13-2? —13 228 42 
02—16* 02 14-84 —17 588 9-5 
02—17* 02 22-98 —ll1 386 13 
02—18* 02 26-14 —17 286 18 
02—19 02 30-44 —12 116 6:5 
02—110* 02 30-88 —10 125 17 
02—111 02 34-94 —15 50° 8-5 
02—112 02 35-22 —19 445 36 
02—113 02 36-04 —14 457 14 
02—114* 02 36-34 —18 108 9-5 
02—1 15+ 02 39-44 —17 286 ll 
02—116 02 46-24 —13 298 15 
02—117* 02 47-58 —18 105 13 
02—118* 02 56-05 —16 568 12 
03—11* 03 03-53 —12 245 16 
03—12* 03 05-44 —16 396 17 
03—13 03 07-58 —13 406 24 
03—14 03 ilfsjso ike —14 486 17 
03—15* 03 27-98 —16 515 16 
03—16* 03 31-14 —18 486 12 
03—17* 03 44-]2 —ll1 133 34 
03—18 03 46-14 —13 08° 7:8 
03—19 03 49-22 —14 404 44 
03—110* 03 49-72 —10 08> 21 
03—111* 03 57-53 —16 207 18 
04—11 04 05-08 —13 206 38 (23) 
04—12* 04 05-42 —12 266 31 
04—13 04 06-28 —14 478 aes 
04—14 04 08-34 —16 276 10 
04—15 04 11-14 —I9 367 10 
04—16* 04 11-64 —ll1 268 18 
04—17 04 13-88 —15 228 15 
04—18* 04 16-33 —18 135 13 
04—19 04 19-88 —16 048 9-2 
04—110 04 23-08 —16 578 14 
04—111* 04 23-73 —12 075 16 
04—112* 04 25-28 —ll 25% 1l 
04—113* 04 27-25 —18 368 9-0 
04—114 04 32-0? —13 265 38 
04—115 04 32-44 —16 386 18 
04—116 04 36-84 —18 577 8-2 
04—117 04 36-94 —15 007 73 
04—118* 04 38:68 —12 108 10 
04—119 04 48-08 —l7 346 14 
04—120 04 52-14 —19 128 9-8 


Notes 


[or 
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TABLE 9 (Continued) 
Reference R.A. Dec. Flux Density Notes 
No. (10-26 
h m ° , W m-? (¢/s)-1) 
04—121* 04 54-23 25/5] 516 15 
05—11 05 03-08 —10 135 20 
05—12 05 06-53 =a 296 16 
05—13* 05 09-02 —18 404 38 
05—14 05 13-08 —16 086 13 
05—15 05 13-43 =F 416 16 
05—16 05 15-55 al 447 14 
05—17* 05 21-04 la 596 15 
05—18 05 23-83 —18 316 11 
05—19 05 24-23 —13 368 16 
05—110 05 24-78 = 317 16 
05—111* 05 24-98 7 356 8-2 
05—112 05 25-13 —10 458 16 
05113 05 26-14 4 487 9°5 
05—114* 05 33-33 i 056 15 
05—115* 05 34-64 8 418 12 
05—116* 05 35-24 ly 188 15 
05—117 05 35-33 te 168 14 
05—118* 05 37-34 24133 048 8-5 
05—119 05 41-63 =e 338 14 
05—120* 05 43-54 7 337 20 
05—121* 05 49-08 1/5 488 9-6 
05—122* 05 49-32 10 324 17 
05—123 05 51-03 —16 516 14 
05—124 05 51-75 14 197 12 
05—125 05 51-93 1: 296 9-5 
05—126 05 57-63 —16 5710 13 
06—11 06 03-83 =ilf 456 9-2 
06—12* 06 05-34 =i 497 15 
06—13 06 07-34 id) 407 14 uf 
06—14 06 14-85 115 007 19 
06—15 06 17-35 —16 3610 63 (21) 
06—16 06 19-94 13 398 14 
06—17 06 25-83 0) 528 16 8 
06—18* 06 34-44 ifs 336 20 
06—19* 06 34-73 —1s 108 16 9 
06—110 06 34-94 =i): 416 14 
06—111 06 36-33 its 506 18 
06—112* 06 42-24 —t10 196 84 (27) 10 
06—113* 06 44-18 5 336 20 
06—114 06 49-75 |) 4310 65 (11) 11 
06—115 06 53-28 =19 08? 9-8 12 
O77 07 02-98 =i) 406 19 13 
07—12* 07 03-68 ==10 558 40 (29) 14 
07—13 07 03-64 19 137 12 
07—14 07 12-08 iv! 286 20 15 
07—15* 07 13-54 Sa 207 25 16 
07—16 07 16-24 mei 077 ly 
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TABLE 9 (Continued) 
Reference R.A. Dec Flux Density Notes 
No. (10-26 
h m +3 “ W m-? (c/s)—) 
07—17* 07 21-48 —18 385 21 
07—18 07 23° 88 —13 237 81 (21) 
07—19 07 26-28 —14 51¢ 17 
07—110* 07 29-74 —18 17 29 (17) 
07—111* 07 32-93 —15 596 12 
07—112 07 34-04 —19 35° 1l 
07—113* 07 41-24 —17 437 9-8 
07—114* 07 43-45 —16 257 13 
07—115 07 43-58 —10 48° 9-8 
07—116* 07 45-64 —10 ols 13 
07—117 07 45-9? —19 004 52 
07—118 07 46-54 —l1 587 20 
07—119 07 48-13 —15 228 1l 
07—120 07 51-35 —19 228 17 


alll lll en 


. May be two sources. 
. Extended N.-S., may be two sources. 
. Perhaps slightly extended. 
. Perhaps extended. 

. Perhaps extended. 

. IAU 02S1A. 

. Perhaps extended. 

. Perhaps extended. 

. Perhaps extended. 


. Perhaps extended. 


. Perhaps extended. 
. Perhaps extended. 


batay be one complex source (IC 2177, NGC 2327). 


. APesara one extended object elongated parallel to galactic plane. 


GALACTIC ABSORPTION OF 19:7 Mc/s RADIATION 
By C. A. SHAIN* 


[Manuscript received November 15, 1956] 


Summary 


Observations have been made of galactic radiation at a frequency of 19-7 Mc/s 
using an aerial having a beamwidth 1°-4. The effect of an absorbing band of H 11 regions 
around the galactic equator is clearly seen. Isolated H 1 regions, some very faint, 
have been detected in absorption. A detailed study of the sky near the galactic centre 
shows that the source Sagittarius-A is observed in absorption at 19-7 Me/s. 


It is deduced, as a consequence of the small angular width of the equatorial absorbing 
band, that even at frequencies as high as 600 Mc/s thermal radiation contributes only 
a small fraction of the observed emission. 


I. INTRODUCTION 

Following the discovery of cosmic radio radiation by Jansky, it was suggested 
by Reber (1940) that the origin of the radiation lay wholly in thermal emission 
from interstellar ionized hydrogen (the “‘ H 1 regions ”’ of the Galaxy). Although 
this hypothesis was found to be untenable, because the very high brightness 
temperatures observed at low frequencies required the existence of a further, 
non-thermal, source distributed throughout the Galaxy, it was recognized that 
the interstellar gas must have a profound effect on the distribution of radio 
brightness. At high frequencies, where the non-thermal component is relatively 
weak, the gas should appear bright against the low temperature background ; 
at low frequencies, where the non-thermal component is strong, it should appear 
in absorption. Until a few years ago, owing to the poor resolving power of the 
aerial beams used in galactic surveys, there was no direct evidence of the effect 
of the ionized gas. Interferometer observations by Scheuer and Ryle (1953) 
showed a narrow bright region along the galactic equator which they attributed 
to thermal radiation from H 1 regions, but at the frequency used this bright 
band is now known to be largely due to non-thermal emission (see below ; also 
Mills 1955). 

The application of high resolution aerials at very high frequencies to the 
study of cosmic noise led to the definite identification of a number of bright 
diserete sources with isolated bright H u regions (see, for example, Haddock, 
Mayer, and Sloanaker (1954) and others who used the 50-ft paraboloid at wave- 
lengths from 3 to 21cm). At the intermediate frequency of 85-5 Mc/s, Mills, 
Little, and Sheridan (1956) observed a number of H 1 regions, including one, 
NGC 6357, in absorption. Evidence that H 1 region absorption was affecting 
the distribution of brightness at 18-3 Mc/s was given by Shain (1953) from a 


* Division of Radiophysics, C.8.I.R.O., University Grounds, Chippendale, N.S.W. 


196 Cc. A. SHAIN 


comparison of low-resolution surveys at 18-3 and 100 Me/s, but direct observation 
in absorption of the belt of H m regions around the galactic equator requires an 
aerial having a beamwidth less than the few degrees of angular extent of this 
belt. No such observations have yet been reported. 

The present paper gives the first results of observations with the Sydney 
19-7 Mc/s “ Mills Cross’, a high-resolution aerial with a beamwidth of 1°-4. 
These show clearly the expected absorbing band around the galactic plane and 
in addition isolated H um regions can be detected in absorption. Of particular 
interest is a strongly absorbing region in the direction of the galactic centre 
which is identified with the source Sagittarius-A observed at high frequencies. 


II. OBSERVATIONS 
It is hoped to give a full description of the aerial and associated equipment 
in another paper, so only a brief sketch will be given here. The principle of 
operation of the Mills Cross has been outlined by Mills and Little (1953) and 
will be given in detail in a paper being prepared for publication by Mills, Little, 
Sheridan, and Slee. 
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Fig. 1—Typical records at three declinations as indicated. Sidereal time is marked and the 
arrows show the time at which galactic latitude —1°-3 passed the aerial beam on each occasion. 


The aerial consists of two arrays of horizontal half-wave dipoles arranged 
in the form of a cross. The north-south array is an array of dipoles one dipole 
wide spaced at half-wavelength (25 ft) intervals over a length of 3625 ft and 
suspended one quarter-wavelength above the ground. Each dipole is lightly 
coupled to a transmission line in such a way that by turning a switch the phase 
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RY 
\ 


600 
: 500 
400 i 
300 - 
lca; ala 
25° 
Fig. 2.—Isophotes of 19-7 Mc/s observed brightness temperatures near the gal 
The temperature scale is indicated by shading according to the key in the lower right-hand corn 
The dark is the source Sagittarius-A observed in ab’ 
re dashed he left-hand side where there were insuffic servatio g he full detail 
eclina giv t th p of the fig 


' an end dipole is one-tenth of that in the centre dipole. This current distribution, 
beam, i i ; 


results in very small side lobes. Th 


although broadening the aerial 
aerial beamwidth is about 1°-4. 

he receiving equipment is similar in principle to that used by Mills, Little 
and Sheridan (1956) at 85-5 Mc/s. As a compromise between sensitivity and 
discrimination against interfering signals, most of the observations on which 
the present paper is based were made with receiver bandwidths of 5 or 8 ke/s, 
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but a few records have also been obtained with 100 ke/s bandwidth. In most 
cases there was aural monitoring as a check on interference. All the records 
were made at night between 22» and 064 (local time) so that ionospheric absorp- 
tion and systematic refraction should be negligible, but some trouble was 
experienced from scintillations. 

Typical records with the narrow bandwidth are shown in Figure 1. The 
pronounced dip as the aerial beam crosses the galactic plane can be clearly seen. 


Absolute calibration of the system is difficult and is not yet complete. 
In the interim an approximate calibration of the temperature scale has been 
made by comparison of the present results with previous observations at 
18-:3Mc/s (Shain and Higgins 1953). As is usual in radio astronomy 
observations, although there may well be errors of 20 per cent. or more in the 
absolute calibration, relative values are known more accurately and in the 
discussion which follows it is the relative values that are mainly concerned. 


A detailed survey of a strip of the sky between declinations —32° 36’ and 
—25° 34’ has been made in steps of 38 min of arc, and from this survey, with 
two other records, Figure 2 has been drawn showing isophotes of 19-7 Mc/s 
radiation in the region surrounding the galactic centre. The contours are drawn 
in broken lines on the left-hand side of the figure where the spacing of the records 
in declination was too great to give a complete survey, and some details may 
have been missed. In addition to those used in constructing Figure 2, other 
records have been taken at several declinations between —11° 40’ and —42° 49’. 


III. Discussion 
(a) Absorption in HII Regions 

The most striking feature of the records is a very deep minimum in observed 
brightness temperatures as the galactic plane crosses the aerial beam. This 
has been observed on practically all records between declinations —12° and 
—42°; the only exceptions are close to declination —27° where the brightness 
temperatures are very high (near 1=331°, b= —2° in Figure 2). The appearance 
of this “‘ trough’, a few degrees wide, is clear evidence that absorption of 
19-7 Me/s radiation is occurring in the band of Hu regions near the galactic 
plane. The relatively bright area at 1=331°, b=—2° is presumably due to the 
existence of a “‘ window”’. 


Figure 3 shows the approximate positions and extent of H m regions observed 
in this portion of the sky by Gum (1955). Although the incomplete coverage 
of the 19-7 Mc/s survey prevents the study of detail towards the left-hand side of 
the figure, it is seen that in the vicinity of the Hm regions the contours are 
distorted in the sense that lower brightness temperatures are observed and 
there is no doubt that many of the radio dark areas are due to the presence of 
HT regions. 

The absorption coefficient x at 19-7 Mc/s in an Hm region having electron 
temperature T, °K and electron density n, em-* is given by 


%=1-27 X10° xT? xn? 
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(Piddington 1951). The optical depth + assuming 7, is constant is 


o= | ds=1 21 4108 xT, na. 


The quantity | n,*ds, the ‘‘ emission measure ”’, also governs the emission of Ha 


light and may be deduced from optical data. Taking 7,~104 °K, 
t=1-27 X10-* x (emission measure), so that an optical depth of unity at 
19-7 Me/s is reached with an emission measure of about 800. An HT region 
having an emission measure of only 800 would be classed as very faint when 
observed optically. 

If the H 1 region is sufficiently large to fill the aerial beam the full effect of 
the absorption will be observed. Smaller regions will show absorption effects 
in the ratio of the solid angle subtended by the Hu region to that of the aerial 


+5°4 


° 
° 


GALACTIC LATITUDE 


335° 


GALACTIC LONGITUDE 


Fig. 3.—The shaded areas show the positions and 
approximate extent of Him regions observed by Gum 
(1955); the numbers give Gum’s catalogue number. 


beam. The effects of most of the H 1 regions shown in Figure 3 will be reduced 
in this way. However, it is probable that low frequency radio absorption 
observations will give more sensitive indications of faint extended H 1 regions 
than any other method, radio or optical. 

The extended H 1 region around + Scorpii (Morgan, Stromgren, and Johnson 
1955) is an interesting example. It is observed in absorption on the record of 
Figure 1 (b) from about 165 30™ to about 16" 50™. This record and others 
show that the absorbing region produces a maximum absorption of about 25 per 
cent. and has an angular diameter of about 5°. The maximum absorption 
occurs close to +t Sco and the absorption falls off most rapidly towards the 
northern side. These observations agree very well with the description given 
by Morgan, Stromgren, and Johnson. Assuming an electron temperature of 
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104 °K, the radio observations give an emission measure of 230, a value consistent 
with the application of Stromgren’s (1948) theory to the optical data. Even 
fainter extended H u regions should produce significant absorption of 19-7 Mc/s 
radiation so that these observations should be of value in studying nearby H 1 
regions (which subtend large angles). 

Brighter Hm regions may completely absorb 19-7 Mc/s radiation. For 
example, Stromlo 67 (Gum 1955) is an Hw region, classed ‘ faint” by Gum, 
about 2° in diameter and centred on 1=323°-4, b=—1°:3. It appears near the 
right-hand edge of Figure 3. A preliminary photometric study by Gum (personal 
communication) gives an emission measure of about 3500. The 19-7 Me/s 
absorption is then so great that an insignificant fraction, less than 0-3 per cent., 
of any incident radiation is transmitted. The excess of radiation from the 
direction of such an Hw region, assuming proper allowance to have been made 
for the finite angular size, over that due to the 10,000 °K thermal emission from 
the H II region itself must then originate in the space between it and the observer. 


(b) The Relative Importance of Thermal Emission as a Source of High 
Frequency Galactic Radiation 

Since the first observations of cosmic noise there has been considerable 
discussion of the question whether or not thermal radiation from H 1 regions 
can account for all, or at any rate most, of the radiation observed in the bright 
band following the galactic plane (the ‘“ discoidal’’ component). Recently, 
Mills (1955), using early observations with the 85-5 Mc/s Cross, deduced that 
less than one-quarter of the emission in this band was due to thermal radiation, 
but Piddington and Trent (1956) criticized this result and concluded that their 
600 Mc/s observations were quite consistent with the hypothesis of a thermal 
origin for most of this emission. The present observations show clearly that 
the latter hypothesis is untenable. 


If the discoidal component were wholly thermal in origin, 19-7 Mc/s records 
should show only a trough near the galactic plane. Actually, the records, as 
in Figure 1, show a considerable rise on either side of the trough and this is 
conclusive evidence that there must be both thermal and non-thermal con- 
tributions to this component of the galactic radiation. 

Discussion of the relative importance of the two contributions requires 
quantitative consideration. The observations show that for latitudes not less 
than 8° there is a rise towards the galactic equator which is broadly similar 
on 600, 85-5, and 19-7 Mc/s. At lower latitudes, the 19-7 Mc/s radiation 
becomes relatively less bright than at the other two frequencies, and within 
about +4° of the galactic plane the 19-7 Mc/s records show the trough, whereas 
the others show a ridge. The simple interpretation is that, outside latitudes 
-+8°, absorption is not important but it becomes increasingly important at lower 
latitudes. Further, if the optical depth at 19-7 Mc/s is t45., and at 600 Me/s 
Teoo, it may be shown (Piddington 1951) that t19.7=1200 Tego. Now, if at 
latitude 8° the 600 Mc/s radiation were mainly thermal, the observed 
temperature of 50° requires, for a gas temperature of 10,000 °K, a value of 
Teo Of 0-005 and hence of t,9., of 1200 x0-005=6. The corresponding absorp- 
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tion, greater than 99-99 per cent., appears quite inconsistent with the observed 
similarity of the 19-7, 85-5, and 600 Mc/s profiles up to this latitude. The 
assumption of a preponderance of thermal radiation at this latitude is therefore 
inadmissible. Even at latitudes of 4° it appears that the absorption of 19-7 Mc/s 
radiation is less than 0-5, from which the optical depth at 600 Mc/s may be 
deduced as less than 6 x10-4 and the proportion of 600 Mc/s thermal emission 
less than 8 per cent. 

It is possible that the relative proportions of thermal and non-thermal 
emission at 600 Mc/s changes as the galactic equator is approached, but the 
general similarity of the 85-5 and 600 Mc/s contours suggests that the non- 
thermal component remains the major component. 


-0-5° 
Ww 
fs =1-0° & 
EE 
= 
3 
: //) 
: 00 29 
oO ) C) 
=2-07 es FO ee | 
328°5° 328-0° 327-5° 327-0° 


GALACTIC LONGITUDE 


Fig. 4.—The observed position of the source Sagittarius-A. 

The open circles are the positions observed at high fre- 

quencies and collected by Kraus and Ko (1955). The 

shaded circle is the position of the deep minimum observed 
at 19-7 Me/s. 


(c) The Source Sagittarius-A 

An outstanding feature of Figure 2 is the very pronounced local minimum 
at 1=327°-8, b—=—1°-2 which appears as a “‘ hole” of angular width 2°:4 (at 
half-depth). Its position agrees, within the experimental uncertainty of a 
few tenths of a degree, with the position of the strong source Sagittarius-A 
(LAU number 17S2A) observed at high frequencies. The observed positions of 
this source have been collected by Kraus and Ko (1955) and Priester (1955) and 
are shown in Figure 4, together with the 19-7 Mc/s minimum. At centimetre 
wavelengths the very bright small source has been observed superimposed on a 
moderately bright extended source. Mills (1956) has shown that at 85-5 Mc/s, 
at which frequency the source is seen in absorption, the observations are readily 
explained in terms of an H 1 region in front, or partly in front, of a more extended 
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non-thermal source. At 19-7 Mc/s the absorption is roughly (85 -5/19-7)?, 
that is about 20 times as great and the absorption must be practically complete. 

The angular size of the thermal source apparently varies with frequency, 
as shownin Table 1. As suggested by Mills (1956) the thermal source is probably 
extended, with a concentration towards the centre. The 19-7 Me/s (15:2m 
wavelength) observations, being very sensitive to absorption in H 1 regions, 
take in the full extent of the source. 

From the close agreement in position, and the consideration of angular 
size, there is no doubt that the deep minimum observed near the galactic centre 
at 19-7 Mc/s is due to the source Sagittarius-A observed in absorption. 


TABLE 1 


THE ANGULAR SIZE OF THE SOURCE SAGITTARIUS-A 


| 
Authors Wavelength Angular Remarks 
Size 
Haddock and McCullough 3 cm 4° Also a more extended source 
(1955) | 

Hagen and McClain (1954) 21 cm $ Also a more extended source 

Kraus and Ko (1955) ... 1-2m S14- Possibly includes the extended source 
Mills (1956) ra sue 3-5 m Se Observed in absorption 

Present observations En 15-2 m 24° Observed in absorption 


IV. FUTURE POSSIBILITIES 
The peculiar value of the 19-7 Mc/s observations arises from the fact that 
the intensity of the radiation at such a low frequency is very much affected 
by absorption in low density ionized interstellar hydrogen. An obvious applica- 
tion is the detection of very faint H 1 regions in intermediate and high latitudes. 


Probably more important, however, is the study of the intensity of radiation 
from the direction of large (i.e. extending over several degrees) and dense H 11 
regions in which the absorption is very great. For, if it can be shown that the 
absorption is essentially complete, it follows that all radiation observed from 
this direction must have been generated between the Sun and the absorbing 
region (apart from the comparatively small thermal emission from the region 
itself). Since, generally, the distances of Hm regions can be estimated from 
optical data, such observations should yield a value for the amount of non- 
thermal radiation emitted per parsec, a quantity of importance in the study of 
the origin of the radiation. As a corollary, once this quantity is known for 
a number of representative situations, it should be possible to use it in the 
estimation of distances to other absorbing features of the Galaxy. 


The present observations are not sufficient to give a definitive value of the 
emission per parsec and further observations are in progress. However, the 
data available at present indicate that the absorbing gas is strongly concentrated 
in spiral arms, and that throughout most of these the absorption is very high, 
although there are translucent patches. 
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SHORT COMMUNICATIONS 


IONOSPHERIC DEMODULATION OF RADIO WAVES AT VERTICAL 
INCIDENCE* 


By G. J. AITCHISONT 


Introduction 

In a previous communication, Aitchison and Goodwin (1955) have described 
an investigation carried out at the University of Adelaide on the demodulation 
of radio waves at vertical incidence. At a frequency of 1550 ke/s, which is 
close to the local gyro frequency of approximately 1600 ke/s at the height of the 
E layer of the ionosphere, marked reductions in the modulation depth were 
observed on the sky wave. The experimental results tabulated in the previous 
communication suggested that the effect was greatest at a modulation frequency 
of the order of 800-1500 c/s. From subsequent measurements it is apparent 
that, in the case of -layer reflection the demodulation was greatest at a modula- 
tion frequency of, very approximately, 1 ke/s ; in the case of H-layer reflection, 
the degree of demodulation did not vary markedly with change of modulation 
frequency. 


Interpretation 

Calculation from magneto-ionic theory of the absorption coefficients of 
the extraordinary and ordinary components in the # layer shows that the former 
is vastly greater than (of the order of 2000 times) the latter at 90 km height at 
the frequency used. Virtually the whole of the extraordinary component will 
be absorbed in the lower EH layer, while the ordinary component will pass through 
this region and be reflected from either the fF layer or a higher region of the 
layer. We therefore consider the possibility that the demodulation may be 
due to wave interaction, with the ordinary and extraordinary components 
acting respectively as ‘‘ wanted” and ‘ disturbing’ waves. (For an account 
of the phenomenon and theory of wave interaction see Huxley (1952).) Even 
though, as is stated later, it appears that the observed degree of the demodulation 
is much greater than would be expected from the theory of wave interaction, 
the following analysis is of value in that it indicates that the demodulation is 
occurring in the H layer. It is not, however, to be assumed that interaction 
between the two magneto-ionic components is necessarily being regarded as the 
cause of the observed demodulation. 


* Manuscript received November 7, 1956. 
j Department of Physics, University of Adelaide. 
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We represent the ordinary wave entering the region of absorption of the 
extraordinary wave from below by 


°H (1+ cos wt) cos pt=H,(1+M cos wt), 


where M=modulation depth, 
p=2n x carrier frequency, 
@®=27 xmodulation frequency. 


Let T., be the modulation depth impressed on it at the fundamental frequency 
@/2x in passing once through the region of absorption of the extraordinary 
wave. (The theory of wave interaction shows the existence of a harmonic term. 
This may be ignored in the present case, since M had the value 20 per cent., 
and (see Huxley 1952, equation (36)) T,,.<3iMT,., ie. To.<T,/20.) Then, 
from Huxley (1952), equation (39), we have for the wave emerging from the 
region the expression 


£,(1+ cos wt)[1+7,, cos (wt—o,, —7)]. 


If the wave travels a distance 21 between emerging from the region and re- 
entering it after reflection, then the wave finally emerging from the region will 
be given by 


Ey (1+ cos wt)[1+7, cos (wt—9,—7) [1 +7, cos (@t—9.—7 +2lw/e) ]. 
BENS etacc se bic ae tecl siace-ete (1) 


For 7, we substitute (Huxley 1952, p. 87) the expression 
T.o=T)/(1 +(w/Bn)?]}!=T,/(1 +tan? 9,.)?=T, C08 oq. 


(Huxley (1956) has shown that the term Bn should be substituted in the theory 
of wave interaction for Gy; the result 7.,=7,) cos 9, is not affected by this 
substitution. ) : 

The expression (1) then becomes, since 7) is small, 


By/(1+4+M’ cos (wt —a)]; 
where 
M’ cos (wt —Yo)=M cos wt+47y[cos (wt —r) +08 (wt —t—2G6) + 
. . . eos (wt —2 —204 +2lw/e) +008 (wt —7 +2lw/c)]. 
Be aere TSE evans cen pi ie ogi ee (2) 


This expression is represented diagrammatically in Figure 1. Here the triangle 
CDE rotates about C as w increases, and also the angles ABC and CDE decrease 
with increasing w. Thus a minimum value of M’ is to be expected if 2lw/e~27n 
(or multiples thereof ; but minima beyond the first are unlikely to be of conse- 
quence because of the increase in the value of 29), and since, for F-layer 
reflection, J is approximately 150 km, this minimum occurs at a modulation 
frequency «/27 of approximately 1000 c/s, in agreement with the experimental 
result. 
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In the case of E-layer reflection, the term 2lw/c is virtually zero, and (2) 
becomes 
M’ cos (wt—Yo) =U cos wt+Ty[cos (wt—z) +08 (wt —7 —2@.)]; 


which is represented diagrammatically in Figure 2. Here, as w increases, A 
moves around the semicircle BAO, and it is apparent that ¢,, may increase from 
zero to a relatively large value without greatly changing the value of M’. Thus 


bu 


AB = BC = CD = DE= To/2 


Fig. 1. 


the lack of marked dependence of modulation depth on modulation frequency is 
qualitatively explained. | 

It must, however, be stated that, if 7) is evaluated from the theory of wave 
interaction (see Huxley 1952, equation (41)), the value obtained in the present 
case is much too small to account for the observed degree of demodulation. 


Fig. 2. 


The agreement between theory and experiment regarding the variation of the 
degree of demodulation with modulation frequency would appear to indicate 
the correctness of the assumption that the demodulation is occurring in the 
— layer and that the wave is affected on both its upward and downward paths. 
But the mechanism of the demodulation appears to require further investigation. 
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The author gladly expresses his thanks to Prof. L. G. H. Huxley for his 
constant interest and encouragement, and for valued discussion, and to Mr. 
G. L. Goodwin, in collaboration with whom all of the experimental work was 
carried out. 
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THE CLOCK PARADOX AND THE GENERAL THEORY OF 
RELATIVITY* 


By G. R. ISAAKt 


The clock paradox (Dingle 1956; McCrea 1956) which arises when the 
Special Theory of Relativity is applied to the problem of two identical clocks 
having different histories in the space time diagram is resolved by the General 
Theory of Relativity (G.T.R.) (Tolman 1934). 

This suggests that an experiment equivalent to the clock paradox problem 
would constitute an experimental, as distinct from observational, test of the 
G.T.R. and its rival theories. 

Such a test appears to be quite feasible using charged unstable particles 
- (e.g. m-mesons and emulsions as detectors of z~ stars or x—y decay) describing 
. a circular path of radius R in a magnetic field of induction B. , 

If the numbers of z-mesons are V, and JN, at the same point (in the laboratory 
frame) but separated by one revolution, a path length of «=2zF in the laboratory 
frame, we have 


NV ==, ©xp haat SEicivacdio'de Saat (1) 
provided the time dilatation applies throughout their motion (i.e. if it depends 
on the speed only), with @c=speed=constant, y=(1—f?)-?, and t=proper 
mean life of the 7-meson. 

If the time dilatation effect should be cancelled during the accelerated 
motion (Hill 1947) (i.e. two identical clocks once synchronized remain so irre- 
spective of their histories) we have 


* Manuscript received October 11, 1956. 
+ Physics Department, University of Melbourne. 
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The differences between equations (1) and (2) are appreciable at available 
energies, magnetic fields, and radii of orbits as Table 1 shows where 
M02=140 MeV and t=2-6 x10-* sec (Thorndike 1952). 

The above experiment is actually equivalent to the clock paradox problem 
because an inertial frame M exists such that mesons are at rest at a point P, 
for time t<t, (the number of mesons at time t=, is Vy), then are accelerated 
and retarded and come to rest at a point P, at time ¢t, (NV, mesons remaining) 
as measured by a local clock which is synchronized with the clock at Po in the 
usual way (Einstein 1905). 


TABLE | 


, 
RATIO OF NG TO Ny AT AVAILABLE ENERGIES, ORBITS, AND MAGNETIC FIELDS 


Kinetic Energy Radius of Magnetic 
of Mesons Orbit Induction N,/Nz 
(MeV) (m) (Wb m-?) 
20 1 26 1-23 
140 1 81 1-59 
560 2 1-14 3-72 


An alternative method is to determine the number of z-meson decays per 
unit length of path, dN/dx. Equation (1) gives 


dN 1 

an! x Byte’ eee RTE BO OF) (la) 
while equation (2) gives 

AN aL 

ag Ne Gro’ ethene (2a) 


The symmetry of a circular orbit implies that (dN/dz)/N, should be 
independent of the particular arc and one can therefore use an are instead of a 
complete circle and correspondingly higher energy. For instance, for 1260 MeV 
mesons, y=10 and the results should decide between (1a) and (2a) even if it 
might be difficult to distinguish my decay from z scattering. 


Although a straight line is obtained if one lets the radius R of the orbit 
tend to infinity, equation (2a) does not go over into equation (la). This in 
itself implies a discontinuity in the decay rates and suggests that equation (2a) 
and therefore (2) cannot hold for circular motion with constant speed if equations 
(1) and (1a) hold for uniform velocity motion. But equations (1) and (1a) 
are consequences of the Special Theory of Relativity and have even been verified 
experimentally for y-mesons describing slightly curved paths in the Harth’s 
magnetic field (Janossy 1948). We therefore conclude that two identical clocks 
synchronized initially do not necessarily remain synchronized ; whether their 
readings are given by equation (1) only experiment can decide. 


It should be noted that this time dilatation effect corresponds to the “ red 
shift ” effect of the G.T.R., but, whereas the “ red shift ’? has been explained in 
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terms of the energy loss of photons in the Sun’s gravitational field (McCrea 
1954; Papapetrou 1956), the above effect cannot be explained in these terms. 


The author is grateful to Dr. C. A. Hurst and Mr. K. B. Mather for several 
discussions on this problem. 
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ANGULAR DISTRIBUTION OF «-PARTICLES FROM “Li(d,«)'Het 
By A. C. RivieRet and P. B. Treacyt 


Introduction 
The deuteron bombardment of “Li can result in the production of two 
«-particles and a neutron by one of the following processes : 


7Li+"H>*Be*—4He+5He, 5He>n-+‘*He (a) 
—>n+8Be, ®Be+*He-+‘*He (bd) 
—n-+4He+‘4He (c). 


It is possible to distinguish between (a) and (b) by means of groups present 
in the spectrum of particle energies. A mono-energetic «-particle group has 
been observed (Ajzenberg and Lauritsen 1955), which can only be due to a 
two-body break up of *Be leaving *He in the ground state. Two neutron 
groups have been observed (Ajzenberg and Lauritsen 1955), corresponding to 
the formation of *Be in the ground and first excited states. No substantial 
evidence exists for reaction (c). 

The angular distribution of the mono-energetic group in the a- -particle 
energy spectrum with respect to the deuteron beam has been measured pre- 
viously (Treacy 1951) at a bombarding energy of 900 keV and found to be 
isotropic to within an experimental error of 10 per cent. Using this information, 
the calculations in a recent study (Riviere 1956) of reaction (a) at the same 


+ Manuscript received October 18, 1956. 
{ Research School of Physical Sciences, The Australian National University, Canberra: 
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deuteron energy were made on the assumption that deuterons of zero angular 
momentum only were involved. 

The purpose of the present experiment was to obtain a more accurate 
measurement of the angular distribution of the «-particle group with respect 
to the beam. It was hoped that by studying emission at small angles to the 
beam some evidence might be found for the presence of small peaks in the 
angular distribution which would indicate direct ‘‘ knock-on” effects in the 
reaction mechanism. 


Experimental Method 

To obtain the angular distribution of the group, the energy spectrum of the 
a-particles emitted over a small solid angle from the target was observed at 
various angles with respect to the beam. 


INCHES 


Fig. 1.—A schematic drawing of the experimental equipment. 


A schematic drawing of the equipment used is shown in Figure 1. Two 
similar proportional counters are mounted inside a large cylindrical evacuated 
chamber which has the target (7) at its centre. One counter (Ctr. I) can be 
set so as to observe particles emitted at any angle between 0 and 148° to the 
beam with an angular resolution of 0-5° included, and the other (Otr. IZ) is of 
similar aperture and fixed so as to observe particles emitted at 150° to the beam. 
Each counter consists of a vertical cylindrical cathode 3 in. in diameter with a 
0-005 in. diameter tungsten wire supported axially as the anode. Particles 
enter the counters through thin aluminium windows equivalent to 4-0 em of 
air. The window apertures each subtend a solid angle of 0-0055 steradian 
at the centre of the target and are tapered at an angle of 10° to reduce small- 
angle scattering of the accepted particles. The windows are also arranged so 
that the anode wire cannot be seen from any part of the target ; the axis of a 
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ray drawn from the centre of the target through the centre of the window passes 
the anode wire at a distance of 0-375 in. The gas filling consists of a mixture 
of commercially pure argon with an addition of 3 per cent. nitrogen to stabilize 
the gas gain. genres 

The pulses from each counter are amplified by standard linear amplifiers. 
The output pulses from the counter II amplifier are increased in height by the 
addition of a fixed pedestal voltage which is greater than the maximum pulse 
size to be expected from the counter I amplifier. The two sets of pulses are 
then mixed and the whole recorded by a pulse height analyser. If two particles 
are detected simultaneously, one in each counter, then only the larger pulse to — 
reach the mixing unit will be recorded. This pulse will in all cases be the one 
with pedestal from the counter II amplifier. With the counting rates used in 
this experiment no significant error is introduced by this preference. 

The mono-energetic «-particle group from the reaction 7Li(p,«)*He was 
observed and the width at half height of this group as recorded on the analyser 
was equivalent to three channels, corresponding to a resolution of about 10 per 
cent. at the peak. 

The target was made by the electro-deposition of a thin layer of metallic 
7Li from a solution of the metal chloride in pyridine and the metal was then 
allowed to oxidize in the air. The target backing consisted of nickel foil 
equivalent to 2mm of air, and the layer of lithium was deposited over a circle 
0-5in. in diameter. The orientation of the target with respect to the beam 
was always such that «-particles detected in the counters were emitted at an 
angle which was less than 55° to the normal to the plane of the foil. The target 
holder could be rotated about a vertical axis. Provision was made for its 
withdrawal from the chamber without breaking the vacuum by means of the 
valve shown schematically in Figure 1. Changes of target thickness consequent 
on rotation were automatically compensated by always using counter II as a 
monitor. 

The 900 keV deuteron beam was defined by two 0-25 in. diameter apertures 
(S) before entering the chamber and these apertures ensured that the beam 
struck the centre of the target. The two apertures, the target, and the window 
on counter I were visually aligned to determine the zero error of the graduated 
scale used to set the position of counter I. The beam was trapped by the 
Faraday cage (Ff) insulated from the chamber so that the target current could be 
recorded. The quartz window (W) allowed the direct beam to be seen when the 
target was lowered and hence permitted visual alignment of the beam. 


Experimental Results 

Three series of measurements were made, in each of which the «-particle 
energy spectra were recorded at eleven angles from 0 to 148°. A typical spectrum 
is shown in Figure 2. Curve A is that part due to the detection of particles in 
counter I and curve B is due to counter II. A pedestal equivalent to 40 channels 
has been added to all pulses contributing to curve B. 

In a particular run an average curve B was selected and all others compared 
to it since they were of the same shape. Hach curve A was different for each 
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al 


angle 0, since the centre-of-mass motion produces a different observed energy 
for the group depending on the value of 0. The following method was used to 
analyse the A curves. The extrapolated end point a and the centre of the peak b 
were determined. The distance XY from the point a to the ordinate at b was 


500 


COUNTS PER CHANNEL 


° 10 15 20 25 30 35 50 55 60 65 7o 
CHANNEL NUMBER 


Fig. 2. A typical pulse height analyser spectrum taken for 0=34-5°. 

Curve A and curve B are due to the detection of particles in counters 

I and II respectively. All pulses from counter II are increased by a 
pedestal equivalent to 40 channels. 


measured and an ordinate ¢ drawn at a distance 3X/2 from a. The sum of 
the numbers of counts in the channels lying between a and ¢ was then used as a 
measure of the *He peak. This value was normalized using the ratio of the 
height of the corresponding curve B to the chosen standard curve B for the run. 


cos 4” 


Fig. 3.—The experimental results obtained from three series of 
measurements. Here 0’ is the angle of emission in the centre-of-mass 
system, and the results are corrected for centre-of-mass motion. 


The resulting numbers were then normalized so that the mean of all runs for the 
angle 6=150° was unity ; here 148° was assumed as being sufficiently close to 
150° to normalize to the 148° measurement. 

The means of all three series of measurements were corrected for centre-of- 
mass motion effects, and the results are presented in Figure 3 where 0’ is the 
angle between the emitted particle and the beam in the system with the centre- 
of-mass at rest. A straight line has been drawn on Figure 3 to represent an 
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isotropic distribution. The points obtained at the largest angles are seen to 
lie well below the line. These two spectra were recorded for an increased gain 
in the counter I amplifier to spread the counts over a larger number of channels, 
and this may have introduced an error. 


We conclude that the angular distribution of the «-particles contributing 
to the formation of the ground state of *He in reaction (a) is isotropic at a 
deuteron energy of 900 keV to within an experimental error of 2 per cent. 
There is no evidence for a ‘‘ knock-on ”’ reaction to within this accuracy. The 
most simple explanation of the result is that primarily s-wave deuterons are 
responsible for the reaction. The necessary spin assignments under this 
assumption are discussed by Riviere (1956). 


This work was carried out as part of the research programme of this 
laboratory under Professor E. W. Titterton. 
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SOLUTION OF FLOW PROBLEMS IN UNIDIMENSIONAL 
LAGRANGIAN HYDROMAGNETICS* 


By R. E. LOUGHHEADT 


Introduction 

A problem of considerable interest in many branches of astrophysics is 
that of the subsequent behaviour of a current which at an initial time t=0 
is largely concentrated within a given region of an ionized gas of infinite extent. 
In particular, it has been suggested by Alfvén (1950) that a high current discharge 
in an ionized gas is likely to constrict because of the electromagnetic attraction 
between parallel currents and that this constriction effect may be involved in 
the formation of solar prominences. Similar considerations may also be of 
importance in studies of magnetic fields in the spiral arms of the Galaxy. 

The solution of an initial value problem of this type is greatly complicated 
by the non-linear character of the hydromagnetic equations governing the 
motion of the ionized gas. However, in the simple case of the unidimensional 
motion of an ionized gas in which the magnetic field is everywhere at right 
angles to the direction of motion of the fluid, a numerical solution can be carried 
through using a finite difference scheme along the lines proposed by the author 


* Manuscript received October 31, 1956. 
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in a previous paper (Loughhead 1955). The complexity of the numerical 
computations can be reduced if, instead of using the hydromagnetic equations 
in their usual Eulerian form, the problem is formulated in terms of the Lagrangian 
equations of motion. The process of numerical solution then comes well within 
the capacity of a desk machine. 


Lagrangian Equations for Unidimensional Flow 

It is convenient to introduce Cartesian axes Oz, y, z such that the magnetic 
field in the fluid is everywhere directed in the y-direction and the motion of the 
fluid occurs parallel to the w-axis and depends on the single spatial coordinate a. 
The analysis is especially facilitated by the use of the Lagrangian representation 
in which a number h is attached to each plane section of particles normal to the 
«-axis, so that the changing position of each section is given by a function 
a(h, t). If o(#, t) denotes the density of the fluid at the point a and time ¢, 
then h may be conveniently defined by the relation 


ah, t) 
—_ | Sig en (1) 


(0, t) 


According to this definition h is equal in magnitude to the mass per unit cross 
section area between the plane a(h,t) and a “ zero” plane 2(0, t). Another 
important result 

dxu(h, t) 


Uh tet ed ae ee (2) 


can be obtained by differentiating (1) with respect to h. 


Then the Lagrangian equations governing the motion of the fluid may be 
stated in the form (cf. Loughhead 1955) : 


(Hose 1s) ee (3) 

(Ory), shed ea (4) 

ot(g, +?) ea ore (5) 
h 

UL Tp; ee ste cee ee ee (6) 


where H is the component of the magnetic field in the y-direction, t=1/p is 
the specific volume, v is the velocity of the fluid in the x-direction, p is the scalar 
pressure, y is the ratio of the specific heats of the gas, and the subscripts ¢ and h 
denote partial differentiation with regard to ¢ and h respectively. The units 
employed are Gaussian. In this form the equations are identical with those 
given by Kaplan and Stanyukovich (1956) in a recent paper. 


Equations (3) and (4) lead to the two integrals of motion 
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where a and b are functions of h specified in the initial conditions of the problem. 
Using (7) and (8), equations (5) and (6) may then be written in the forms 


Meee ret ye Meigs aioe Cae a (9) 
CS en OFA ee Oe NOE AAS (10) 
wheré 
Oh oh, Ab 
bc, Lape ) fat ae Ta (11) 
and 


pet) | oes tena @ 
ak ilies 4 2 1 Sane Seren GN (12) 


is the local value of the hydromagnetic wave velocity V. 


When H=0, the quantity tk becomes simply the sound velocity ¢q=1/(yp/) 
and the equations (9) and (10) reduce to the well-known gas dynamical equations 
for an unionized fluid. Also, if the state of the fluid is uniform at time t=—0, 
then Y(t, h)=0, and tk is a function of t alone. In this case the hydromagnetic 
equations for an ionized fluid are identical with the corresponding gas dynamical 
equations except that tk represents the hydromagnetic wave velocity and not 
the velocity of sound. Under these circumstances the hydromagnetic equations 
may be solved by methods identical to those used to treat the corresponding 
equations of gas dynamics. This fact has been previously pointed out by 
Kaplan and Stanyukovich (1954). 

For other problems where the initial state of the fluid at time t=0 is not. 
uniform, tk is in general an explicit function of h as well as of the specific volume t, 
and the whole process of solution is greatly complicated. Kaplan and 
Stanyukovich (1956) have attempted to find particular solutions for the case 
of non-uniform initial conditions. Their method is based directly on equations 
(5) and (6), and consists essentially in replacing the total pressure P=H?/8x +p 
by a postulated analytical expression, which then makes the equations mathe- 
matically tractable. 

While the particular solutions obtained by Kaplan and Stanyukovich 
are useful in providing some insight into the nature of the hydromagnetic flow, 
it is important to point out that a full numerical solution can be obtained for 
any given initial value problem by a finite difference method based on the 
characteristic forms of equations (9) and (10). The advantage of using the 
Lagrangian representation is that, instead of having to solve four partial dif- 
ferential equations simultaneously as in the Eulerian scheme (cf. Loughhead 
1955), one has now to deal only with two, and the amount of numerical computa- 
tion is much reduced. This reduction of effort is due to the existence in the 
Lagrangian representation of the two integrals of motion (7) and (8). 

To obtain the Lagrangian equations in characteristic form one merely 
adds and subtracts k times equation (10) to and from equation (9), yielding the 
relations 

0, tho, =k(t, +kt,) —Y(, hh) hss hte Baden te (13) 
0, —kho,= —k(t,—kt,) —Y(t, bh). oes eee nees . (14) 
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In each of the eqtiations (13) and (14) the variables v and z are both differentiated 
in the same direction along a common curve in the (h-t) plane, whose slope is 
given by 

dhjdi= Ah 60.0% stan Se Serpe ees (15) 


respectively. When H=0, the equations (13) and (14) become the normal 
Lagrangian equations describing the unidimensional adiabatic motion of an 
unionized fluid. 


Difference Equations 
To proceed with the numerical computation in any particular initial value 
problem consider a rectangular mesh in the (h-t) plane whose (/,m)th point 
is defined by ' 
Wiel AR, 6 nA ©. cee pean os (16) 
where 
a INI eee eee Bes 892 ee ee (17) 


is the mesh ratio. The mesh ratio must be chosen to satisfy the stability 
condition 

,.| a 

)) dé 


throughout the region of integration. 


max. 


The technique is now to replace derivatives along characteristics by finite 
differences, the choice of difference quotients (forward or backward) being made 
so as to preserve the domain of dependence. If v7, and t,, denote the values 
of the solutions of the difference equations at the net point (h,, t,,), the character- 
istic equations (13) and (14) are replaced by the difference equations 


Ul, m+1 Up m —Trk;, ml V1, m —3(% —1,m +Up4i, m) ] +irk*,, m(T1-+41, m—TI—1, m) 
=A . vr, Mig) Se eis eye fel e alle ere e; 6) 8 we (eile elie Wile) 6 wlellele tn eielie ls (19) 


T1,m+1=T, m—TKty, m{T1, m—¥$(ti-1, mt-T141, m) | +4r(07141, ore ed els m)- 


Equations (19) and (20) determine the values of the variables » and t along the 
line ¢,,,,=constant in terms of the values along the preceding line t ,, =constant, 
and hence enable the solution to be stepped off given the initial values of the 
variable&S at time t=0. 

The Lagrangian method may also be adopted for axially and spherically 
Symmetric flows, but, in these cases, it does not afford the considerable reduction 
of numerical computation outlined in the analysis above. 


Note added in Proof (February 6, 1957).—Trial computations performed by 


Miss J. Ward have confirmed the utility of the numerical method described 
above. | 
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PROTONS EJECTED FROM NICKEL BY 17-5 MEV BREMSSTRAHLUNG* 
By B. M. Spicer,t HE. G. Murruean,} and G. G. SHUTET 


It has been shown that the energy and angular distribution of photoprotons 
from middle-weight nuclei (Z about 30) can be almost entirely accounted for 
by the statistical theory of nuclear reactions (Byerly and Stephens 1951 ; Toms 
and Stephens 1954). The evidence indicates that the direct photoeffect con- 
tributes only a small amount to the emitted photoproton spectrum. However, 
the statistical theory does not explain, among other things, why the photoproton 
yield at 23 MeV from copper and nickel should be about three times that from 
cobalt (Mann and Halpern 1951). 


An investigation of the photoprotons from nickel at energies below the 
peak of the (y,p) giant resonance has been made. A nickel foil of thickness 
0-0007 in. was irradiated with 17-5 MeV bremsstrahlung, and the charged 
particles emitted were detected in two Ilford C2 emulsions (100 » thick). The 
target-plate geometry was similar to that of Diven and Almy (1950). 


TABLE 1 


Q-VALUES OF PHOTON AND NEUTRON REACTIONS IN NICKEL 


58Ni(y,p)°7Co ‘ —7:-8+0-4 MeV 
58Ni(y,«)*4Fe —6:3+0-4 MeV 
58Ni(y,d)>Co —17-3+0-3 MeV 
6°Ni(y,p)5®Co _ —9:5+40:4 MeV 
SNi(y,«)>*Fe —6:2+0-3 MeV 
69Ni(y,d)°8Co —17-6+0-3 MeV 
58Ni(n,p)°8Co 0:6+0-3 MeV 
58Ni(n,a)®*>Fe 3:0+0-3 MeV 
69Ni(n,p) Co —2-0+0-3 MeV 
89Ni(n,a)>?Ke 1:-4-+0°3 MeV 


The Q-values of the photon-induced reactions in nickel leading to charged 
particle emission are given in Table 1. Also shown are the Q-values for the 
neutron-induced reactions which could lead to background tracks. All these 
Q-values are calculated from masses given by Wapstra (1955). It is estimated 
that the (n,p) and (n,«) reactions in the nickel isotopes contribute less than 
5 per cent. of the total tracks observed. The chief sources of neutrons are the 
lead collimator and the platinum target in the synchrotron. Both are sources 
of photoneutrons of which about 90 per cent. have energy less than 2 MeV. 
Combined with this is the fact that the Coulomb barrier inhibiting proton 


* Manuscript received December 4, 1956. 
+ Physics Department, University of Melbourne. 
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emission from nickel is about 7 MeV, and this would certainly inhibit all (n,p) 
and (n,«) reactions except those with very positive Q-values. The number of 
background tracks due to n—p scattering in the emulsion was shown to be 
quite negligible by means of a scanning programme previously described (Spicer 
1955). 

The proton energy distribution is shown in Figure 1. The proton energies 
were calculated by adding the energy at the emulsion surface and the energy 
lost in half the effective foil thickness. Only those tracks in the angular region 
50-130° were used in the plotting of the energy distribution. 

The angular distribution is plotted in Figure 2, for all the protons, and 
for the energy groups 2-4 and 4-8 MeV. 
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Fig. 1.—Energy distribution of photoprotons ejected from nickel 
by 17-5 MeV bremsstrahlung. 


Discussion 


A calculation of the yield of photoprotons gave 7 x104 protons per mole- 
roentgen which is in good agreement with the value inferred from the yield 
curve given by Mann and Halpern (1951). Our figure of 2x10? «-particles 
per mole-r is in good agreement with that found by Haslam, Smith, and Taylor 
(1951) for the ®Cu(y,«)®Co reaction at 17-5 MeV. 


The energy distribution of photoprotons expected from an evaporation 
model is shown by the alternative curves on Figure 1. These curves are 
normalized to represent the same number of total tracks as appear in the experi- 
mental distribution, Curve A was calculated using a Coulomb barrier height 
of 6-9 MeV and a residual level density which varied with excitation energy as 
exp (6H). This level density corresponds to a mean nuclear temperature of 
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0-9 MeV for the residual cobalt nucleus. This is in fair agreement with the data 
of Graves and Rosen (1953) from inelastic neutron scattering, and of Gugelot 
(1951) from neutron spectra from nuclear reactions of 18 MeV protons. 

An equally good fit to the data can be made using a Coulomb barrier of 
5-6 MeV, and assuming a level density form of exp (1-042). This is shown in 
curve B of Figure 1. The level density form assumed corresponds to the same 
nuclear temperature as the first one. 

It seems, then, that if one accepts the hypothesis of Livesey (1955), that 
the nuclear temperature remains constant up to excitations of 10 MeV or so, 
then one must also use a Coulomb barrier which is smaller than the classical 
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Fig. 2.—Angular distribution of photoprotons from nickel. 


barrier height (in this case 7 MeV). This possibility is covered in the hypothesis 
of an unsharp nuclear surface (Scott 1954). The Coulomb barrier height of 
5-6 MeV which was used here is not as low as the figure recommended by Scott, 
which is 4-7 MeV. : 

While the angular distributions are not inconsistent with isotropy, it is 
reasonable to suggest the existence of peaks at 50 and 120°. This suggestion 
may also be made concerning the angular distributions of protons ejected from 
nickel by 21 MeV bremsstrahlung (Lejkin, Osokina, and Ratner 1956). Similar 
peaks were obtained by Toms and Stephens (1955) for tantalum photoprotons. 
Tf this similarity could be definitely established one would have to explain why 
the energy distribution of the nickel photoprotons can be accounted for on 
statistical theory, while Toms and Stephens state that the mechanism of the 
direct photoeffect must be invoked to account for the energy distribution of the 
tantalum photoprotons. It should be noted that the present theory of the direct 
photoeffect will not give two peaks in the angular distribution at 50 and 120°. 
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On the basis of the present study and that of Lejkin, Osokina, and Ratner 
(1956), it is concluded that, though statistical theory can account for the energy 
distribution of all or most of the photoprotons emitted from nickel, the angular 
distribution shows evidence of peaks. These peaks are not easily explained 
on either statistical theory or direct photoeffect theory. - 
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THE MEAN THICKNESS OF NIGHT-TIME HL, CLOUDS AT BRISBANE* 
By R. H. Hoskiney 


It has been stated that the sporadic # region of the ionosphere at Brisbane 
is very thin, with a maximum thickness of the order of a few hundred metres 
(McNicol and Gipps 1951). The measurements reported below indicate that at 
Brisbane H,, clouds (patches of enhanced ionization in the sporadic H region 
which maintain an almost constant height) at night are, on the average, almost 
certainly less than 1 km thick. 


The thickness of H,, clouds was obtained from measurements of : 


(a) the equivalent paths of echoes from the under-surfaces of these clouds, 
and also from the F region; and 

(6) simultaneously observed equivalent paths of echoes which had experi- 
enced one internal reflection between the F region and the top surface 


of the H,, cloud before returning to the ground (so-called ‘“ M 
reflections ’’). 


The assumption is made that both the # region cloud being measured and 
the base of the #' region are horizontal, at the times when the M echoes which 
were used for measurement appeared. 


* Manuscript received December 3, 1956. 
{ Department of Physics, University of Queensland, Brisbane. 
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Spurious results can be caused if any of the reflecting surfaces are not 
horizontal. This phenomenon is sufficiently rare, however, to cause little 
trouble (Thomas 1956), and, in any case, was eliminated from the measurements 
by utilizing only those records for which the range of the M echo was constant 
with time. 

Measurements have been taken from Brisbane 2-28 Mc/s P’t records covering 
the range 0-500 km. The receiver was calibrated for errors in apparent height 
due to variations in the amplitude of the received echo, using the method 


described by Lyon and Moorat (1956). The error A was found to obey the 
relation 
A=8—0:2w, 


where w is the width of the trace. This error was subtracted from the apparent 
height read directly. Since the error in each individual height measurement 
is 1 km, each estimated value of the thickness may be in error up to 4 km. 

Records obtained during 1952, 1953, and 1954 were examined. The mean 
of 98 measurements was 0-33 km thickness and the standard error of the mean 
was 0-23 km. 

The author wishes to thank Professor H. C. Webster, under whom this 
work was carried out, and also Mr. J. A. Thomas for much valuable assistance. 

This work forms part of the Radio Research programme of the C.8.I.R.O. 
and is published with the permission of that body. 
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A METHOD OF HEATING MATTER OF LOW DENSITY TO 
TEMPERATURES IN THE RANGE 10° TO 108 °K* 


By F. Bo KNOX] 


Introduction 

If gas of controlled composition could be held steadily at temperatures 
greatly exceeding 104 °K an interesting field for experimental research would 
be open. In particular it should be possible to duplicate some conditions 
existing in stellar atmospheres. Current research into the feasibility of con- 
structing fusion reactors adds further interest (Thirring 1955). 

At the temperatures and densities considered here, namely, 10°-10° °K 
and 10!7-1018 atom/m%, the gas would be almost fully ionized, and its temperature 


* Manuscript received October 1, 1956. 
+ Dominion Physical Laboratory, Department of Scientific and Industrial Research, Lower 


Hutt, New Zealand. 
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could be maintained by electromagnetic induction. In order to avoid excessive 
heat loss it is necessary to hold most of the heated gas away from all solid 
material, and this might also be achieved by electromagnetic means. 


Description of the Method 

It is proposed that the configuration of conductors and fields take the 
form of a spherical, copper shell with a core of ionized gas at its centre, as 
indicated in Figure 1. In the cavity between shell and core standing electro- 
magnetic waves are maintained. Pressure on the core is due to the radiation 
pressure of the standing waves. 


MAGNETIC ELECTRIC 
LINES 


POLAR] AXIS 


Fig. 1.—Form of the H,,, mode. 


The standing waves must exert a pressure that is uniform over the whole 
surface of the spherical core. This can be achieved by establishing three standing 
wave systems at different frequencies. Figure 1 illustrates the form of the 
simplest system the H,), mode (Lamont 1942). It consists of electric lines 
which are circles centred on the polar axis and lying in planes normal to it, and 
magnetic lines which lie in planes through the axis, run close to each surface 
of the cavity, and loop over near the axis. It can be shown that the resulting 
time-averaged pressure exerted by the H,,, mode on the surface of the core 
varies as sin? 0, where @ is the angle between the polar axis and the radius 
vector. 

The other two systems are the H, 9, and H,), modes. In diagrams similar 
to Figure 1 they would show respectively two and three bean-shaped magnetic 
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circuits instead of the single circuit of the H,, mode. In each case, however, 
the pressure over the core surface varies as sin? 0. 


If the three wave systems were established with their polar axes mutually 
perpendicular, and if the field intensities were adjusted to give equal maximum 
time-averaged pressures P, on the core, the total time-averaged pressure over 
the core surface would be constant and equal to 2P,. For, under the condition 
that no appreciable fluctuation of the core volume occurs, the total time- 
averaged pressure is simply the sum of the time-averaged pressures of the modes 
acting separately. The pressure on the core surface at a point 0,, 6,, 05 is 


P=P, (sin? 0, +sin? 6,-+sin? 0,)=2P,, 


since cos 0,, cos 0, cos 0; are the direction cosines of the point with respect to 
three rectangular axes. 

It is inherent in this method that the pressure exerted on the core surface 
by any one standing wave varies between zero and a maximum value with a 
frequency twice that of the wave. In addition, beating between waves of 
different frequencies could give rise to further fluctuation of pressure. Therefore, 
both the frequencies and differences in frequencies of the standing waves must 
be sufficiently great that there is negligible fluctuation of the core volume. 
For a 1 m diameter core of hydrogen at 10° °K, if the linear dimensions are not 
to fluctuate more than a few centimetres, the minimum frequency is of the order 
of 10% c/s. In the system to be described the relevant frequencies are of the 
order of 10® ¢/s. 


Stability 

So far it has been shown that, if the radiation pressure equalled the gas 
pressure, a spherical core would be in hydrostatic equilibrium. The stability 
of this equilibrium must be considered. The configuration of the field is affected 
by the form of the core, and a deformation in the core might alter the wave in 
such a way as to assist the deformation to increase. 


For a change in core size, any instability that might arise would be countered 
if the modes are forced to oscillate at frequencies slightly higher than the resonant 
frequencies. For, if the core size inereases, the cavity size decreases and brings 
the resonant frequencies nearer the forced frequencies. The field intensities 
therefore increase and the core tends to be forced back to its equilibrium size. 


The change in pressure distribution over the core surface during a change 
in core shape has been examined in detail only for the case of the simplest 
deformation associated with a single H,), mode. In this deformation the core 
becomes slightly oblate or prolate about the polar axis. It was found that, 
for a core diameter less than 0-44 times the shell diameter, the radiation pressure 
increases at points where the core surface moves outwards, and decreases where 
it moves inwards. This suggests that small cores would be stable against change 
of shape, and if this is the case it implies stability against change of core position, 
which can be looked on as a special case of change of shape. It may therefore 
be possible to support a core of finite weight. 
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Power Dissipation 

A major power loss is due to eddy currents in the shell. It is estimated 
that for a shell of diameter 3 m and a core of diameter 1 m the resonant frequency 
fer the H,), mode is 1:66 x108 c/s. If this field is sufficiently intense to exert a 
mean time-averaged pressure over the core surface equal-to the pressure of a 
gas at a temperature of 10°°K and a density of 2101 particles/m’*, it will 
dissipate 6 104 W in a copper shell. For the frequency given, this power is 
large but not unattainable. Dissipation rates of the same order of magnitude 
would occur for the other two modes. 


The power transferred to the core as heat has been estimated using an 
expression given by Spitzer (1956). A core of hydrogen at a temperature of 
4105 °K and a density of 0-25 1018 atom/m® under the conditions described 
in the preceding paragraph would absorb energy at a rate of the order of 
4103 W. This is much more than the gas could be expected to dissipate by 
radiation. Some means must therefore be provided for removing heat from 
the core at just the rate required to keep the temperature constant at a given 
value. Otherwise the temperature (and pressure) will increase until the field 
can no longer hold the core away from the shell. 


One way of increasing the heat flow from the core is by placing a small 
metal surface (of the order of 1 per cent. of the core surface) in contact with 
the core. Under steady conditions protons collide with the surface and pick up 
electrons from it, becoming neutral hydrogen atoms. Electrons flow into the 
surface at an equal rate, maintaining its charge constant. Unless the neutral 
hydrogen atoms have kinetic energy negligible compared with the mean thermal 
energy of the protons, they will escape from the core. In any case, for each 
proton arriving at the metal surface an amount of energy equal to the sum of 
the mean thermal energies of a proton and an electron, and the ionization energy 
of the hydrogen atom is, on the average, lost by the core. Cooling of the metal 
surface does not appear to present any great problem. 


Neutral hydrogen atoms produced by recombination would escape from the 
core and give rise to an atmosphere of neutral hydrogen in the space between 
shell and core. The density of this neutral hydrogen gas is estimated to be 
of the same order as the density of ionized hydrogen in the core. Its re-ionization 
in and near the core surface makes up for the loss of ionized atoms from the core 
due to recombination. 


Forming the Core 

It is expected that a small quantity of molecular hydrogen at room temper- 
ature, filling the shell in the absence of the core, would be ionized by the electro- 
magnetic field. The ionized material would divide into two zones. In the 
inner zone electrons would be driven toward the centre and, together with the 
positive ions attracted there by the space charge field of the electrons, would 
form a core. In the outer zone, electrons and positive ions would be driven 
outward, recombine at the inner surface of the shell, and ultimately (often after 
‘a number of ionizations and recombinations) be driven to the centre. 
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Conclusions 

It appears practicable to provide sufficiently strong radio fields of a suitable 
form to contain by radiation pressure a fully ionized gas of density in the range 
10*’-1018 atom/m? at a temperature in the range 10°-10°°K. The equilibrium 
has not been completely investigated but indications so far are that it would be 
stable. Eddy current losses in, are more than sufficient to balance heat radiation 
from fully ionized hydrogen. 


Thanks are due to Mr. R. I. Skinner and Mr. J. E. Drummond of the 
Dominion Physical Laboratory for much constructive criticism. 
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CORRIGENDUM 
VoLtuME 9, NuMBER 3, PAGES 387-93 


“ The Condition of Regularity in Simple Markov Chains ” 

Page 387, line 5 of ‘‘ Introduction ’’: For H; read E,. 

Page 387, two lines above equation (2): Delete subscript t and insert a semicolon 
between 1 and for. 

Page 389, third line of last paragraph: For Section read as 

Page 390, last matrix: Second row should read 0 yp” nun— 

Page 390, line 6 from bottom : For the diagonal above read the eran above. 
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RADIATIVE TRANSFER IN DISCONTINUOUS MEDIA 
By R. G. GIOVANELLI* 
[Manuscript received December 12, 1956] 


Summary 


The theory of radiative transfer is applied to a scattering and absorbing medium 
consisting of randomly distributed spherical regions of uniform extinction and scattering 
coefficients x and o, separated by free space. 


A general discussion of the diffusion of radiation through an infinite medium is 
followed by an approximate treatment of the semi-infinite case. It is shown that the 
reflectance may be very much lower than that of a uniform, continuous semi-infinite 
medium having the same value of o/x ; the reflectance is obtained as a function of o/x 
and of the size and mean separation of the spherical regions. 


I. INTRODUCTION 

The theory of radiative transfer has usually been restricted to media of 
uniform extinction and scattering coefficients x and o. Cases often arise, 
however, in widely different contexts, where the properties of a diffusing medium 
are non-uniform; examples of such media are imperfectly dispersed paints 
and pigmented plastics, clouds, atmospheres of planets and even of the Sun, 
and diffuse nebulae. 

General considerations suggest that the optical properties of non-uniform 
media may differ markedly from those of uniform media, and that the reflectance 
of a semi-infinite medium, for example, may depend strongly on its structure 
even if 6,=1—A=o/x is uniform throughout. 

This paper investigates the diffusion of radiation through a model medium 
in which scattering and absorption occur only within spherical regions of uniform 
% and o, radius 75, distributed at random and separated by free space. The 
appropriate integral equation of radiative transfer is obtained in Section IT 
by expressing the intensity of radiation incident on one of the spheres in terms 
of the radiation emerging from the other spheres. The various quantities 
involved are discussed in Section III. The method of solution of the equation 
of transfer, restricted for simplicity to an infinite medium with all sources at 
infinity, and subject to certain simplifying approximations, is outlined in 
Section IV. In Section V it is shown that these results can be used for deriving 
reflectances of semi-infinite media. Finally, numerical results are discussed 


in Section VI. 
II. THE EQUATION OF RADIATIVE TRANSFER 
The procedure adopted is to describe the intensity of radiation leaving one 
of the diffusing spheres in terms of the unknown incident radiation intensity 
distribution. The mean intensity of radiation incident on a second sphere may 


* Division of Physics, C.S.I.R.O., University Grounds, Chippendale, N.S.W. 


228 R. G. GIOVANELLI 


then be expressed in terms of the radiation leaving the first sphere and of its 
probability of reaching the second sphere, integrated over all possible positions 
of the first sphere. This yields the appropriate integral equation of radiative 
transfer. 

More specifically, consider a medium in which the net. flow of radiation 
is in the direction of the negative z-axis. We make the assumption that the 
intensity of diffuse radiation J(z,0) incident on a diffusing sphere depends only 
on the z-coordinate of the point of incidence F (Fig. 1) and on the angle 6 between 
the ray and the negative z-axis, but not on the position of the sphere centre. 
Consider possible ray paths commencing in a length range di and terminating 


| | 


H 
| 


Zo 


Fig. 1.—Passage of a ray between twe diffusing aggregates. 


at F in a range Al, the length / being the distance NF between the centre of the 
sphere, M, from which the ray departs and the point of termination of the path, 
when projected on to the ray path. With MN sphere centres per unit volume, 
the probability of a sphere centre lying in the volume element sdsdodl, at 
perpendicular distance s from the ray path and orientation ¢ in a plane through 
the sphere centre perpendicular to the ray, is Nsdsdodl. Let the intensity 
of a ray leaving the sphere after scattering be J, and the mean attenuation in 
traversing the path be p. Finally, let NAAI be the probability of a second 
sphere lying in a position to receive the ray in the interval Al. Then in a source- 
free region the mean intensity I(z,6) of the radiation incident on a diffusing 


sphere is proportional to 
L 27 (To s 
| | { I,pAsdsdodl, 
oJoJo 
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the limit L being set by the position of any boundary, and being oo for an infinite 
medium. The factor of proportionality depends only on the geometry of the 
medium and on x, and is most easily found by supposing the spheres to be non- 
absorbing. If, when these spheres are uniformly and isotropically irradiated 
at unit intensity, the intensity of scattered radiation leaving the sphere at the 
required point and direction is U,, the factor of proportionality is readily seen 


to be 
DB. (2% (ro -— 
il | | VepAsdsdgal 
oJoJo 


Thus the equation of radiative transfer is 


27 (*T. 
ieleay I,pAsdsdgdl 
I(z,6)= ey ee ae ee oe eS 
Tela Pendedsd cap 


There are two important special cases to which the present discussion is confined. 


(i) If negligible radiation is transmitted directly through a sphere without 
scattering, U,=1. ; 
(ii) If the spheres are widely spaced, so that A is independent of s, 9, and J, 
L 
the denominator simplifies to (1 —n) Ang | pal, where t) is the 
0 


fraction of uniformly diffuse flux incident on a sphere which is trans- 
mitted directly without scattering. 


III. THE QUANTITIES ENTERING INTO THE EQUATION OF TRANSFER 
(a) The Intensity I, 
The diffuse flux #; incident per unit area on a diffusing sphere is on the 
average symmetrical about the z-axis, so that it may be expanded in a series of 
Legendre polynomials 


where cos-1y is the angle between the radius vector and the negative z-axis. 
Then the flux leaving unit area of the sphere surface may also be expressed 
in the form 


B= FH nnPn(Y)s PEMD s ce. sioloje athe (3.2) 


the g, being functions of &, and of the optical thickness 2x7». 

Giovanelli and Jefferies,* using the Eddington approximation, have shown 
that the g, take simple forms provided 6)=0-9 (i.e. provided a uniform continuous 
semi-infinite medium of this material had a reflectance exceeding about 0-5) 
or provided 2ury><1; and have given values of these functions. 


* GIoVANELLI, R. G., and Jerrertss, J. T. (1956).—Proc. Phys. Soc. Lond. B 69: 1077-84. 
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The flux F, includes both scattered and directly transmitted radiation, 
though with sufficiently large spheres the latter is negligible. For very small 
spheres (2xrp<1) the directly transmitted component F’, is simply the value of 
F, found from (3.2) on putting c=0 but retaining x unchanged, so that é)=9; 
for larger spheres it is easiest to evaluate /, from the relation 


1 (2 
=[ | . (1/x)F; exp (—xy) cos ) d(cos Y)dé,  .... (3.3) 
oJ 0 


where y is the length of the ray path in the sphere, ) is the angle between the 
transmitted ray and the outward normal to the sphere, and < is an azimuthal 
angle measured in the tangent plane. FF, may then be expanded in the form 


B= PaytyP eG Sind arene oe ese ae eee See (3.4) 


where the +, can be found in the usual way via (3.3) and (3.1). Here 7, is the 
fraction of uniformly diffuse incident flux which is transmitted directly through 
the sphere without scattering. 

For the intensity of scattered radiation leaving a given point on the sphere 
surface we then take the mean value 


[,=(F; —F,)/7 
=(1/4n)04(9, 20:1 P hl eee eee (3.5) 


(b) The Flux Incident on a Sphere 
In order to render the equation of radiative transfer tractable the intensity 
distribution in the neighbourhood of a sphere, required for «, in (3.5), is expanded 
in a Taylor series in terms of the intensity distribution and its derivatives at a 
nearby point. 
Let the intensity of radiation J(z,0) incident at the point 2 on a diffusing 
sphere be expanded in a series of Legendre polynomials 


the net flow of radiation being in the direction of the negative z-axis and 0 being 
the angle between the ray and the negative z-axis. By Taylor’s theorem, the 
intensity of radiation incident on a sphere at any other point z+Az is then 
obtainable from the relations 


¢,(@ +Az) = > ele 


m=0 


eae wlhoe Gao oo. (3.7) 


where e(”)(z) denotes the mth differential coefficient of ¢,(z). 


The flux per unit area incident on a sphere, centre at %, at a point whose 
radius vector makes an angle cos“! with the negative z-axis (see Fig. 2), is 


BZ ~rou)= [le reps OD) AO. Ts oy eee gas (3.8) 
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where cos! y’ is the angle between the incident ray and the normal, dQ is the 
element of solid angle, and the integral is taken over a hemisphere external to 
the sphere. If the angle between the plane containing the radius vector and 


Fig. 2.—Ray incident on a spherical diffusing aggregate (see text). At left, 


auxiliary spherical diagram for incident ray. 


the incident ray, and the plane containing the radius vector and the z-axis, be 
denoted by y, (3.8) may be written as 


De rk ea) oO = 4 
Sy CoA)" om(e)P, (cos O)y/du'dy, 


which, it can be shown, integrates to 


ice) za —y2)\m 2 
)== oe | re¥r(2)—Smuelm(e)— 21 Bu) e(2) 


Lie 


35 5 a! 
~5(S8 Sutst)asmey +. 


Neglecting the anisotropy of the incident radiation at any point, we may 
now use (3.9) to expand F,(z,—7,u) in a series of Legendre polynomials, as 


required for application in (3.1) and (3.5): 


Pn (te), 


oMs8 


F(%—ro.)=t 


where 
1 
a, =2(2n +0 Fi (2y5—row)P,(u)du. .... (3.10) 
al 
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(c) Attenuation 

A ray will traverse the distance between two diffusing spheres without 
attenuation provided there are no intervening obstacles. We restrict considera- 
tion here to spheres of sufficient optical thickness for directly transmitted 
radiation to be negligible, so that the +,=0; the complete range of sphere sizes 
is discussed in Section V for the special case of well-spaced spheres. 

The probability of a ray traversing a given path without obstruction is 
then the probability of all sphere centres avoiding a certain volume V within 
a distance 7, of the ray. Let there be N spheres per unit volume, the unit of 
volume being chosen so that N is large. We suppose that each sphere occupies 
volume v, whose actual magnitude depends on the packing and will be considered 
later. 

We now regard the spheres as introduced into unit volume one by one. 
The probability of the first sphere centre avoiding a given volume V is 1—V ; 
the probability of the second avoiding V is (1—V—v)/(1—v), and so on. The 
probability p of all sphere centres avoiding V is thus 


r0-rfate a. (EGR) 


which, in the relevant case where V<1, can be simplified to 


P=OLP(=NV cists. s a picis wis oe ela, sm ae (3.11) 
where 


h=—v-1 log (1—N?). 


It may be noted that 1—Nv is the unfilled space per unit volume. If 
Nv<i, then hve. 


(d) V and A 

The area A appearing in (2.1) and the volume V may be found from a 
discussion of the geometry of close spheres. 

To consider V, let the ray KF leave the surface of a diffusing sphere, centre 
M, at point K and reach a second sphere, centre G, at point F (Fig. 1). Because 
of the finite sizes of the spheres, neither G nor the centre of any other sphere 
can lie within a distance 2r, of M. If KF is short enough, this places a restriction 
on the relative positions of M and G@. Again, the volume V which can contain 
the centre of any intervening sphere is not simply that of a cylinder of length 
KF and radius 7), coaxial with the ray, but is rather the volume of such a cylinder 
when the regions closer than 27, to M or G are excluded. Toa very good approxi- 
mation it may be shown that 


V =nroll + (73 —s7)#] —10- 7878, 


when the right-hand side is positive (I>), say) and V=0 otherwise, s, being 
the distance from G to KF produced. Thus 


ois (l<Ip) 
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where x=nrgh. The quantity B depends slightly on s,, though little error is 
introduced by using its mean value 


B=2{exp (10 -78hr9)} (wr)-1[1 —(1 +ar,) exp (—ar,)]. 


To consider A, where N AAI is the probability of a second sphere lying in a 
position to receive a ray in the length interval Al, we note that @ must lie on 
the hemisphere of radius 7), centre F, base HP perpendicular to KF (see 
Fig. 3). For a given position of M within distance 2r, of the edge of this base, 
G can lie only on that part of the hemisphere not intersected by the sphere of 
radius 2r9, centre M. Then A is the projection on to the hemisphere base plane 


Fig. 3.—Zones in which centres of neighbouring diffusing 
aggregates may lie. 


of that part of the hemisphere accessible toG. When Nv<1, so that the spheres 
are widely spaced, clearly A=rrj. Otherwise A takes different forms depending 
on the positions of Mand F. As A is small or zero when /<7p, it is a very good 
_ approximation, and renders the problem tractable, to assume that 


A=0,  (I<t,)) 
=r, (>1,,) ) 


Oo Pry CO (7 
| | nrasdsdl= | | Asdsdl. 
esa ra Ow 6 


It is found numerically that /,,=1-0007). 

The various simplifications and approximations introduced in this section 
have been found necessary for obtaining an analytical solution. Their effects 
are quite small and largely self-compensating. 


where 
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IV. THE SOLUTION OF THE EQUATION OF RADIATIVE TRANSFER FOR AN 
INFINITE MEDIUM 

In solving the equation of radiative transfer (2.1), it is desirable to limit 
the numbers of terms in the Legendre series for J(z,6) and in the Taylor series 
for ¢,(2-+Az) to as few as possible compatible with the required degree of accuracy, 
as the work involved increases enormously with the numbers of terms retained. 
It may be noted that when the diffusing spheres are all far apart the variation 
of I(z) over a distance equal to the sphere diameter is negligible ; it is necessary 
to take account of the differential coefficients of ¢,(z) only when dealing with 
close spheres. Again, the success of the Eddington approximation, corres- 
ponding to the neglect of the term ¢,(z) in the Legendre series for J(z,0) when 
dealing with uniform media, and the absence of the term in ¢,(z) in the expansion 
for F’;(29—rov) in (3.9), and hence for «,, suggest that it would suffice for many 
purposes to retain only the first two terms in the Legendre series for I(z,6). 
This approximation has been adopted here, though for the case of well-spaced 
spheres comparison is made later with results obtained when including also the 
term in ¢,(z). Furthermore, differential coefficients of ¢,(z) higher than the 
first are excluded; thus the subsequent results apply adequately for well- 
spaced spheres and give the general trend for closely spaced spheres. 


We now note that when the spheres are of sufficient optical thickness for 
directly transmitted radiation to be negligible (as adopted in Section III (e)), 
U,=1 and 7,=0, so that from (3.5) 


I,=(1/47)Da,g,P,()- 
0 


Again, the change in the approximate function for p at 1=l,, (3.12), neces- 
sitates the introduction of the following artifice in evaluating the numerator 
Of (221)8 


(oo) lo foo) Ig 
{ I,pAdl= { T,Adl-+ | IB exp (—al) Adl— | I,B-exp (—al)Adl. 
0 0 0 . 0 


For the first and third terms on the right-hand side of this equation, <,(z.) may 
be expanded in terms of the components ¢,(z,) and their derivatives at the point 
F(z=z,) using (3.7), the corresponding «, being obtained from (3.10) and (3.9). 
For the second term, ¢,(29) is expanded about the point N(z=2). 


The numerator and denominator of (2.1) may now be integrated com- 
pletely, except for a term of the form { exp (—«l).Ydl, where Y is a function 
0 


of the <Y(z). Differentiation of the equation with respect to z, followed by 
integration with respect to d(cos 6) over the range —1 to +1, in the first case 
directly and in the second after multiplication throughout by cos 0, converts 
the equation of radiative transfer into a pair of second order differential equations 
for the ¢,(z). The solution is‘most readily completed by noting that in an 
infinite medium with all sources at infinity the variation in intensity in any given 
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direction must be exponential, and that the relative angular distribution of 
radiation must be independent of z. Thus we may write 


Sgep—cexp (he), syley=Jegl2), soe oes cece (4.1) 


Substitution of which into the equations of transfer yields the values of the 
constants k and j. 


V. REFLECTANCES OF SEMI-INFINITE MEDIA 
While the solution for and even the complete expression of the equation of 
radiative transfer are generally very complicated in the case of a semi-infinite 
discontinuous medium, an approximate treatment is very easy. 


(a) Diffusing Spheres of Any Separation 

An infinite medium with a plane source at infinity can be regarded as 
composed of a semi-infinite medium K containing a source at infinity, together 
with a contiguous source-free semi-infinite medium M. The distribution of 
radiation in the source-free medium remains unchanged if the other medium, 
K, is removed but the surface of M is irradiated in the same way as when the 
two media were in contact. Thus to a first approximation the reflectance of a 
semi-infinite medium to diffuse incident radiation having the appropriate 
distribution 


n n 


1(0)=Se,P, (cos 6), (0<0<4n), 
0 


where the ¢, are those discussed in the previous sections, is 


= 

| I(8) cos 6 d(cos 6) 

Ry=~ 

| I(6) cos 6 d(cos 6) 
0 


=1 » 
| Le,P,, (cos 9) cos 6 d(cos 6) 
= 


st f 
| Xe,P,, (cos 6) cos 6 d(cos 6) 
0 


This relation holds exactly for a uniform continuous medium and for a medium 
consisting of well-spaced diffusing spheres. With diffusing spheres close together 
the boundary conditions are not rigorously satisfied. Nevertheless (5.1) 
describes adequately the trend of diffuse reflectance as the separations between 
spheres are reduced. With the approximations adopted in Section IV the 


reflectance is 


when the incident radiation is described by 


T(p)=e(1+uj), (0<p<1). 


236 R. G. GIOVANELLI 


(b) Well-spaced Diffusing Spheres 
When the diffusing spheres are well separated we can readily obtain results 
of greater generality and accuracy, including those for the case of small spheres 
for which F,, is not necessarily zero. The appropriate attenuation law follows 
by noting that, of the flux incident on a sphere, the fraction transmitted directly 
is ty. Thus the cross section of a sphere for the attenuation of radiation is 
mr2(1—z)), and with N spheres per unit volume, the attenuation in path / is 


p=exp (—2,1), 
where : 


The equation of radiative transfer is much simpler than for closely spaced 
spheres, so that terms up to and including <,(z) in the Legendre series for [(z,9) 
can be retained. The reflectances for a semi-infinite medium so derived yield a 
valuable check on the validity of results obtained neglecting ¢,(2). 


VI. NUMERICAL RESULTS 
Table 1 presents results of computations of reflectances of semi-infinite 
media comprised of large (t9=0), well-spaced aggregates obtained including 
€,(z) (column 3) and excluding ¢,(z) (column 2). These are tabulated against 
the reflectances é of a semi-infinite continuous medium comprised of the same 


TABLE | 


REFLECTANCE OF A SEMI-INFINITE MEDIUM COMPRISED OF LARGE 
WELL-SPACED AGGREGATES 


éo Ry 
Reflectance of Medium in Form of 
Reflectance of Semi- Large Well-spaced Aggregates 
infinite Continuous 
Medium Ist Approx. 2nd Approx. 

0-999 0-942 0-941 

0-990 0-829 0-825 

0-950 | 0-659 0-646 

0-900 0-552 0-532 

0-700 0-334 0-304 

0-500 0-208 0-178 


material (column 1) ; in this case g,=G@,—=Go. The results on the two approxi- 
mations are very similar, and suggest that it is sufficient to use the simpler 
approximation of Section IV. 


The variation with aggregate diameter of the reflectance of a semi-infinite 
medium comprised of well-spaced aggregates is given in Table 2 for two values 
of @. The first approximation has been used. In all cases tabulated, except 
for xry=0, (3.4) has been used for computing the directly transmitted flux. 
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TABLE 2 
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REFLECTANCE, Rp: AND SPECIFIC OPACITY COEFFICIENT, H, OF A SEMI-INFINITE MEDIUM COMPRISED 
OF WELL-SPACED AGGREGATES, AS FUNCTIONS OF AGGREGATE DIAMETER 


Ist Approximation 
xr O)=0-99 @_,=0-999 
Ry Ve bier Ry laleer 
fo-9) 0-378 0 0-590 0 
59 0-402 0-0130 0-655 0-0066 
20 0-444 0-0296 0-736 0-0120 
10 0-511 0-0494 0-798 0:0174 
5 0-599 0-0737 0-849 0-0242 
2 0-696 0-1093 0-891 0-0352 
1 0-729 0-1320 0-905 0-0418 
0 0-793 0-1732 0-930 0-0548 


On the other hand, if xr)<1 the transmitted flux is best found, as explained in 
Section III (a), by putting c=0. In such a case, it can be shown that 


d(xry)  9[1+3(3)2]?’ 


whose values are: 


Bo 0-99 
| an —0-0071 
d(xr) (xro<<1) 


0-999 
—0-00083 


The general trend of results indicates that the reflectances for xry=1 as 


computed from (3.4) are rather low. 


TABLE 3 


REFLECTANCE OF SEMI-INFINITE MEDIUM COMPRISED OF LARGE AGGREGATES, xX1ry9>> ils 
AS A FUNCTION OF SPACING 


Ry 

Nv* 

ty =0-9F 0-99 0-999 
0 0-552 0-829 0-942 
0-05 0-527 0-824 0-941 
0-1 0-524 0-822 0-940 
0-2 0-519 0-820 0-939 
0-4 0-503 0-812 0-936 
0-6 0-477 0-799 0-932 
0-8 0-434 0-775 0-923 


* Nv is the fraction of the total volume occupied by the aggregates; for 


6 3 
Nv=0, v is taken as (4/3)nré. For Nv>0, v is taken as 2 x (4/3)r7r9. 


4 ers . . . . 
+ 6g is the reflectance of a semi-infinite continuous medium of the same material. 
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Before computing reflectances for more closely packed aggregates it is 
necessary to consider the relation between sphere diameter and the volume v 
which a sphere excludes from occupation by other spheres. This depends on 
the nature of the packing. If we write v=(4/3)76.¢, then ¢ is unity for well- 
spaced spheres, and 1-92, 1-47, and 1-35 for close simple; body-centred, and 
face-centred cubic packing respectively. With close random packing the value 
of ¢ is rather greater. For present purposes we adopt 2 for all spacings, and the 
reflectances given in Table 3 have been computed from (5.2) on this basis, 
except for the case Nv=0, for which ¢ is taken as unity. The obvious though | 
relatively small discontinuity at this case is due to this cause, and serves as a 
measure of significance of the assumption. 


VII. Discussion 

The present analysis shows that the reflectance of a scattering medium 
depends markedly on the extent to which the particles are aggregated together. 
While for a continuous medium the reflectance depends only on @ , variations 
in attenuation coefficient through the medium, even though subject to the 
condition that 6, is constant, must result in the lowering of the reflectance. 
It follows that in measurements of the optical properties of pigments considerable 
care is needed to ensure complete dispersion of the material. 

It also follows that the reflectance of an incompletely dispersed mixture of 
diffusing media is not necessarily intermediate to and may be very much lower 
than those of the individual components. 

The large reduction in reflectance with large aggregates arises from the 
necessity for at least part of the incident light to undergo many separate reflection 
processes before escaping from the-medium. In this, it is similar to the well- 
known photometric phenomenon in which the reflectance of a cavity can be very 
much lower than that of its walls. 

The lowering of the reflectance as the separation between large aggregates 
is reduced (Table 3) is interesting because, at first sight, an opposite trend might 
have been expected. While the first approximation, used here, is of reduced 
accuracy with close packing, it is clear that, there is relatively small change in 
reflectance over the full range of aggregate spacing. However, even with close 
packing, only some half of the volume is occupied by diffusing matter. There 
are thus large cavities through which incident radiation may penetrate, directly 
or after reflection from the outer halves of the aggregates, very largely to be 
absorbed. It is therefore not surprising to find the reflectances of compact 
ageregates so low. 

These results may be compared with the reflectance of a semi-infinite 
diffusing medium containing N randomly spaced spherical cavities covering 
a fraction f, say, of its projected area. If the cavities be large enough for the 
walls to be regarded as uniform diffusers of reflectance R, it can be shown that 
the average reflectance of the area intersected by cavities is 


R,=3kh{ —2k +3R?—2R$ —2(1—R?) log (1—R)}, 
and the reflectance of the medium as a whole is 
Rp=fk, +(1 =f) 
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It may be noted that R, is always less than R: as R-1, R,—1, and as 
R-0, F,>}Rk. With R=0-900, R,=0-782. By comparison with the results 
in Table 3 it is apparent that the shape of surface cavities has a profound effect 
on the reflectance of any medium when their dimensions are of the order of 
the penetration depth or greater. 


The efficiency of a pigment in rendering a medium opaque depends on the 
degree of dispersion and may be assessed by the value of k per unit volume of 
pigment, i.e. by the quantity k/{(4/3)xr8N}. This term, which is quite different 
from the conventional ‘‘ hiding power’, may be termed the specific opacity 
coefficient, and denoted by H. It can be readily shown that H is given, for 
well-spaced aggregates, by 


i 3 
Het ¥1—a erg} 30 —64)(1 +3)? : 


G,, a (In =, )(L =<): 


where 


Values of Hx-1 are listed in Table 2, from which it is clear that the specific 
opacity coefficient increases markedly as the dispersion is improved. 


FREE PATH FORMULAE FOR THE ELECTRONIC CONDUCTIVITY OF A 
WEAKLY IONIZED GAS IN THE PRESENCE OF A-UNIFORM AND 
CONSTANT MAGNETIC FIELD AND A SINUSOIDAL ELECTRIC FIELD 


By L. G. H. HuxLEey* 
[Manuscript received December 17, 1956] 


Summary 

A general free path formula is given for the drift velocity of electrons in a weakly 
ionized gas in a sinusoidal electric field. Most special cases_of interest, including the 
magnetic deflection of an electron stream in a gas, are readily derivable from the general 
formula. 

The results find application in microwave and ionospheric studies of the motion of 
electrons in gases as well as in experiments on the magnetic deflection of an electron 
stream. 

I. INTRODUCTION 

In another paper (Huxley 1957) it was shown that when the method of 
free paths is correctly applied it is possible to derive accurate formulae for the 
coefficient of diffusion and the drift velocity of free electrons in a gas in the 
presence of a constant and uniform electric field. The general case was con- 
sidered in which the scattering of electrons in encounters with molecules was 
not restricted to be isotropic and an equivalent mean free path was defined 
for groups of electrons with approximately the same speeds, depending on the 
law of scattering appropriate to that speed. The mean free path associated 
with a group is, in general, a function of the agitational speed of the electrons 
in the group. 

Although these formulae are essential for the interpretation of experiments 
on the diffusion of electrons in gases by the methods introduced by Townsend 
(e.g. 1947) there are many instances, as in ionospheric and microwave studies, 
where formulae for diffusion and drift in the presence of a magnetic field and in 
alternating electric fields are indispensable. In what follows, an existing free 
path formula for the drift velocity in a sinusoidal electric field is modified by 
inference to include the more usual situation in which the mean free path of an 
electron is not constant, but depends on its speed ec. 


IJ. DIFFUSION AND DRIFT IN A CONSTANT AND UNIFORM ELECTRIC FIELD— 
SUMMARY OF RESULTS (Huxley 1957) 


Liquivalent Mean Free Path leq of an Electron with Speed c 
This is defined to be 


bgt] = c08:0,)) Sine see eee (i) 


where /=1/nA, and n is the number of molecules in unit volume and A—7o? 
is the collisional cross section of the molecule in collisions with electrons. It 


* Department of Physics, University of Adelaide. 


MOTIONS OF ELECTRONS IN A GAS IN A MAGNETIC FIELD 241 


is implied that an electron at speed c suffers a deflection in an encounter with a 
molecule when the impact parameter b is less than o but is undeflected when b 
exceeds oc. 

The term cos 0, is the mean of the cosines of the angles of deflection 0, 
in single encounters with molecules of electrons at speed c. Thus 


Go 


cos 7, =(2/6%| EQSUD DOU ms Gets eee de (2) 
0 
It follows from equations (1) and (2) that 
1|ljg=2700 i Sera OBE Be Somme oe (3) 
0 


which enables the definition of J,, to be extended to those cases in which molecules 
and electrons are considered to interact as point centres of force, by allowing 
the upper limit c to the integral in (3) to approach infinity provided the integral 
remains convergent (Huxley 1957). The definition of /,, given in equation (3) 
and derived by the method of free paths is equivalent to the definition of equi- 
valent mean free path obtained by means of the characteristic equation of 
Maxwell and Boltzmann (Chapman and Cowling 1952, p. 190). 

When the scattering is isotropic and the molecule behaves as a particle 
with a finite radius o, cos8,=0 and J, =l=1/nxo?. Thus 1,,=1 and is 
independent of ec. 


It is well known that the coefficient of diffusion D and the drift speed W 
of a group of electrons in this case are given by 


D=Hé, ah eae (4) 
W=3(He/m(c), J 


I 


where E is the electric field strength and e/m the specific charge of the electron. 
The terms é and c-i represent the mean values of the agitational speeds and of 
their reciprocals taken with respect to the prevailing law of distribution of 
speeds c. It was shown (Huxley 1957) that in the general case in which the 
scattering is not isotropic then formulae (4) should be replaced by 


D=4(l,.0), 
He\i ad (Nal ae a Racist (5) 

= Sai) wa, (ileal 
3m | de af J 


in which the means are taken with respect to ¢ with /,,, in general, a function of ¢. 
The generalized formula for W given in (5) was first derived by Davidson (1954). 
Equation (5) reduces to equation (1) when /,,=1 and is independent of e. 


III. DIFFUSION IN A MAGNETIC FIELD 
Tt was first shown by Townsend (1915, 1947) that, in a magnetic field B, 
diffusion normal to the field occurs with a modified coefficient 


Vee or (6) 
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in which w=—Be/m is the gyro-angular frequency (positive for electrons) and 
T=I/c. In this formula / is considered to be independent of c. 
In the more general formulation 1 is to be replaced by /,,, which in general 
is a function of ce, whence 
D,=4L od +otl «+7. eeeee (7) 
where T'=I,,/¢. 
This formulation then includes equation (5) as a special case. 


IV. ELECTRON DRIFT IN THE PRESENCE OF A MAGNETIC FIELD 

It is convenient to base the discussion on a formula for the drift velocity 
of electrons in a gas in a magnetic field B and a rotating electric field with 
constant amplitude perpendicular to the direction of B that was given in an ° 
earlier paper (Huxley 1951, equation (13)). Let the magnetic field B be directed 
along Oz, that is to say, B=i,B, and put E=i,H,+i,E, where i,, i,, and i, are 
unit vectors in the directions of the respective coordinate axes. Put H,—E cos pt 
and H,—E sin pt, so that H,+ik,—E exp (ipt) represents an electric vector 
rotating at angular speed p in a positive sense in the XOY plane. 


The drift velocity W is also represented by a rotating vector. Put 
W,=W, cos (pt +0), W,—W, sin (pt+6). 
Then (Huxley 1951) 
W=W,+iW, 


1 fy i(@ —p) 
v—-i(6—p)( 2[v—i(w —p)] | 


BANE oe ets (8) 


where w=—Be/m and e is algebraically positive, that is to say, it is given a 
negative value for electrons. The speed ¢ is contained in the collisional frequency 
v=c/l of an electron with speed c. The mean is taken with respect to ¢ on the 
assumption that 1 is independent of c. When w and p are zero expression (8) 
reduces to the formula for W in equation (1). 


= W, exp i(pt+6) = jem) | 


In order to modify equation (8) so that J=/,, is a function of ¢ a formula 
is sought that reduces to equation (8) when /,, is independent of ¢ and to the 
formula for W in equation (5) when 1,, is a function of c but w and p are zero. 
The appropriate form can be recognized immediately when equation (8) is 
expressed in the equivalent form 


; He\ 1d 
W=W, exp int 0) =e aio = exp (ipt), .... (9) 


The required extension is achieved merely by defining v in equation (9) 
to be e/l,, where J,, is in general a function of ¢, instead of ¢/l as in equation (8). 
A number of special cases of interest are implicit in equation (9) and these are 
now considered. 
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V. MAGNETIC DEFLECTION OF AN ELECTRON STREAM 
In equation (9) put p=0, then 


He 1 df @ ]_Ke 1 d [é(v+io) 
W, exp (i8)= Be aely—ta| aa a ARseame Sear Es Uae (10) 


Choose a coordinate system in which B is parallel to Oz and E to Ox, then, 
from equation (10), 


WW, cos oe | ves | 
3m 


c? de\ v2-+w?)’ 
ea ee ae (11) 
eR E os sh @ as eran | 
Whence 
1 d/ a? \/l d/ ve 
ies ob agrben irs rr ease aero) ele) 


where @ is the angle through which W is deflected by B. 


In laboratory measurements of 6 (Huxley and Zaazou 1949; Hall 1955) 
the conditions are such that v?>w?, in which event, 


= ead | eg 
Ww, 3m C2 de! i) Ww, 
IH Dl peer EB ie Ne 1d 
W tan 0—W, >a of ao a) =~ (5) 2 de (cley), ve (13) 
to which may be added 
D=}(l6)- 


Suppose that the distribution function for the speeds ¢ is given in the form 
f(e)e2de. Laboratory studies of electronic motion in gases lead to measurements 
of W, D, and tan 6, whence the behaviour of 


may be studied in order to deduce the dependence of the distribution function f 
on the mean energy 4mce? of the electrons and of the mean free path J,, upon the 
speed e¢ of an electron. 

Since /,,, when H is fixed, is inversely proportional to the molecular con- 
centration n, which itself at constant temperature is proportional to the pressure 
of the gas, it follows from equation (13) that nW,/W is constant. This relation- 
ship has received experimental confirmation (Hall 1955). 

B 
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VI. CONDUCTIVITY OF AN ELECTRON GAS IN A SINUSOIDAL ELECTRIC FIELD 
It is assumed throughout that fluctuations in the mean energy of agitation 
of the electrons are unimportant. Consider an alternating electric field whose 
component along Ow is H,—X, cos (pt-+a). It can be represented as the sum 
of two electric fields with equal amplitudes rotating at angular speeds +p and 
—p, thus H,=4X exp (ipt)+4X* exp (—ipt), where X =X, exp (ia). 
The components of the drift velocity in the XOY plane, according to 
equations (8) and (10), are now to be written 


W,HW,=(We +iW,)+(Wz HW, ) 


Sha 3 X exp (ipt) _ X* exp (—ipt) 
Fares v—i(w +p) | 


The corresponding current densities are J,=—neW, and J,=neW,. If the 
components H=Y cos (pt+$8) and H=Z cos (pt+y) are also present it can be 
seen that the complex current density J(J,, J,, J.), whose real parts represent 
the true current density, is given by 


Je x si xe 
{J} =15,;=|| ot ||} ¥ > exp (ipt)+]| o- ||) Y*; exp (—ipt), 
Ned 5 Z Z 
in which 
: OF. 15 a! Cg lay | 
lot I=] og 65 0 |, oll=|o. o, 0 
Vi A UR 8 OF 0 a6. 
a ; (15) 
A=X, exp (ix), Y=Y, exp (i8), Z=Z, exp (iy), 
‘ 1d é 
Oxy = Oy 10, 107, —(ner/6m).— ee Sea: 
Ace ae aha | ba 
so Oy 1 Oay— Oye nem) * oe ao” Silo Ep) 


1d 
g..=(netl3m)) Sal rapt 


The corresponding matrix components of the conductivity implicit in the 
Appleton-Hartree equations for radio wave propagation in the ionosphere are: 


| 


: : il 
c= ok =lo5 = =10,) = UN ree =# p)’ 
cas Ee Fane Slee ee a 1 
Gxt Syy 10, = Hye (Ree) soar aaa see . (16) 
Te? a api | | 
o,.=— 
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These equations agree with equations (15) in the special case only of v=0. 
In other cases equations (16) may be in error by factors which can be of the 
order of a few units, depending on the nature of the dependence of U,q, contained 
in v=ce/l,,, upon ¢ and upon the law of distribution of the speeds c. These errors 
are important in studies of the motions of electrons in gases by microwave 
methods since it appears to be the practice to interpret the experimental measure- 
ments in such studies by means of equations equivalent to equations (16) with 
o=0. 

The special case of w=0 is implicit in the expression for o,, in equations 
(15). The complex current density J in a sinusoidal field E cos pt, with B=0, 


is 
aS 
J=Bine?/3m)\ ral oie ‘ 


When / is independent of ¢ this becomes 


J=E(net/m)\ [1 (st) exp pt). ee (17) 


It has been shown by Pfister (1955) that formula (17) is equivalent to a 
formula derived by Margenau for this case, in which /,, is independent of ¢ and 
the speeds ¢ are distributed according to Maxwell’s law. 


VII. PowER COMMUNICATED BY THE FIELD TO UNIT VOLUME OF THE MEDIUM 
In terms of the components of the field and the complex current density 
this is 
P= $R,[EWJ 7+ by, +£J7), 
whose value in the general case may be derived from equation (15). 


VIII. OTHER RECENT INVESTIGATIONS 

A series of investigations of the conductivity of weakly ionized gases, 

based on the methods of Maxwell and Boltzmann, have been made by Bayet 

(1956 and references therein) the results of which would seem to be consistent 
in general with Huxley (1951, 1957) and the present paper. 
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THE RESOLUTION OF THE CLOCK PARADOX 
By G. BUILDER* 
[Manuscript received November 26, 1956] 


Summary 


It is shown that the so-called ‘“‘ clock paradox ”’ can be resolved completely in 
terms. of the restricted theory of relativity. Properly applied, the theory gives a 
unique and unambiguous value for the relative retardation of two clocks. The seeming 
paradox can, and does, arise only through using the “ rate *’ of a moving clock without 
due regard to the exact significance of the quantity so described. 


The usual hypothetical experiment, in which an observer M travels away from, 
and returns to, an observer R, with constant speed in a straight line, is described in 
terms of an accelerated reference system in which M remains at rest at the origin ; 
but it is shown that such a description cannot be regarded as the account that would 
be given by M of the experiment. 


The principle of equivalence is completely irrelevant to analysis and discussion 
of the relative retardation of clocks unless there is a real gravitational field to be taken 
into account and, except in such a case, the general theory of relativity can add nothing 
of physical significance to an analysis correctly made using the restricted theory. 


I. INTRODUCTION 

In discussions of the so-called clock paradox it is usual, and it suits our 
present purpose, to consider the following hypothetical experiment. It is 
supposed that two observers R and M, equipped with identical synchronized 
clocks, are initially at rest together, e.g. at the origin of an inertial reference 
system S. The observer M is sent on a journey along the x-axis of S, travelling 
away from & with uniform speed v for a time 7, coming to rest for a time 7, 
and then returning with the same speed v to rejoin R after a total time 27 +7 
as read on &’s clock. 

It will, in the first instance, be supposed that the times required to accelerate, 
or decelerate, M are so small that they can be neglected without appreciable 
error. This can always be realized, even for moderate accelerations, by supposing 
T to be very great (McCrea 1951), or it may be justified for rapid accelerations 
as has been shown by Moller (1952). It is always assumed that acceleration 
of a clock has no direct effect on its rate (e.g. Moller 1952); this is also a basic 
assumption in the general theory of relativity. 


According to the restricted theory of relativity, measurements made in the 
reference system S, e.g. by the observer R, must show that the rate of M’s 
clock,’ while it is in motion with speed v, is less than that of R’s clock by the 
factor 1/~—=(1—v?/c?)?. Therefore, when M rejoins R, at the end of his journey, 
his clock must be retarded, relative to R’s, by the amount 27 ory.” This 
is an inescapable prediction of the theory once it is assumed that M’s clock 
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is not directly affected by acceleration ; it was stated by Hinstein (1905) in his 
famous first paper on the theory. 

This relative retardation effect is a surprising consequence of relativity 
theory ; but it is not more surprising than the reciprocity of relativistic variations 
of length and mass, than the relativity of simultaneity, or than the equivalence 
of mass and energy. There is therefore no reason to regard the effect, as such, 
as a paradox. 

Nevertheless, the term ‘“ clock paradox”? has been widely used because 
an appearance of paradox does arise when one considers inertial reference 
systems S’ and 8” in which M is at rest during his outward and return journeys ; 
for the restricted theory also predicts that measurements made by observers 
in S’ and 8” must show that the rate of R’s clock is less than that of clocks, such 
as M’s, at rest in their own systems. This seems incompatible with the predicted 
retardation of M’s clock relative to R’s at the end of the experiment. 

The ‘“‘ clock paradox ” can therefore be expressed as a difficulty in recon- 
ciling the asymmetry of the retardation of M’s clock relative to R’s with the 
symmetry, required by the restricted theory of relativity, between measurements 
in the systems S and S’ and between measurements in the systems S and 8”. 

Alternatively, it is often expressed as a difficulty in reconciling the 
asymmetry of the relative retardation with the symmetry, considered from a 
purely kinematical point of view, between the motions of M relative to Rk and 
of RF relative to M. 

It is quite generally accepted that the paradox can only be resolved by 
denying the applicability of the restricted theory and by using the general 
theory of relativity. 

It is, however, shown here that it can be resolved completely in terms of 
the restricted theory. It is also shown that the general theory can add nothing 
of physical significance to an analysis correctly made in terms of the restricted 
theory. 


II. THE PREDICTIONS OF THE RESTRICTED THEORY OF RELATIVITY 

To apply the restricted theory of relativity to our hypothetical experiment, 
we consider three inertial reference systems S, S’, and S” whose corresponding 
axes are all parallel and whose origins coincide at the instant t=t’=t"=—0. The 
system S’ moves with uniform speed v, relative to S, in the direction of the 
positive a-axis of S; the system 8S” moves with the same speed v relative to 8, 
but in the opposite direction. These reference systems must be regarded as 
having continuous existence before, during, and after the experiment, quite 
independent of the motions of the moving observer M. The restricted theory 
then gives rigorously the relations between measurements made in the three 
systems. The Lorentz transformations give, for the relevant relations between 
measurements made in S and SN’, 


wo =y(~—vt), t'=y(t—vufe?), «2.6... ee ee. (la) 
we =y(a'+vt'), t =y(t'+0a'/e?), oe. seen (1b) 
y Sa(L— 08/0?) FS 1, we ee cee eee ees (1c) 
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and corresponding relations between measurements made in S and S". These 
equations relate the S-coordinates of an event to the S’ or S”-coordinates of 
the same event. 

In our hypothetical experiment there are four identifiable events. 

We suppose that the observers R and M are, initially, at rest at the origin 
of S, that their clocks are set to agree with the clocks of this system, and that 
M’s journey commences at the instant t,=t;=t;=0. The first event E, is the 
beginning of M’s journey ; it is marked by M’s departure from the origin of S 
and his coming to rest at the origin of 8S’; its S-coordinates are 7,=0, t,=0 
and its S’-coordinates 7,—0, tj=0. The second event H, is the termination of 
M’s outward journey ; it is marked by M’s departure from the origin of S’ 
and by his coming to rest in S; its S-coordinates are 7,=X, t,—T7 and its 
S'-coordinates 7.=0, tg=T’. 

If it happens that we know the time interval t,—t,—T7 between these 
events, as determined by &, we can predict the time interval t, -t,=T’ between 
the events as read by M on his clock. Noting that v7 =X, equations (1a) 
give 

T = —h=y(T —oXfODSET ye ws ae ss ot see (2a) 


Conversely, if ZT’ were known, the value of 7 could be predicted. Noting that 
©, =%=0, equations (1b) give 


Tatiana eee ee (2b) 


Equations (2a) and (2b) are identical. They specify unambiguously the relation 
between the measurements made by # and M, each using his own clock, of the 
time occupied by M’s outward journey. They show that M’s measure of this 
interval is less than R’s. 

The third event E; is the beginning of M’s return journey ; it is marked by 
M’s departure from the point v— X in S at the time t=7 +7, and by his coming 
to rest in 8S”. The fourth event EH, is the termination of M’s return journey ; 
it is marked by his coming to rest at v=0 in S at the time t=27-+7 and by his 
ceasing to be at rest in S” 

The interval read by M on his clock between the events H; and H, may be 
denoted by 7”. Using the relations corresponding to equations (1) it may be 
shown that this is related to 7 by 


T= Ty Sees i ee ea (3) 


The interval read by M on his clock between the events H, and E, when he is 
at rest in S, will obviously be equal to vt. 

Thus when M reaches & at the end of the experiment the total elapsed time 
as read by him on his clock will be 


TP" +e +0" =2T" +7 =2T /y ++. 


Remembering that y is greater than unity, it follows that his clock will be 
retarded relative to R’s by the amount 


oF 27 S27 aT a ee oe ee 4 
when he rejoins R. A : = 
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This result must be regarded as the unique and unambiguous prediction of the 
restricted theory. It is not possible to obtain any different result by direct application 
of the Lorentz transformations ; it is immaterial whether M’s readings of his clock 
are calculated from given readings by R of his clock, or vice versa. 

How then can any paradox, or appearance of paradox, arise in the application 
of the restricted theory to the hypothetical experiment considered ? 

It can and does arise only through an incorrect application of the Lorentz 
transformations, in which a calculation is first made of the “ rate ” of a moving 
_ clock and this “ rate ” is then applied without due regard to its exact meaning. 


Ill. THe “ RATE” oF A Movine CLock 

If the observers in the inertial reference system S wish to determine the 
rate of the moving clock M, any method they can devise is, of necessity, 
equivalent to one basic procedure. They can, in effect, only compare this 
clock with two synchronized clocks C, and C,, at rest at # and «+z in their own 
system, with which it is coincident at times ¢ and t+dt. 

To predict the result of this procedure, using the restricted theory, we 
consider the inertial reference system S’ in which the clock M is at rest at its 
origin. Then the two events, which are the coincidences of the clock M with the 
clocks C, and C,, have respectively the S-coordinates 2,t and #+da, t+d¢ and 
the S’-coordinates 0,t’ and 0,t’+<dt’, where t’ and t’+ dt’ are the readings of the 
clock M at the two coincidences. Using the equations (1), noting that x#’=0 


for both events, we find 
Oth whee CONSUATIE) 2 ie ara a0 nb ode acs (5a) 


Thus the clock M records a shorter interval between these events, which occur 
at the same place in 8’, than do the clocks of the system S. No other method is 
available to the S-observers to measure the rate of the moving clock M, so we 
are justified in describing the ratio dt'/dt=1/y as the “rate” of the clock M 
according to the S-observers. 7 

If we suppose that observers also exist in the system 8’, and if they wish 
to determine the rate of the clock R, which is stationary in the system S, they 
must adopt a similar procedure, and we can predict that they will find 


Si=oly nie: Constant)! Jans Wids meme « (5b) 


for the relation between the interval 5t, read on the clock R, and the interval 
St’ read on the clocks in their own system, between two clock coincidences 
at the same place in S. Again we are justified in describing the ratio pie 
as the “‘ rate’ of the clock R according to the 8’ observers. 

Although there is good reason to refer to equations (5a) and (5b) as giving 
the “rate”? of a moving clock according to the S-observers, and according 
to the S’-observers, respectively, the exact significance of the equations must never 
be forgotten in applying them in particular cases: they are, strictly speaking, 
relations between measurements, made in S and 8S’, of time intervals between 
events which occur, on the one hand, at the same place in S’ and, on the other 
hand, at the same place in S: this is expressed by the restrictive conditions 
“‘ y’ constant” and “ «# constant’ in the two equations. 


250 G. BUILDER 


If then the Lorentz transformations are to be utilized by first calculating 
clock “ rates’, the relevance of each such ‘“‘ rate” to the particular case must 
be carefully considered. 


IV. THE ORIGIN AND RESOLUTION OF THE ‘“‘ PARADOX ” 

The events EH, and E,, which are the beginning and end of M’s outward 
journey, occur at the same point in the system S’. Equation (5a) therefore 
gives correctly the relation between-the measurements by k and M of the time 
interval between these events; this relation is the same as that, given in equations 
(2), obtained by direct application of the Lorentz transformation. Similarly, 
the corresponding measurement by R of the rate of M’s clock during his return 
journey will give correctly the relation between the measurements made by M 
and R of the interval between the events HZ, and EH,, as given in equation (3). 
The measurements by R and M of the interval between the events H, and H, 
will, of course, both give the time t. The retardation of M’s clock, relative to 
R’s, during the experiment will therefore be given by equation (4), just as was 
found by direct application of the Lorentz transformations. 


On the other hand, since the events #, and #, do not occur at the same place 
in 8S, equation (5b) cannot be used to find a relation between the measurements 
made by FR and M of the interval between these events. This applies also to the 
interval between the events H, and F,. 


The ‘“* paradox ”’ has arisen through ignoring this distinction. It is completely 
resolved once the exact significance of equations (5a) and (5b) is taken into account. 


There is no need to reconcile the symmetry of the equations (5a) and (5b) 
with the asymmetry of the predicted retardation because equation (5b) has 
no direct relevance in this particular case. 


The asymmetry of the predicted retardation is obviously consistent with the 
dynamical asymmetry invoived in the original specification of the experiment, 
which required that M should be subjected to acceleration and that R should 
not. On the other hand, the Lorentz transformations do not in themselves 
take into account any such dynamical asymmetry, for they are solely relations 
between measurements made in inertial systems. How then does the application 
of these transformations lead to an asymmetrical clock retardation corresponding 
to the prescribed dynamical asymmetry of the motions of R and M? 


The answer is not far to seek. Because M is the accelerated observer, i.e. 
the one to whom something happens, the identifiable events H,, EH,, E3, E, are 
all coincident with M. The events #, and E, which mark the beeiinine and 
end of M’s outward journey therefore occur at the same place in 8’, but at 
different places in S. The dynamical asymmetry is thus displayed as an ennai! 
asymmetry in the relations of the events H, and H, to the systems S and S’ 
and, similarly, in the relations of the events HE, and Ey to the systems S and 8”. 


We may therefore fairly, if somewhat picturesquely, claim that the restricted 
theory is not deceived by the apparent kinematical symmetry of the motions, 
of M relative to R and R relative to M. 
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V. THE INVARIANCE OF THE RELATIVE RETARDATION 

The retardation of M’s clock, relative to R’s, given by equation (4), is an 
invariant for all observers and for all reference systems. That this must be so 
is obvious on general physical grounds; for the reading on any clock of the 
time of an event coincident with it must be the same for all observers. Thus 
the interval read on a clock between two events coincident with it is an invariant, 
i.e. the proper time of the clock. In the present case the events H, and #,, 
which mark the beginning and end of the experiment, are coincident with both 
clocks, so that 27++ and 27” ++ are their proper times. The relative retarda- 
tion, given by the difference between these proper times, is therefore also an 
invariant and may be calculated in any way, or in any reference system what- 
soever, that may be convenient. 

The proper time 6’ of any clock, in arbitrary motion with instantaneous 
speed w in an inertial reference system S, between two events coincident with 
it at the S-times 0, and 6,, is given by 


64 
=| (Doi SAY as os siecle (5c) 
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on the accepted assumption that equation (5a) gives the “ rate”’’ of the clock 
at each instant when the intervals 3¢ and dt’ become infinitesimal. The invariance 
of this integral to Lorentz transformations is readily verified. 


The invariance of the relative retardation could be illustrated by calculating 
the proper times of the two clocks in the system S (as we have done in effect 
in the foregoing) and by repeating the calculation for the system 8’ by using 
the “ rates ” of both clocks, according to the S’ observers, given by equation (5b). 


VI. MEASUREMENTS AND PERCEPTIONS OF THE MOVING OBSERVER 

The observer M, while at rest in 8’, would have found the “ rate” of R’s 
clock to be less than that of his own by the factor 1/7, and would have found 
that R was moving away from him with speed v. It may therefore be inferred 
that, had he remained at rest in S’ until the corresponding light data from & 
had reached him, his measurements, like those of hypothetical permanent 8’ 
observers, would have shown the reading on F’s clock to be T’/y, and the distance 
of R to be v7’, at the instant immediately preceding the event H,. Yet, having 
come to rest in S, if he remained so for long enough for the corresponding light 
from R to reach him, his own measurements would show that the reading of 
R’s clock was v7", and that the distance of R was yv7", at the instant immediately 
after event H,. 

Such inferences and possible measurements are summarized in Table 1. 
The sudden changes in the readings of R’s clock and in R’s distance are fully 
accounted for by the corresponding sudden changes in the systems of reference. 
Appearance of paradox can arise only if, as has often happened, the reading 
T’ | of R’s clock at the instant before event H, is torn from the context of Table 1 
and is contrasted with the predicted retardation of M’s clock relative to R’s 
at the end of the experiment. 
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The data of Table 1 indicate a sudden change in the reading of R’s clock 
during the event H, by the amount y(v?/c?)T’. If the duration of this event is 
denoted by +, it may be argued that, in some sense, the average ‘‘ rate ’’ of F’s 
clock is y(v2/e le? )T'/z, during the event. If, as we have assumed, +, is very small 
compared with 7’, this “‘ rate”? will be enormous unless ©? is correspondingly. 
small compared nied c2. It may also be argued that, in a similar sense, f’s 
speed reaches the enormous average value (y—1)v7"/z, during this event. 


It must be clearly recognized that the systems of reference indicated in 
Table 1 are those in which M happens to be at rest at the instants indicated ; 
they are not, in general, the systems of reference that could be used by him 
in making measurements: relating to distant events occurring at these instants. 


TABLE 1 


INFERENCES AND POSSIBLE MEASUREMENTS RELATING TO THE INSTANTS IMMEDIATELY BEFORE 
AND IMMEDIATELY AFTER THE EVENTS #, AND E3, AND RELATED DATA 


Event EF, Event E, 
Instant, Instant Instant Instant 
Before After Before After 
M’s own clock reading ed fh T’ +--+ TY tes 
System of reference. . iS’ S S ay 
R’s speed v 0 0 v 
*“* Rate” of R’s dite 1/y 1 1 1/y 
2) 2 
Reading of R’s clock (1-4) oy gt Ai laa a 1 Bited +7 
c ce 
R’s distance .. oT” youl’ yor’ vT”’ 


Thus Table 1 cannot properly be regarded as an account of the experiment 
in terms of M’s measurements and observations, and it cannot be inferred that 
M’s observations would show that the ‘‘ rate” of R’s clock and the speed of R 
had reached enormous values during the short intervals occupied by the events 
H, and H;. It is, in any case, obvious that he would not have any immediate 
perception of such effects. 

To describe M’s immediate perceptions we must specifically exclude any 
allowance for light transmission time. Let us suppose that R’s clock emits, 
and is illuminated by, a flash of light at the end of each second of its own time. 
The reading of R’s clock which M will see, in the literal sense, at any time can 
then be stated in terms of his reception of these flashes. The arrival of each 
flash at M is a definite event coincident with M; the reading of M’s clock at 
the instant of its arrival is therefore the same for all observers and may be 
calculated in any convenient way, e.g. in the system S. We find, of course, 
that what M sees, in this literal sense, can be expressed in terms of the relativistic 
Doppler effect. 

During his outward journey M would receive the flashes of light from R’s 
clock at the rate of y(¢—v)/e per second so that he would see, literally, R’s clock 
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running more slowly than his own; the reading he would see on R’s clock at the 
time 7” at which his outward journey ended is [y(¢—v)/e]Z". 

During the event H, the rate of arrival of the flashes would increase to one 
per second and would remain at this value while M remained at rest in S ; the 
reading he would see on f’s clock at the time 7’ ++, at which his return journey 
started, is [y(¢—v)/c]T’ +7. 

During the event EH, the rate of arrival of the flashes would increase further 
to y(¢+v)/e, and would remain at this rate during M’s return journey, so that 
he would see, literally, R’s clock running faster than his own; the reading he 
would see on R’s clock at the time 27’ +7 at which he reached R is 


yi(e—v)e}T" 4-7 +-y{(e+0)/e}T’ =2yT’ +7. ...... (6) 


Thus M’s immediate perceptions would be perfectly consistent with the predicted 
retardation of his own clock, relative to R’s, at the end of the experiment ; 
they would not disclose, or even suggest, any ‘‘racing”’ of R’s clock during the 
events H, and F3. 


EE DESCRIPTION OF THE EXPERIMENT IN TERMS OF THE COORDINATES OF THE 
ACCELERATED REFERENCE SYSTEM S,, 

A complete and consistent account of the experiment can be given by 
describing it in terms of the coordinates z,,, t,, of the accelerated system of 
reference S,,in which M remains at rest, at the origin, throughout the experiment. 
This system S,, is identical with the inertial system S’ during M’s outward 
journey ; it becomes identical with a system Sp, at rest relative to S, as a result 
of the event H,; it becomes identical with a system So, at rest relative to 8S", 
as a result of event #3, and remains so during M’s return journey. 


The transition of S,, from identity with S’ to identity with S, at event E£,, 
or from S, to So at event Hz, may be specified in terms of a continuous succession 
of inertial reference systems in each of which M is successively at rest at its origin. 
The coordinates of the successive inertial systems are related by non-homogeneous 
infinitesimal Lorentz transformations (see, for example, Moller 1952, Ch. IV). 
Since we are concerned only with measurements which, in each successive 
inertial system, are simultaneous with the instant at which M is at rest at its 
origin, we may define the time t,, of M’s clock as the time of the accelerated 
system S,, which comprises this continuous succession of inertial systems. The 
coordinates ,, of S,, may be identified at each instant with the x-coordinates 
of the inertial reference system in which MU is at rest, at its origin, at that instant. 


The transformations relating the coordinates of the system S,, to those of 
an inertial reference system, such as S), take a relatively simple form if the 
rest-acceleration of M has a constant value g during each of the events H,, Es, 
etc., as it would in fact have if M were, on each occasion, subject to a constant 
force, i.e. as measured in an inertial reference system. These transformations 
enable us to describe, in terms of the coordinates of Sm, phenomena and events of 
which a description is already available in terms of the coordinates of an inertial 
reference system. 
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We will consider, as an example, the event HZ, which terminates.M’s outward 
journey, denoting by t, and +, the time occupied by this event as determined by 
Rk and by M respectively. 

Before the instant 7’ at which event E, commences, the system S,, is identical 
with the inertial reference system S’, so that 


eps emi! soe home WUE Seed) bn Sieroter ete (7a) 


m 


At the instant 7’++, at which event F, ends, S,, becomes identical with an 
inertial reference system S,, at rest relative to S, defined by : 


H=a—X;  t=t—T+T,; To=T'+1,—ty ------ (7b) 
so that 
Vm—=Uy 5 bg =bo (t,,-> Tt) sewn s+ (7c) 


During the interval 7, M is subject to a rest-acceleration g (which has a negative 
value) and the S,,-coordinates are related to the S)-coordinates by : 
1+9%/c?=(1+9z,,/¢) cosh [g(0,—t,)/e], ..-.---- (7d) 
g(92—t,)/e=(1 +92,,/¢7) sinh [g(0,—t,)/c], .------- (7e) 
where 
O.=t)—Ty); O2=t,,—T’ ; 
Py y= Tg al he 
The coordinate Xm of R’s clock is given by equation (7d) when we put 27)=—X. 
Neglecting the distance travelled by M during his deceleration, it is easily 
verified that z,, has the values 
v= —X/y at tT", 
,_=—X at t,=—T’ +7), 
in agreement with the values given in Table 1. ; 
The velocity Um of R’s clock at any instant may be found by differentiation 
of equation (7d). Noting that da,/dt,,=0, this gives 
Un=—e(1+ga,,/e7) tanh [g(0,—t,)/e]. «..... (8a) 
It is easily verified that at the onset of the acceleration at t,,—T’ this velocity 
suddenly assumes the value —v(1-+z,,/c?) but decreases to zero at t,,=T" ma 
Readings t=T +0, of R’s clock which, in the system S,,, are simultaneous 
with the readings t,,=7’+0: of M’s clock, are given by equation (7e) when pes 
is put equal to the coordinate of R at each instant considered. It is easily 
verified that this gives the readings 
t=T)y? ab tea", 


in agreement with the values given in Table 1. 
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The “ rate”’ of R’s clock in the system S,, is obtained by differentiation of 
equation (7e) and is given by 


dt/dt,, =[(1+g92,,/¢)? — efor) * sy — Xe we ews (8b) 
and this may be written 
dt/dt,,=(1—gA/e*) sech® [9(0,—z)/e].  - cases ees (8c) 


Under the conditions being considered, this ‘“‘ rate”? does not differ greatly 
from the value (1—gX/c*) during the event H,; it approximates to —gX/c? 
and may reach enormous values if X is large. Since g is negative, this is con- 
sistent with the average rate y(v?/c?)7"/<, inferred in Section VI from the data 
given in Table 1; for we may write, approximately, g= —ov/7, and X= vv". 
The “‘ rate’ of a standard clock stationary in S,,, for which u,,=0, can similarly 
be shown to be 
dt/dt_ —1--9" (c*-5 #., constant, -..2.. 6... (9a) 


and will, in general, be very large for large negative values of w,,, g being negative. 
The velocity of light in Sm at any point having the coordinate z,, is obtained by 
differentiating equation (7d) and inserting the value ¢ for the velocity in the 
inertial system S,. One obtains 


pe 1 ie gl OR rg Eee RST, (9b) 


The factor (1+-gz,,/e) may reach very large values for large negative values of 
Z,, the value of g being negative. 


Graphical Representation: We can thus build up a complete and coherent 
description of the experiment in terms of the coordinates of the accelerated 
system S,. The foregoing results are consistent with the inferences, drawn 
in Section VI, from the data summarized in Table 1. Equation (9b), for the 
velocity c¢,, of light at any point in the system S,,, enables us to account also, 
‘in terms of the S,, coordinates, for M’s immediate perceptions, summarized in 
Section VI, of the readings of R’s clock. 

Such a description, or a corresponding description in terms of the co- 
ordinates of the inertial reference system S, can best be presented graphically 
in the manner illustrated by the diagrams of Figure 1; these refer to an experi- 
ment similar to that so far considered, and differing only in that the times 7, 
and t, occupied by the events H, and EF; have been assigned relatively large 
values to facilitate the graphical representation. 


In Figure 1 (a), any event that takes place on the x-axis of the inertial 
reference system S is represented by a point having coordinates #,t in the diagram. 
The arbitrary units of length and time used are such that the velocity ¢ of light 
is unity. Points representing events which are simultaneous in S lie on a line 
parallel to the axis of x; any line parallel to the axis of ¢ is the world line of an 
object at rest in 8 and, in particular, the axis of ¢ is itself the world line of the 
observer R at rest at *=0. The world line of the observer M is shown ; starting 
at t=0, he travels away from R with speed »=0-6c until (=72—=12 -B; he 
is then decelerated by a constant force (y= —0-5c per unit time) and comes to 
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rest at x=8 at time t=7+71,=—14; he remains at rest until t=7+7,+7=18 
and is then accelerated towards R by a constant force (g=—0-5e per unit time) 
to reach the speed v=0-6e at t=7+7,+7+7,=19-5; he travels with this 
speed to reach F& again at t=27+7,+7+7,=382. 


32 2T+TotT+T3 


tad 


(b) 


Fig. 1.—Description of clock. retardation experiment in terms of the coordinates 
of inertial and accelerated reference systems S and S,. World lines of light flashes 
emitted by R’s clock are shown. 


The readings ¢,, of M’s clock which, in the system S, are simultaneous with 
readings ¢ of R’s clock can be calculated by means of equation (5c); these 
readings have been scaled off along M’s world line. It is seen that M ’s clock 
reads only ¢,,=26-8 when he rejoins R at t=32. Bers 
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. We suppose, as in Section VI, that R’s clock emits, and is illuminated by, 
a flash of light at the end of each unit of time. The world lines of these flashes 
are straight lines in the diagram: the intersection of each with M’s world line 
represents the arrival of a flash and its perception by M. The reading t,, of M’s 
clock at the arrival of each flash can be ascertained from the time scale marked 
off on M’s world line. It will be seen that the rates of arrival of the flashes are 
consistent with those given in equation (6), it being noted that in the present 
case v=0-6e and 1/y=(1—v?/c?)#=0-8, so that y(¢—v)/e=} and y(c+v)/e=2. 

In Figure 1 (b) any event taking place on the z,,-axis of the accelerated 
reference system 8, is similarly represented by a point having coordinates Cate 
in the diagram. The axis of t¢,, is itself the world line of the observer M, at 
rest at x,,=0. The world line of the observer & is shown ; starting at t,,—0 
he moves away from M with speed v=0-6c until t, =T’ =10 ; his speed suddenly 
increases to the value w,,—=2-4c¢ (equation (8a)) and then decreases until he comes 
to rest at #,=—8 at 1t,=T’+7,=11:4; he remains at rest until 
t,,=T' +7, +7=15-4 and starts to move again, towards M, at first slowly but 
reaching the speed u,,=2-4e at t,=T’+7,+1+7,=16°8; his speed is then 
suddenly reduced to v=0-6c and he travels with this speed to reach M at 
ty =20" +1, +7 +7, =26°8. 

The readings ¢ of R’s clock, which are simultaneous in the system S,, with 
readings t,, of M’s clock, may be calculated by means of equation (7e); these 
readings have been scaled off along R’s world line. It is seen that the reading 
of F’s clock has only reached t=8 at t,,=—10, but that its rate during the interval 
7, is so high (equation (8b)) that its reading becomes t=14 at t,—11-4. Its 
rate is the same as that of M’s clock during the interval t but again reaches very 
high values during the interval 7,, so that t=24 at t,=—16°8. Its rate then 
becomes less than that of M’s clock by the factor 1/~=0-8 so that its reading is 
t=32 when & rejoins M at t,,=26-8. 

The world lines of the light flashes from #’s clock are also shown. During 
the intervals 7, and +, the velocity of the light is c(1 +-gz,,/c?), a8 given by equation 
‘ (9b), and reaches the value 4c at x,,—-—8. The variation of this velocity with 
2, results in the worid lines being, in general, non-linear and this results, in 
spite of the large variations in the rate of R’s clock, in the perception of the 
flashes by M at the times predicted by Figure 1 (a) and by equation (6). 


VIII. THE SIGNIFICANCE OF THE ACCELERATED REFERENCE SYSTEM 

It is commonly assumed that the S,,-description, represented in Figure 1 (5), 
is the account that the observer M would give of the experiment, even if his only 
data were his own perceptions and measurements. This assumption is not 
justifiable. It presupposes that M could himself measure the S,,-coordinates 
of every event; but this is not, even in principle, possible. | 

The accelerated reference system S,, was defined by stating that its co- 
ordinates are, at any instant, identical with those of the particular inertial 
reference system in which M is at rest, at the origin, at that instant. The motion 
of M thus specifies a multiplicity, which will in general be infinite, of hypothetical 
-inertial reference systems, each of whose coordinates is to be used at a particular 
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instant or during a particular interval. These coordinates may be predicted, 
for any event, by means of the Lorentz transformation, if the coordinates of 
that event in any one inertial reference system, such as S, are already known. 
The S,,-coordinates provide a summary of all such predictions. 

Thus a description of events in terms of the S,,-coordinates cannot furnish 
more information than is already available in terms of the coordinates of inertial 
reference systems. 

On the other hand, measurement of the coordinates ~,,, t,, of any event 
presupposes, by definition, actual measurement in the particular inertial reference 
system in which M is at rest, at its origin, at the instant ¢,, considered. This, 
in turn, presupposes the existence in that particular inertial system of observers 
at rest, either permanently or, at the very least, for the time required for trans- 
mission of light throughout the spatial region of interest. Thus, in general, 
the observer M could not himself make these measurements. 

This conclusion was already foreshadowed in the discussion of the data of 
Table 1 in Section VI. It was there pointed out that, even though M was at 
rest in the system S’ until his outward journey ended at the instant 7”, he could 
not verify the reading T’/; of R’s clock, or its distance v7’, which we inferred 
would be simultaneous in the system S’ with the reading 7” of his own clock ; 
for light emitted by R’s clock at the instant its reading was T’/y could not reach 
M until long after he had ceased to be at rest in S’. These inferences could in 
fact be verified experimentally only by hypothetical observers at rest in S’, 
i.e. in the inertial reference system whose origin coincided with M at the instant 
t'—T’. Thus even the data presented in Table 1 cannot properly be regarded 
as M’s account of his own observations during the experiment; it is no more 
than a summary of data, measurable in systems S, S’, and 8”, selected in a way 
defined by the motion of M. 

When, as in Section VII, the accelerated reference system, from t,,=T’ 
to t,, =" +7,, comprises a continuous succession of hypothetical inertial systems 
in each of which M is at rest only instantaneously, it is obvious that M could 
not, even in principle, determine the coordinates w,,, t,, of distant events because 
he would not remain at rest in any of these inertial systems for a finite time. 
Reference to Figures 1 (a) and 1 (b) also shows that, even when M is at rest in 
the system S from ¢,,=Z" +7, to t,,=T’+t,-+7, he could not determine the 
coordinates of R because light signals emitted by R’s clock during this interval 
would not reach him until after he had come to rest in 98”. 

It has been implied in the foregoing that M would be restricted to methods 
of measurement, based on the transmission of light, such as would be possible 
in practice using optical instruments. No account was taken of the possibility 
of his utilizing in any way a real physical system having continuous extension 
throughout the region occupied by & and himself during the experiment. 

Such a physical system at rest with R is quite conceivable. If it were 
provided with visible markings of the spatial coordinates x and if it were equipped 
at appropriate points with standard clocks synchronized by the 8 observers, 
the observer M could in fact determine the S-coordinates of any events. The 
result would be a trivial verification of the S-description of the experiment. 
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On the other hand, a physical system, of sufficient extent, moving with M 
is difficult to imagine unless one supposes the distance travelled by UM, or the 
accelerations to which M is subjected, to be very small. Nevertheless, it is 
necessary to examine whether such a system, however impracticable, could in 
principle enable M to measure the S,,-coordinates. 

The conditions to be met can be definitely prescribed. It is necessary that 
a real coordinate frame, of sufficient extent, moving with M, and corresponding 
exactly at every instant to the coordinates x,, of the accelerated reference system 
S,,, Should be, in principle, physically realizable and that it could be supposed 
to be equipped with clocks adjusted to keep the time ¢,,, i.e. coordinate clocks, 
as distinct from the standard clocks of the restricted theory of relativity (equation 
(9a)). The observer M could then determine the coordinates of any event by 
noting the point in the coordinate frame, and the reading of the coordinate clock, 
coincident with the event. These observations would not be affected by the 
time of transmission of light from the point of occurrence of the event to the 
observer ; they could in fact be made by any observer who could read the 
coordinate clock, and identify the point in the coordinate framework, coincident 
with the event. : 

In general, such a physical system is not realizable, even in principle. 
The fundamental restriction is that there can be no transmission of gravitational 
fields, or of stresses in a physical system, with a speed greater than that of light. 

The effect of this restriction is easily illustrated. The accelerated system 
S,, of Section VII is identical with the inertial system S’ at t,,=7’ ; it becomes 
identical with 8, at t,=T’ +7, (Fig. 1 (b)). The corresponding real coordinate 
frame would, at every instant, have to be contracting at the same rate at every 
point to preserve its identity with the succession of inertial reference systems 
which constitute the system S,, during its transition from S’ to 8S). This would 
require, at the onset of M’s acceleration, instantaneous transmission of stress 
throughout the system, as judged by S’ observers, and this is clearly incompatible 
with the postulates of the theory of relativity. 

More specifically, it can be shown (e.g. Moller 1952, Ch. VIII) that the 
coordinates w,,, t,, defined, during the interval t,, by equations (7d) and (7e) 
correspond to a rigid coordinate frame subject to a steady rest-acceleration g 
of its origin and equipped at appropriate points with clocks keeping the time t,,, 
each being adjusted to a rate less, by a factor (1+9z,,/c”), than that of a standard 
clock at rest with it, as required by equation (9a). When viewed from an 
inertial reference system this rigid framework would be subject at each point 
to a Lorentz contraction determined by the speed of that point ; this speed would 
depend on the accelerated motion of the origin of the frame and on the resultant 
contraction of the system as a whole. The equations (7d) and (7e) are, clearly, 
inapplicable unless the acceleration g of the origin has been so long maintained 
that a steady state has been reached throughout the system. 

Thus accelerated reference systems such as S,,, in which the accelerations 
are transitory, as they are during the events H, and #3, can have no realizable 
physical counterpart which would, in principle, permit an observer, such as M, 
to measure the system coordinates. The artificiality of the system S,, is demon- 
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strated in Figure 1 (b) by the discontinuities in R’s velocity at t,,=T" and 
t,=T'+7,+1+7, and, perhaps even more forcibly, by the discontinuities in 
the velocity of light, since these occur simultaneously at all points in an inertial 
reference system as, for example, in S’ at ¢,—T". 


It appears that the only case in which a relative retardation of clocks would 
occur in the interval between their successive coincidences, and in which observers 
at rest in a relevant accelerated reference system could measure the system 
coordinates of every event of interest, is that in which the accelerated reference 
system corresponds to a steady rotation. This case would arise if an observer R’ 
were at rest in an inertial reference system and if an observer M’ moved in a 
circle with constant speed so that he coincided instantaneously with R’ each 
time he traversed the circle. 


Thus, except in such a special case, the description of a clock-retardation 
experiment in terms of the coordinates of an accelerated reference system does not 
represent the account that would be given of the experiment by the accelerated observer 
as a result of his own perceptions and measurements. 


It must not be overlooked that the observer M in our experiment would in 
fact be aware of effects of his own acceleration and, simultaneously, of Doppler 
changes in the frequency of arrival of regular light signals from R’s clock. The 
only sensible account he could give of these perceptions, taken together with 
such measurements as he might make by optical methods, would of necessity 
be similar to the account given in Section VI above. 


IX. THE GENERAL THEORY OF RELATIVITY 

The accelerated reference systems considered in Sections VII and VIII 
are conventionally regarded as part of the subject matter of the general theory 
of relativity. 

The foregoing discussion shows that this part of the general theory can add 
nothing of physical significance to an analysis, properly made in terms of the 
restricted theory, as in Sections II-VI, of the relative retardations of clocks 
due to their arbitrary motions in a region free of gravitational fields. 


Furthermore, it is easy to see that any application of the principle of equivalence 
of the general theory to such cases would be quite trivial. 


The principle states that any accelerated system of coordinates is, physically, 
completely equivalent to, and indistinguishable from, a similar system at rest 
in a gravitational field, so far as the perceptions and measurements of observers 
at rest in the two systems are considered. The principle thus permits the 
course of events in a gravitational field to be predicted by calculating, by means 
of the restricted theory of relativity, the course of events as described in the equi- 
valent accelerated reference system. 


The converse process of calculating the course of events in an accelerated 
reference system from that in the equivalent gravitational field must be essentially 


trivial, since it would, in principle, involve first calculating the latter from the 
former. 
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It is true that the S,,-description represented in Figure 1 (b) could have 
been derived equally well by ascribing the effects experienced by M as a result 
of his own acceleration to the existence of a static gravitational field having a 
potential gx,,(1+g«,,/2c?) during the intervals't, and ts, and having zero value 
at all other times. Expressions already known (i.e. already calculated using the 
principle of equivalence), for the rate of a clock and for the velocity of light 
in this gravitational field, would lead to the same results as yo0e set out in 
equations (8) and (9) of Section VII. 

This approach to the problem is based on the explicit assumption that it 
is the point of view of the observer M which is being considered, for he alone 
could suppose that the effects he experienced might be due to a gravitational 
field ; all inertial observers would be aware that the region was free of any such 
field. It has therefore been generally assumed that the result of the analysis, 
e.g. the S,, description, is the account that M would give of the experiment as a 
result of his own perceptions and measurements (e.g. Tolman 1934; McCrea 
1951; Moller 1952). 

It was shown in Section VIII that this assumption is not justifiable because 
the reference system S,, does not correspond to any physical system that is 
realizable even in principle. This conclusion is not affected by the introduction 
of the concept of the equivalent gravitational field. On the contrary, nothing 
could demonstrate more clearly the artificiality of the reference system S,, 
than the statement that its physical equivalent is a gravitational field which is 
everywhere zero until the instant ¢,—T’, has the potential gw,,(1-+gz,,/2¢7) 
from t,,—T’ to t,,=T’+7,, and becomes zero everywhere again at t,,=T’ +7). 
The concept of such a field is completely incompatible with the limiting value ¢ 
for all velocities measured in inertial reference systems; for it may be seen 
from Figure 1 (b) that the time ¢,,—T’ is everywhere identical with the time 
t’=T’ of the inertial reference system S’, and the time t,,=7" +1, is everywhere 
identical with the time 4,—7’ +7, of the system S,, so that the specified field 
would have to be created simultaneously at all points in S’ and be destroyed 
simultaneously at all points in Sp. 

Thus the principle of equivalence can contribute nothing of physical 
significance to the analysis ; it only accentuates the artificiality of the description 
of our hypothetical experiment in terms of the coordinates of the accelerated 
reference system S,,. 

- Jt must not be overlooked that the principle of equivalence was utilized 
(Tolman 1934) to resolve, by means of the general theory, the so-called paradox 
of the restricted theory. In effect, the ‘“‘ paradox ’”’ was resolved by denying 
the applicability of the restricted theory to the problem and then using instead 
conclusions that had been derived from the restricted theory by means of the 
principle of equivalence. This tortuous procedure succeeded in hiding the 
paradox rather than in resolving it ; for it scarcely need be pointed out that the 
procedure would be quite invalid if the restricted theory were indeed not properly 
applicable to the problem considered. However, the resolution of the “ paradox ” 
in Section IV above and the subsequent discussion show that the general theory 
can contribute nothing of physical significance to an analysis properly carried 
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out by means of the restricted theory except when there are permanent gravi- 
tational fields to be taken into account, as in the case analysed by Mikhail 
(1952). ’ 
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SOME OBSERVATIONS ON THE BEHAVIOUR OF BROMINE- 
QUENCHED GEIGER TUBES 


By R. E. BELIN* 
[Manuscript received November 30, 1956] 


Summary 


A number of Geiger tubes were constructed using 18 : 8 low-carbon stainless steel 
and 99-9-+ per cent. aluminium cathodes with tungsten anodes. 


Plateaux improved, but threshold voltages rose 2 V/°C with increase in temperature. 
Tubes with stainless steel cathodes operated at 100°C for one week showed no 
deterioration. 

A few tubes with bromine pressures approximately 0-01 cm Hg in a total filling of 
20 cm Hg argon exhibited oscillations over an interval along the length of the plateau. 
During this interval the tubes were insensitive to external radiations. These tubes, 
as well as others with higher bromine pressures, also gave, at some defined overvoltage, 
Geiger pulses with extended tails, upon which 25 ke/s oscillations were superimposed. 


I. INTRODUCTION 

Halogen-quenched Geiger tubes have been investigated by numerous 
workers (Liebson and Friedman 1948; Le Croissette and Yarwood 1951; 
Loosemore and Sharpe 1951; van Zoonan and Prast 1952; and Ward and 
Krumbien 1955) but little information is available concerning their behaviour 
at elevated temperatures, except that recently reported by Clark (1955). Fujioka, 
Kita, and Minakawa (1951) have observed, as have Belin and Bainbridge 
(unpublished data), that alcohol-argon Geiger tubes, with suitable pretreatment, 
can be made to operate with negligible change in their characteristics to 200 °C. 
Halogen-quenched tubes in which the halogen-does not react chemically at this 
temperature will probably behave likewise. Thus, since Geiger tubes of long 
life were required for use at elevated temperatures, an evaluation of the behaviour 
of halogen-quenched tubes with temperature seemed appropriate. 

During the investigation of the effect of the variation of bromine partial 
pressure with noble gas pressure and of temperature on plateau characteristics 
some new observations were made, in particular oscillations of a different 
character from those already reported by Le Croissette and Yarwood (1951) and 
van Zoonan and Prast (1952). 


II. GEIGER TUBE CONSTRUCTION 
Geiger tubes of two sizes were constructed. Their anodes consisted of 
tungsten wire 0-004 and 0-006 in. in diameter, while the cathodes, which were 
& and lin. in diameter, consisted of 18:8 low-carbon stainless steel and 
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aluminium of 99-9+ per cent. purity respectively. Uhlig (1948) gives the 
former as moderately resistant and the latter as of good resistance to bromine at 
temperatures up to 100 °C. Thin nickel strip of 99-4 per cent. purity was used 
to join the cathode to the tungsten-to-glass seal. All tubes were sheathed in 
borosilicate glass and chemically cleaned internally, after construction. 

The vacuum system and filling procedures followed a similar pattern to 
that described by Le Croissette and Yarwood (1951). Before filling, the tubes 
were left for 12 hr with an internal atmosphere of bromine at a pressure of 2 cm 
Hg. This conditioning vapour was then pumped out, through bromine traps, 
with a silicone oil diffusion pump and the tubes filled with the required mixture 
of argon (or neon) and bromine which for a normal tube was 20 and 0-02 em Hg 
respectively. Fillings investigated ranged from 10 to 30cm Hg of noble gas 
with from 0-05 to 5 per cent. of bromine. 


III. EXPERIMENTAL 
Pulses from the halogen-quenched tubes were usually examined by using 
a pre-amplifier with a 2 uuF input coupling condenser to the Geiger tube. 
The oscillations described below, on the tail of a pulse, were also examined by 
direct connection of the tube to the input of a cathode-ray oscilloscope. 


IV. RESULTS 
(a) General Observations 
The threshold voltage of tubes, sealed after filling, normally rose about 
100-150 V after a period of approximately 2 weeks at room temperature. This 
process was always accompanied by an improvement in plateau slope and could 
be completed by heating the tube to 50 °C for 45 min. 


ARBITRARY COUNT RATE 


VOLTAGE 


Fig. 1.—Threshold voltage and plateau of a bromine-argon counter 
at temperatures 25, 75, and 150°C. A bad counter at 25° was 
chosen to accentuate the improvement with temperature. 


Observations, at room temperature, made on tubes which had “ aged ’’ in 
this manner, showed that the relationships of the gaseous filling constituents 
with threshold voltage and plateau length agreed substantially with those of 


other workers (Le Croissette and Yarwood 1951; and Ward and Krumbien 
1955). . 
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In about 24 tubes investigated no negative plateau slopes, resulting from 
multiple pulses, were observed, as those reported by Le Croissette and Yarwood 
(1951) in neon-bromine tubes. 

The effect of temperature on plateau length, threshold voltage, and slope 
of a particularly poor stairiless steel cathode Geiger tube, already aged, is shown 
in Figure 1. This was characteristic of all tubes investigated. In general the 
threshold voltage had a positive temperature coefficient of approximately 
2V/°C. The tubes could be cycled between 20 and 100 °C with the threshold 
voltage rising and falling in unison and held at 100 °C for many days without 
appreciable deterioration. 
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Fig. 2.—A normal Geiger pulse and one containing the observed 
oscillations. 


In general Geiger tubes with aluminium cathodes behaved in a similar 
manner but showed some deterioration after operation at 100 °C for 8 days. 
A tube using commercial aluminium was soon rendered useless when subjected 
to the same treatment. 


(b) Oscillatory Behaviour of Bromine-quenched Geiger Tubes 
Geiger tubes with either argon or neon and with a bromine partial pressure 
not greater than 0-05 per cent. of the total filling pressure exhibited unusual 
effects. For example, one stainless steel cathode tube with approximately 
0-01 em Hg of bromine in a total filling pressure of 20 cm Hg of argon and with a 
threshold voltage of 330 V exhibited a plateau of 60 V; that was followed by a 
gap of 15 V in which the tube did not respond to ionizing radiations. This gap 
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was characterized by a continuous oscillation of approximately 25 ke/s and an 
amplitude of a few volts. After this gap the tube plateau reappeared for about 
100 V before the tube went into continuous discharge. This 100 V plateau 
region was characterized by the appearance of oscillations on the tails of some 
Geiger pulses. Tubes with a higher percentage of qdenching agent also showed 
similar Geiger pulses, as shown in Figure 2, when the overvoltage was increased 
sufficiently. A typical example is that of one tube with a filling of 20 cm Hg 
of argon and 0-2 mm Hg of bromine with a threshold of 460 V which showed tail 
oscillations at 190 V overvoltage. The dead time and recovery time at this 
operating voltage were measured as 120 and 140 usec respectively. The 
oscillations started approximately 20 usec after the dead time, reached their 
minimum amplitude at the end of the normal recovery time, and then continued 
with increasing amplitude for another 150 usec before suddenly dropping to 
zero. Their average period was found to be approximately 40 usec. 

Another effect observed in these tubes with low bromine fillings was that 
the threshold showed, after a high count rate, a distinct downward shift which 
in one case was as high as 80 V. If the tube was left disconnected for about 
half an hour the threshold returned to its normal value. 


V. DISCUSSION 

Desorption of bromine from the inner Geiger tube walls readily explains 
the permanent threshold voltage increase observed at room temperature, if it is 
remembered that the tubes adsorbed bromine heavily during the prefilling period. 
Desorption and adsorption of bromine also explain the variation of plateau 
length and threshold voltage with changes in temperature. Within the filling 
pressure range investigated, plateau length increases and threshold voltage rises 
with increase of bromine partial pressure. 

The lowering of the threshold voltage as a result of a high counting rate is 
observed only in tubes with a low bromine content, which suggests a depletion 
of quencher near the anode. Calculation shows that this threshold depression 
cannot be explained merely by a decrease in the partial pressure of bromine 
near the anode (say within a distance of 0-1 cm), as a result of bromine ion 
movement to the cathode under normal Geiger operation. However, if there 
is accumulation of bromine due to some physical reaction at the cathode the 
partial pressure will decrease and lower the threshold. The effect is negligible 
in tubes of normal bromine content. 

Oscillations on the tail of a Geiger pulse have been reported previously 
by Le Croissette and Yarwood (1951) and van Zoonan and Prast (1952). These 
oscillations were different from those observed by the author in that they 
appeared just after the dead time and died away to zero as the tail of the Geiger 
pulse approached the end of the normal recovery time. The oscillations recorded 
by these workers do not appreciably raise the average level of the Geiger tail 
shown in Figure 2. 

Since the periods of the two observed types of oscillations are the same, 
they are probably related. It is also significant to note that, with these tubes, 
oscillations on the tails were not observed below the oscillatory region but 


BEHAVIOUR OF BROMINE-QUENCHED GEIGER TUBES 267 


appeared randomly above this region, i.e. when the tube-had regained sensitivity 
to ionizing radiations. Also with tubes of higher bromine pressures, in which 
continuous oscillations were absent, the oscillations on the tail of a pulse appeared 
only at a certain overvoltage. These observations suggest an association with 
field strength. 

The oscillations on the tail of a pulse begin only at the end of the dead 
time, which suggests that they are probably spurious pulses. They decrease in 
amplitude with increasing number of ion sheaths and reach a minimum at or 
near the time when the cathode collects the original ion sheath. After this the 
pulse amplitude again increases until a stage is reached beyond which the 
mechanism required to maintain the process becomes inoperative. This condition 
presumably prevails at the end of the oscillatory period, i.e. the amplitude of 
the pulses rises beyond the stage required to sustain conditions for their 
generation. 

Evidence that the oscillations are small spurious pulses is available from 
the oscillatory region in the plateau of the tube. There appears to be no 
sensitivity to external radiation over this region. This suggests that ion sheaths, 
which result from pulse formation, are created by small self-maintained spurious 
pulses. These sheaths keep the field strength near the anode too low to produce 
pulses of greater amplitude. 


VI. CONCLUSIONS 
By raising the temperature of a bromine-argon (or neon) gas Geiger tube, 
desorption of bromine from the glass and metal surfaces raises the threshold 
voltage and increases the plateau length. 
There is some evidence which suggests that the continuous oscillations 
appearing within an interval along the length of a plateau and those oscillations 
on the tails of Geiger pulses are self-sustained spurious pulses. 
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NEUTRONS FROM DEUTERON BOMBARDMENT OF BORON 
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Summary 


A natural boron target has been bombarded by 920 keV deuterons, and the emitted 
neutrons detected using nuclear emulsions. A new procedure for analysing measure- 
ments is described ; this procedure allows approximate corrections for errors in geometry 
in the plane of the emulsions. The dependence of resolution on various experimental 
factors has been studied, and the resolution achieved is indicated by peak widths of 
245+25 keV and 360+50keV at neutron energies of 9-7 MeV and 13-9 MeV 
respectively. The angular distributions of the neutrons from the B(d,n)'4C reaction 
corresponding to the ground state of 4C, and the neutrons from the !4B(d,n)C reaction 
corresponding to the 7-66 MeV state in #2C, have been determined ; both distributions 
may be attributed to compound nucleus formation. A search has been made for a 
neutron group corresponding to an excited state at about 5-5 MeV in C suggested 
by Glassgold and Galonsky (1956) on the basis of the «-particle model. An upper 
limit for the intensity of any such group is set at 1 per cent. of the intensity of the 
group corresponding to the first excited state in. °C. 


I. INTRODUCTION 

Little information is available on the resolution which may be achieved 
using nuclear emulsions to detect neutrons of energies from 10 to 15 MeV. The 
present paper describes some work carried out to determine this resolution. 
The apparatus and procedures described previously (Bird 1955) have been 
modified and used to study the neutrons emitted in the “B(d,n)2C reaction. 
This reaction gives two well-defined neutron groups in the required energy range. 
The dependence of resolution on various experimental factors has been investi- 
gated. 

As a secondary aim the angular distribution of the neutron group leading 
to the 7-66 MeV state in °C has been studied. The properties of this level are 
of astrophysical significance (Salpeter 1955), and, although the bombarding 
energy available (920 keV) was relatively low, it was hoped that the stripping 
process might make a sufficiently large contribution to the yield of the reaction 
to enable information to be obtained concerning the spin and parity of the 
level. 

A search has also been made for neutrons corresponding to an excited state 
in ?C at about 5-5 MeV. Such a state has been suggested by Glassgold and 


Galonsky (1956) from a theoretical investigation of the «-particle model for 
12¢), 
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II. EXPERIMENTAL PROCEDURE 

Because of the similarity of the neutron energies for the B(d,n)"C ground 
state group and the 7-66 MeV state group of the /4B(d,n)!2C reaction, it was 
decided to use a natural boron target so as to enable simultaneous study of the 
two groups, and hence the accurate determination of the relative numbers of 
neutrons from each reaction. The target was prepared by evaporation in vacuo 
of amorphous boron from a tantalum strip onto a backing of 0-00025 in. electro- 
lytic copper foil. The target thickness was estimated by counting interference 
fringes and from the energy of scattered protons as measured with a 180° magnetic 
analyser. .Within the experimental errors both methods indicated a thickness 
of 60 keV. A 14mm diameter beam of 920 keV deuterons was used to give an 
exposure of 32,000 uC. 

Pairs of 1-in. square pieces of 200u Ilford C2 nuclear emulsion plates were 
located at 15° intervals about the target, the camera and target arrangements 
being similar to those described previously (Bird 1955), except that the leading 
edges of the plates were in this case 74 cm from the target. Plates were vacuum 
dried for 16 hr prior to exposure, and kept in air dried by phosphorus pentoxide 
during exposure. Under these conditions the range-energy relation of Gibson, 
Prowse, and Rotblat (1954) may be used. Plates were developed for 1 hr using 
D19 diluted 6:1. This development was chosen to give optimum contrast 
between the beginnings of long tracks and background fog. 

Measurements of the range and angle of recoil of proton tracks having an 
angle of recoil of less than 25° were made using a specially constructed microscope 
(Dunbar and Bower 1949). During preliminary measurements several methods 
of angle measurement were tested for accuracy by determining the width of the 
10 MeV neutron group corresponding to the 4-43 MeV state of #C. For the 
determination of dip angle, two methods were considered: (i) measurement of 
the change in depth coordinate after moving a given distance in the assumed 
neutron direction (#-direction) from the beginning of the track, (ii) measurement 
of the length of track in focus at the beginning. Method (i) was found to be 
the more satisfactory. For the determination of lateral angle (in the plane of the 
emulsion), direct measurement with an eyepiece protractor was found to give 
more reliable results than measurement of the change in lateral (y) coordinate 
for a given change in 2 coordinate. 

The total angle between the initial direction of each recoil proton and the 
assumed neutron direction was obtained using the chart illustrated in Figure 1. 
This represents the plane perpendicular to the assumed neutron direction at 
a fixed distance (0-002 in.) from the beginning of each track. Thus the y and z 
scales represent the change in lateral and dip coordinates respectively, and 
from the values measured for a particular track the total angle can be read 
from the circles, which in practice are drawn for every half degree. The y scale 
is also calibrated directly in degrees as read by the eyepiece protractor for the 
initial lateral angle, and a small correction (3) for the change in neutron direction 
with variation of the position of each track on the plate is made by displacing 
the y scale an appropriate amount either to left or right. The value of 3 is 
determined by plotting the position of the track on a map of the plate. In 
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order to represent the dip in the emulsion prior to processing, the z scale units 
are enlarged by the shrinkage factor (taken to be 2-30). 

The length of each track is taken as the distance between the first and last 
grains, and is found from the coordinates of these as recorded by the three 
micrometer movements of the microscope. The length of a track was generally 


Z 


CHANGE 
IN DIP 
COORDINATE 


ZERO READING OF EYE PIECE PROTRACTOR 


SLIDING SCALE ZERO CHANGE IN LATERAL COORDINATE 


Fig. 1.—Chart for determination of total recoil angle. 


reproducible by different observers to better than 1 micron. Where possible 
the various angles were recorded to the nearest 0-1°, and the chart of Figure 1 
was designed to give the final angle correct to 0-1°, so that negligible error is 
introduced after the actual measurements are made. 


NEUTRON 
DIRECTION 


TRACING PAPER 


-25° 


Fig. 2.—Determination of neutron energy spectrum. 


In order to obtain an energy spectrum, the length and recoil angle for each 
track are plotted on tracing paper in a diagram similar to that of Figure 2. 
The radial distance OP is proportional to the track length, and the angle y is 
the recoil angle allotted a sign according to whether it fell to.the right or left in 
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Figure 1. Each point on the diagram represents a track. The tracing paper 
is superimposed on a set of curves drawn to represent the variation in range of 
recoil protons with recoil angle for values of neutron energy in 100 keV steps. 
Thus the number of tracks occurring in each energy interval can be read directly. 
This procedure allows flexibility in the handling of data, so that the effects of 
various changes in selection criteria or methods of measurement can be readily 
tested. 

Approximate corrections can be made for errors in the assumed neutron 
direction by rotating the tracing paper of Figure 2 by the appropriate amount 
about O as centre. A graph of the width of a given neutron peak versus angle 
of rotation of the tracing paper will pass through a minimum at the correct 
neutron direction. Errors in geometry can be detected in this way, and the 
energy spectrum determined with the tracing paper set at the correct 
orientation. This method will break down for tracks having a large dip angle 
combined with a small lateral angle, but is quite satisfactory for the ranges of 
values usually accepted for these angles. 


Ill. RESOLUTION 
About 400 tracks longer than 170 » were measured at each of the three 
angles 0,15, and 75°. Approximately half of these tracks were from the 10 MeV 
neutron group corresponding to the 4:43 MeV level in #7C. In Figure 3, the 
.width at half height of the 10 MeV peak at 15° (assumed to be 2-35 times the 
calculated standard deviation) is plotted against the angle of rotation of the 
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ANGULAR SETTING OF TRACING PAPER 


Fig. 3.—Variation of peak width with angle of rotation of tracing 
paper. Tracks from 10 MeV neutron group on 15° plate, with 
{ up to 20° and dip angles in unprocessed emulsion less than 5°. 


tracing paper of Figure 2. The points define a curve which passes through a 
minimum at —0-3°, indicating that this error was made (in the plane of the 
emulsion) in the assumed neutron direction. Figure 3 also shows that an error 
of more than half a degree in the assumed neutron direction will have a significant 
effect on the observed resolution, and an error of 3° will approximately double 
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the peak widths. The correct neutron direction was found to be at +0-1° 
for the 0° plate, and at —2-7° for the 75° plate; the latter error would, if not 
rectified, have a serious effect on the resolution achieved. 


Errors in the measurement of recoil angles will have a greater effect on the 
resolution when the angle of recoil is large. This is illustrated in Figure 4, where 
the peak width at half height for the 10 MeV group is plotted against the 
maximum value of recoil angle accepted. An approximately linear increase in 
width is observed, amounting to about 50 per cent. of the lowest value when 
angles up to 25° are included. The experimental points in Figure 4 were obtained 
for tracks with angles of dip of less than 5° in unprocessed emulsion ; if angles 
of dip up to 10° are included, the points are raised by about 10 per cent. due to 
the poorer accuracy achieved in the measurement of dip angles. These effects 
are quite sufficient to explain the wide variations in peak widths observed in the 
analysis of resolution by Bird and Spear (1955). 
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Fig. 4.— Variation of peak width with maximum value of acceptance 
of Y (10 MeV neutron group, dip angles in unprocessed emulsion 
less than 5°). 


The best value of peak width for the 10 MeV group was obtained by con- 
sidering only tracks with recoil angles less than 5°. In order to obtain a 
Statistically reliable estimate the results for the three plates were combined, 
allowance being made for the small differences in mean neutron energies at the 
three angles concerned. The peak so obtained gave a value of 250-+25 keV 
for the half width at a neutron energy of 9-7 MeV. After correcting for target 
thickness the value of 245 +25 keV was obtained. Applying a similar analysis 
to the neutron group corresponding to the "C ground state gave a peak width 
of 360 +50 keV for a mean neutron energy of 13-9 MeV. 


The peak width at 9-7 MeV lies close to an extrapolation of the best values 
obtained in other experiments at lower energies (see curve II of Figure 2, Bird 
and Spear 1955). This suggests that possible effects due to variations in emulsion 
shrinkage or density are small, and that this value is close to the optimum 
resolution at this energy. 
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The best statistically reliable values for peak width at 14 MeV obtained 
from published spectra for various studies of the reactions ™B(d,n)#20 and 
"Li(d,n)*Be appear to be those of Trumpy, Grotdal, and Graue (1952) and Gibson 
and Prowse (1955). The widths obtained for these spectra, assuming the peak 
width at half height to be 2-35 times the calculated standard deviation, are 460 
and 410 keV, respectively. This would indicate that the value 360-50 keV 
is close to the optimum resolution to be expected at this energy, so that the 
present results may be used to obtain a curve indicating the optimum resolution 
for emulsion measurement of fast neutron energies up to 14 MeV. 


IV. ANGULAR DISTRIBUTIONS 

Tracks between 130 and 350 » long were measured at angles of 0, 15, 30, 
45, 75, 105, and 135° to the direction of the incident deuterons, and an energy 
spectrum drawn in each case for those tracks with dip less than 10° and y less 
than 20°. Tracks with single scattering of more than 10° were neglected. At 
each angle two peaks were observed, of approximately equal height in most 
cases. Although the peaks were not completely separate, there was no difficulty 
in deciding the numbers of tracks to be allocated to the reactions involving 
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(a) (b) 
Fig. 5.—Angular distributions of neutrons emitted in deuteron bombardment of boron 


at 920 keV. 
(a) 4B(d,n)#2C, 7-66 MeV state group. Full curve represents 
o(9) =40—11 cos 8427 cos? 0. 
(b) B(d,n)4C, ground state group. Full curve represents 
o(0)=39+ 16 cos 6—5 cos? 0. 


the 7-66 MeV level of 12C and the ground state of 'C. These numbers were 
corrected for loss of tracks through the surfaces of the emulsion, variation 
with energy of the neutron-proton scattering cross section, relative areas scanned 
on each plate, thickness of emulsion, and distance from target. The results 
obtained after conversion to centre of mass Ep are shown in Figure 5. 
The errors indicated are statistical. 

Graue (1954) has made the only previous measurement of the angular 
distribution of neutrons from 1'B(d,n)?2C to the 7-66 MeV excited state in 7C. 
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His results, obtained using 850 keV deuterons, suffered from large statistical 
errors, but showed no deviation from spherical symmetry of greater than 25 per 
cent. In the present case the distribution was fitted by the method of least 
squares to a polynomial in cos 86. The curve shown in Figure 5 (a) is that for 


o(§)=40 —11 cos 6 +27 cos? 6. 


The fact that this gives a satisfactory fit to the experimental points indicates 
that the reaction leading to the 7-66 MeV level in !2C can be explained in terms 
of compound nucleus formation. The asymmetry represented by the cos 6 
term suggests the presence of interference due to the participation of several 
levels in the compound nucleus. However, the stripping curve for /,=1, 
calculated from the theory of Bhatia et al. (1952), is similar to a cos? 6 curve, 
so that the possibility of some contribution from stripping at forward angles 
cannot be ruled out. The stripping curve for /,—0 has a narrow peak at 0°, 
and that for 1,=2 is peaked at about 60°, so that these could only be involved 
to an even smaller extent. Thus no conclusive evidence can be obtained con- 
cerning the properties of the 7-66 MeV level of #C, although the results are 
consistent with the usual assumption of even parity and zero spin. 


y 


The distribution shown in Figure 5 (b) for the ground state group of the 
WB(d,n)4C reaction is similar to that observed by Paris and Endt (1954) for 
600 keV deuterons, and can be fitted by the curve 


o(§8)=39+16 cos 0 —5 cos? 6. 


The distribution is definitely asymmetric about 90°, which may be explained 
either by the occurrence of stripping of type /,=1, or by compound nucleus 
formation with interference occurring between several levels of the compound 
nucleus. | 


V. ?C LEVEL SCHEME 
The @-values obtained for the various neutron groups from the !B(d,n)?20 
reaction are shown in Table 1. (After allowing for target thickness and the 
effects of surface contamination, the mean deuteron energy was taken as 885 keV.) 


TABLE | 
OBSERVED Q-VALUES FOR NEUTRON GROUPS FROM 4B(d,n)2C REACTION 
All energies in MeV 


Angle Ground State Group to First Group to Second 
Group Excited State | Excited State 
| 
0° 13-61 9-24 | 6-04 
15° 13-64 9-23 6-05 
75° 13°65 9-271 6-09 
Mean 13-63+0-05 9-25+0-04 6-06+0-09 


The probable error for the second excited state group is relatively large because 
of incomplete separation from the *B(d,n)4C ground state group. The Q-value 
for the ground state group is significantly lower than the value calculated using 
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the atomic masses (13-724 MeV); this discrepancy may be due to a difference 
between the densities of the emulsions used in the present work and those used 
by Gibson, Prowse, and Rotblat (1954) in determining the range-energy relation. 
From the observed @Q-values, values of 4:38--0-08 and 7:57-+0-11 MeV are 
obtained for the excitation energies of the first and second excited states of 
®C relative to the ground state. The latter value is in reasonable agreement 
with the value of 7-658 +0-027 MeV obtained by Ahnlund (1956) from magnetic 
analysis of the 14N(d,«)!2C reaction. 


In an analysis of the «-particle model for !2C, Glassgold and Galonsky 
(1956) have suggested an excited state at 5-53 MeV. Moak and Galonsky 
(1956) studied the reaction B(*He,p)!?C, and found no evidence for such a level, 
concluding that if it exists then some selection rule suppresses its participation 
in the reaction. Since such a selection rule would not prevent. the level 
participating in the “B(d,n)!#2C reaction, a search has been made for neutrons 
with appropriate energy on the plates (0, 15, and 75°) on which long tracks 
were measured. For neutron energies corresponding to excitation energies 
in the range 5-1—6-6 MeV in °C, a total of 5 tracks was found on the three plates. 
At the same time 156 tracks were observed in the ground state group and 505 
in the first excited state group. Thus, after making corrections for the variation 
with energy of the neutron-proton scattering cross section and the loss of tracks 
through the surfaces of the emulsion, an upper limit for the intensity of any 
group corresponding to an excited state at about 5-5 MeV in !°C may be set at 
1 per cent. of the intensity of the first excited state group, or 2 per cent. of the 
intensity of the ground state group. In view of the negative results from these 
two experiments, the existence of the predicted level appears improbable. 
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HYPERFINE STRUCTURE IN THE MICROWAVE SPECTRUM OF 
WATER 


I. QUADRUPOLE COUPLING IN DEUTERATED WATER 
By D. W. POsENER* 
[Manuscript received January 2, 1957] 


Summary 
Measurement of hyperfine structure in the microwave spectrum of D,O gives 
(eqQ)op=+353+4 ke/s for the quadrupole coupling constant of the deuteron in the 
direction of the OD bond, and the corresponding electric field gradient is qqpn= 
<02V /0E2) =(1-78-+0-02) xX 105 e.s.u. 
The observed hyperfine splitting of HDO is not accounted for by a simple quadrupole 


interaction and appears to require relatively large magnetic interaction terms for a 
complete description. 


I. INTRODUCTION 

Deuterium has frequently been used in spectroscopy to assist in structural 
determinations, but hyperfine splitting arising from the quadrupole moment 
of the deuteron has been reported in only a few microwave spectra (White 1955b ; 
Weisbaum, Beers, and Herrmann 1955). The very common occurrence of 
hydrogen in molecules, and the ready availability of deuterium, whose quad- 
rupole moment is known with some accuracy, suggest that a study of such 
hyperfine splitting can give useful information about many substances. 


Partial resolution of deuteron coupling in DCCCl and in DCN has been 
observed by White (1955b) who reported values of +175+20ke/s and 
+290+120 ke/s respectively for the coupling constant eqQ of the deuteron 
in these molecules. Weisbaum, Beers, and Herrmann (1955) have deduced 


from the broadening of the 33)<-33, line of HDO that for this molecule eqgQ in 
the bond direction is 272+90 ke/s. 


It is apparent then that the small quadrupole moment of the deuteron, 
Q= (2-738 +0-014) x10-?? em? (Kolsky et al. 1952), and the predominantly 
spherical electron charge distribution near the nucleus combine to give splittings 
which are very small (of the order of tens or hundreds of ke/s) compared with 
those due to, say, the halogens, where the effects may be a thousand times larger. 
Accordingly, the spectra need to be examined under the highest resolution 
available. 

Hyperfine structure in the deuterated water molecules has now been 
examined because favourable transitions can be chosen for study and sufficient 
additional information concerning the molecules is available for the derivation 
of significant conclusions from the experimental results. 


* Division of Electrotechnology, C.S.I.R.O., University Grounds, Chippendale, N.S.W. 
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It is to be expected that magnetic hyperfine splitting, of the order of a few 
ke/s, will be noticeable at sufficiently high resolution (White 1955¢; Okaya 
1956), and evidence of such interactions will be given. Analysis of these magnetic 
effects is omitted in the present work, however, and it is intended to discuss 
them in a later paper. 


Il. EXPERIMENTAL 

A block diagram of the spectroscope, which will be described more fully 
elsewhere, is shown in Figure 1. 

The 29<-2,, line of HDO at 10,278 Mc/s (Strandberg 1949) and the 
313<-225 D,O transition at 10,919 Mc/s (Beard and Bianco 1952; Posener 
1953) were examined, typical spectra being shown in Figures 2 and 3. Because 
of the low J values involved, the quadrupole splittings are sufficiently large 
to be reasonably well resolved. 
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Fig. 1.—Block diagram of the microwave spectroscope. 
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Square-wave Stark modulation at 5 ke/s, clamped to within a few volts of 
zero, was employed for detection ; the well-known broadening effects of modula- 
tion are illustrated in Figure 4, which compares the D,O transition under 
conditions which were identical except for modulation frequency and amplifier 

ain. 
- In spite of the lightness of the molecules, the Doppler effect is small at the 
transition frequencies involved, the half-width at half-power being about 12 ke/s 
at 200 °K. <A 12-ft S-band absorption cell was used in order to reduce wall- 
collision broadening. A contribution of about 7 ke/s to the half half-width 
due to such broadening was estimated from the experimental results in this and 
in an X-band cell. The large cell cross section enabled an adequate signal-to- 
noise ratio to be obtained at a power level (a few microwatts) well below that 
necessary to cause observable saturation effects to occur. At the dry-ice 


DD 
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temperature at which the cell was operated the vapour pressure of water is of 
the order of 0-5 u Hg, and this would give rise to about 7 ke/s of pressure 
broadening. 

Control of the pressure was in fact difficult; the cell was not rigorously 
at dry-ice temperature because of the large heat flow in from the ends, and a 5° 
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Fig. 2.—Recording of the HDO spectrum. 


rise in temperature could double the vapour pressure (Hilsenrath et al. 1955). 
Apart from condensed water, absorption on the internal surfaces of the cell 
complicated the equilibrium conditions. Highest resolution was obtained 
during continuous pumping of the sample, and thus optimum experimental 
conditions were not readily reproducible. 
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Fig. 3.—Recording of the D,O spectrum. 


Adhesive polythene tape was used between waveguide coupling flanges 
far from the cell itself to reduce the amount of atmospheric water vapour con- 
densing on the cell mica windows, but a slow accumulation of ice occurred and 
had to be periodically removed to prevent mismatch conditions arising in the 
oversize guide, due apparently to the excitation of higher modes. 
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The signal strength was weak at the low pressure and low microwave 
power used, and it was necessary to critically select crystals for their detector 
performance. From several dozen crystals of different types available the best 
results were obtained with a British Thomson-Houston CS4-B coaxial type 
erystal chosen from a number which had repeatedly had their tungsten whiskers 
resharpened and new contacts made with the silicon block, and which then were 
tested under operating conditions. 

In this microwave region a Varian X-13 klystron was used as a source. 
Frequency control, sweep, and measurement essentially followed the methods 
described by Lee e al. (1953) and by White (1955a). In the present equipment 
the f.m. receiver was specially built for high if. gain, and included across the 
main tuning circuit a small capacitor consisting of two opposed semicircular 


fimod = 5 Ke/s 


f nod = 105 Kc/s 


aie aie 


Fig. 4.—The D,O spectrum showing loss of resolution at high modulation frequency. 


plates, whose relative rotation by means of a synchronous motor controlled 
the microwave sweep; a full revolution provided two sweeps in opposite 
directions and permitted the effects of time delays in the detector filters to be 
averaged out. 

The frequency standard itself is a nominal 100 ke/s quartz oscillator forming 
part of the Australian standard of frequency, and is constantly compared with 
other oscillators, with international radio time signals, and with astronomical 
time. The frequency is accurate to better than 2 parts in 10% at all times. 
Because of the high multiplication factor, phase instability in the standard 
oscillator prevented the attainment of a really clean audio beat in the a.m. 
receiver, although the zero of the note could generally be determined to better 
than 1ke/s. In sweeping through a spectrum the zero beat was detected 
audibly, and frequency markers at about 20 ke/s intervals placed on the chart’ 
with an operations pen. The sweep was sufficiently linear to allow of frequency 


determination to 1 ke/s. 
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Filter noise-power bandwidths B of approximately 0-1c/s and 0-01 c/s 
were used, with sweep rates dv/dt of approximately 1 ke/s* and 0-1 ke/s?, 
respectively, small enough to prevent significant distortion (Brodersen 1953 ; 
Smith 1955). With the narrowest bandwidth, such as used to obtain Figure 3, 
the sweep time was too long (about 2 hr in each direction) for continuous pumping 
of the cell to be employed, and thus the highest resolution was not reached ; 
the broader filter was used to obtain the results of Figures 2, 5, 6, and 7, and 
allowed improved resolution at the expense of signal-to-noise ratio. 


TABLE | 
HDO QUADRUPOLAR ENERGY SPLITTINGS 


Rotational Energy Level 
F | 
209 / 291 
| 
eat 0-2685y,,, +0: 0423y,, | 0:°25y,, 
2 —0-2685y,,—0:0423y,, | —0-25y,, 
3 0-0767y,,+9-0121y,, | 0-0714y,, 
TABLE 2 
D,O QUADRUPOLAR ENERGY SPLITTINGS 
Rotational Energy Level 
F € -— 
313 | eo 
OL 0-55099y,,, +0-12609y,,, 
il 2 —0-51140y, —0-42797y,,, | 0:27549y,,+0-06304y,,, 
0 0-36164y,,+0-08276y,,, 
6} . 
2 —0-12785y,,,—0-10699y,,, —0-47970y,,—0-10978y,,, 
0 —0-364137,,—0-30473y,,, 
3 
2 0-59853y,,+9-50088y,, —0°31485y,,—0-07205y,, 
4 2 0-31963y,, +0: 26748y,, 0-15743y,, +0: 03603y,,, 
5 2 —0-213097,,—0-17832y,,, 


III. THEorRY 
The problem of a single quadrupolar nucleus in an asymmetric rotor molecule 
is well known (Strandberg 1954, Ch. IV), and for HDO, using x=—0-6841 
(Posener and Strandberg 1954), the quadrupolar energy splittings AW and the 
relative intensities of transitions between these levels are listed in Tables 1 and 5 


respectively, in which y,,=eQV,,, and i and j refer to the principal inertial axes 
of the molecule. 
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Robinson and Cornwell (1953) have discussed the case of two quadrupolar 
nuclei, and the hypertine energies for D,O, labelled according to their notation, 


TABLE 3 
FIELD GRADIENT TENSOR RELATIONS FOR ASSUMPTION 
OF CYLINDRICAL SYMMETRY 


| 
| 


HDO D,O 
Vi 0-87698¢op 0-43715¢9p 
Vip | —0: 37698¢0p 0-06285¢9p 


are given in Table 2, with the corresponding relative intensities in Table 4 ; 
we have used x= —0-5423 (Posener 1953; Benedict, Gailar, and Plyler 1956). 
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Fig. 5.—Comparison of trial frequencies and observed spectrum in D,O. 


In D,0 the y,, have not the same values as in HDO, because of the different 
principal axes of the two molecules. If the y,; were known sufficiently accurately 
for both molecules it would be possible to determine the principal axes of the 
field gradient tensor in terms of the molecular geometry. This accuracy is not 
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reached in the present work, and in fact it is convenient to make the simplifying 
assumption (Weisbaum, Beers, and Herrmann 1955) that the field gradient 
tensor V ,, is cylindrically symmetric about the OD bond axis, which then becomes 
a principal axis of this tensor. If we call this direction £, then a simple trans- 
formation gives the V,, in terms of the single parameter Veg =<0?V/0&?>=qop 
say, and we get the numerical results of Table 3. Since the electronic structure 
of the molecules is not affected by isotopic substitution, at least to this approxi- 
mation, gop should be the same for both HDO and D,0. 

Thus the transition frequencies of the hyperfine splitting can be written 


in the form 
V=VotAYgatBror cere e cece ssterees (1) 


where y, is the “‘ unperturbed ”’ transition frequency and A and B are calculable 
constants; or, to the approximation discussed above, 


V=VotC(eQQ)on: 9 - +2 ecto ewes wees (2) 


TABLE 4 
D,O 3,3;<-299 HYPERFINE STRUCTURE 


| Measured | Trial Relative 
Transition | Frequency Frequency | Calculated Frequency Intensity 
RY] ¢'esk?)g? | (Me/s) | (Me/s) (Me/s) (Cal- 
(a) (b) (ce) (d)t culated) 
he Me 10,919-260 |10,919-249 | 10,919-244 12-73 
Th, So Sy +293 -274 -288 12°73 
ay Bl) 10,919-301+0-001 -301 -301 -299 54-96 
22 ae 2870 - 340 356 | -340 7-82 
2? ae eee : | -355 -364 -354 25°45 
re 2 10,919-357+0-001 | -357 *355 -358 100-00 
3° 0 3 2 | -407 -362 -407 7-22 
ie rp Ba -408 +343 -408 1-04 
ey BE -434 OBIE +434 1-12 
22 eo ee -448 -418 -448 1-82 
4 2 4 2 -465 +479 -450 13-64 
2 cee ee aa ~ +500 -433 474 10-37 
42" 3 2 10,919-521+0-001 -521 +522 +525 68-18 
PP et -580 -587 *574 11-87 
Se eS 10,919-603+0-001 -603 -602 -600 51-12 
rs PK) 0:78 
3 OM 2F es considered 0-34 
3 2 eee 0 0-08 
37 Died 2 0:57 


* For y=10,919-419 Me/s, Laa= 37 ke|s, Xpp = 235 ke/s. 
t For vy>=10,919-420 Me/s, (eqQ) op =353 ke/s. 


IV. DISCUSSION 
(a) The D,O Spectrum 
The frequencies of the major transitions in D,O (Fig. 3) were determined 
by obtaining approximate parameters from equation (2), synthesizing a 
theoretical curve for the whole group of transitions, comparing this with the 
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observed spectrum, and then by appropriate adjustment of the more significant 
transition frequencies obtaining the best agreement. This is shown in Figure 5. 
The trial curve was computed for the frequencies listed in column (b) of Table 4, 
using a half half-width Avy,=16 ke/s and a Lorentz line shape; it is probable 
that, because of the relatively large Doppler contribution to the broadening, 
there would actually be a considerable Gaussian character involved, but inclusion 
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Fig. 6.—Calculated and observed spectra of D,O. 


of this refinement did not seem justified at the present stage. It is of interest 
that the best resolution obtainable in a 15-ft X-band cell gave a Av, of the 
order of 25 ke/s. 

The four largest components reasonably resolved in Figure 5 give frequencies 
(listed in column (a) of Table 4) which can be put into the set of equations like (2) 
to give a least squares solution ¥p=10,919 -419 +0 -001 Me/s, ¥..=37 +35 ke/s, 
X pp = 235 +63 ke/s. Equation (2) similarly gives v,=10,919 -420 +0-001 Me/s, 
(€9Q) op = 353 +4 ke/s. Frequencies calculated from these parameters are 
listed in columns (c) and (d) respectively of Table 4. 

It will be seen that equation (1) gives a somewhat better fit to the four 
strongest lines. However, the frequencies of unresolved components do not 
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show such good agreement, and synthesis of the absorption curve for the whole 
group of transitions shows that the use of equation (1) does in fact give the 
better fit. Further, the assumption of cylindrical symmetry gives, from Table 3, 
Yaa= 154 ke/s, 7,,=22 ke/s, and we cannot expect a very large deviation from 
these values. 

Thus the best solution here is the simple one assuming symmetry about 
the bond axis ; v»=10,919-420 +0-001 Me/s, (eqQ),,,=353 +4 ke/s. The absorp- 
tion curve calculated from these parameters, using the frequencies of column (d) 
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Fig. 7.—Calculated and observed spectra of HDO. 


of Table 4, is shown in Figure 6. It is apparent that some discrepancy remains ; 
the lack of agreement is attributed to neglect of magnetic effects, to experimental 
error, and to use of an approximate line shape. 


(b) The HDO Spectrum 
With (eq%),, known approximately from the D,O results, we can calculate 
up the HDO spectrum, using equation (2). From Figure 7, which compares 
the calculated and observed spectra, it is evident that the agreement is very 
poor, as regards both frequency and line shape. No significant improvement 
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is obtained by calculating (eqQ)op from the peaks of the HDO spectrum, as is 
indicated in Table 5. 

Since the discrepancies are well outside experimental error, it is reasonable 
to ascribe the lack of agreement to the neglect of magnetic effects, which are 
expected to be considerably larger in HDO than in D,O. Accordingly, it may be 
assumed that the D,O spectrum gives the best measure of the quadrupole 
coupling, and therefore to this approximation (€qQ) op = +353 44 ke/s, and 
gop =< 0? V /d&?> =(1-78 +0 -02) x 1015 e.s.u, 


TABLE 5 
HDO 2,,<-2,, HYPERFINE STRUCTURE 


| | : 
| Observed | Relative 
Transition | Frequency Calculated Frequency Intensity 
. (Me/s)* | (Me/s) (Calculated) 
Pr’ | —— (at (0) 
2 1 | 10,278: 081 10,278: 090 10,278:099 12-1 
| 
ae “les || +145 -151 12-5 
} 
ak | | 36-2 
2 2 | +245 245 245 55-8 
Sete | 100-0 
3° 2 | 332 345. 339 12-5 
1 2 411 400 391 122 


* Approximate peak positions. 
} For vy=10,278-245 Me/s, (eqQ)op =353 ke/s. 
{ For y=10,278- 245 Me/s, (eqQ)gop =333 ke/s. 
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A STUDY OF THE AUDIO-FREQUENCY RADIO PHENOMENON 
KNOWN AS “ DAWN CHORUS ” 


By G. McK. ALLcock* 
[Manuscript received January 2, 1957] 


Summary 


The main characteristics of dawn chorus, as observed at Wellington, New Zealand, 
between July 1955 and October 1956, are presented. These are: no general correlation 
with whistlers; a strong correlation with simultaneous local magnetic variations ; 
a pronounced diurnal variation in activity, with the peak occurring near 0400 hr locak 
time ; and possibly a weak seasonal variation in activity. 

The correlation of observations of dawn chorus at Wellington with those at other 
places is discussed. It is concluded that dawn chorus signals are propagated along 
lines of force of the Earth’s magnetic field, and that the signals are probably initiated 


by the entry of charged solar particles into the outer ionosphere at times of magnetic 
disturbance. 


I. INTRODUCTION 

Within the past few years considerable interest has been aroused in a variety 
of natural phenomena which occur at audio frequencies (0-5-30 ke/s), following 
on the publication by Storey (1953) of a theory to account for the production 
of whistling atmospherics, or whistlers, at these frequencies. This interest 
has arisen from the realization that the study of whistlers at various latitudes 
could result in the determination of electron density at heights well above the 
level of maximum ionization of the presently highest known (F,) ionospheric 
layer. Recently the prospect of also obtaining information on the strength of 
the Earth’s magnetic field at such great heights has been enhanced by the 
discovery of a high-latitude form of whistler, the ‘‘ nose whistler ’’, by Helliwell 
et al. (1956). 7 

In addition to the whistler, another audio-frequency phenomenon, called 
‘‘ dawn chorus ’’, is commonly observed in middle latitudes. Whereas a typical 
whistler consists of a whistling tone whose pitch steadily falls, dawn chorus 
consists of many rising tones, and has been likened by Storey to the sound of 
a distant rookery. A typical tone has a frequency range from about 2 to 4 ke/s. 
A study of dawn chorus at Cambridge, England, led Storey to conclude that its 
intensity varied greatly throughout the day, reaching a peak around 6 a.m., 
and that its occurrence correlated strongly with magnetic activity. 


This paper describes the main characteristics of dawn chorus as observed 
since July 1955 at Wellington, New Zealand, which is about 10° nearer the 
geomagnetic equator than Cambridge. A second site at which regular observa- 
tions are made in New Zealand is near Dunedin, 600 km from Wellington. These 
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Stations lie almost on the same geomagnetic meridian. The geomagnetic 
latitude of Wellington is 45 °S., and that of Dunedin 50 °S. 


Evidence is presented which suggests that dawn chorus signals are 
propagated along the lines of force of the Earth’s magnetic field, and that the 
Signals are initiated by extraterrestrial particles impinging upon the Earth’s 
atmosphere, probably at great heights above the Earth’s surface. If this 
hypothesis is correct, then the systematic study of dawn chorus could yield 
additional information on the structure of the Earth’s outer atmosphere. 


IJ. EXPERIMENTAL DETAILS 

One of the difficulties encountered in making observations of audio-frequency 
phenomena is that the signals are often weak in comparison with the background 
hum and other noise in the vicinity of electric-power transmission lines. The 
incident power flux for the strongest dawn chorus signals is of the order of 
10-4“ Wm (c/s)"?.. The field station at Moores Valley, near Wellington, 
where the present series of observations were made, is situated at the end of a 
230-V service main in a rural district. The loop aerial used for reception of the 
signals is 80 yd from the hut housing the recording and timing equipment, and 
is orientated for minimum hum pick-up. After passing through an amplifier 
of about 80 dB gain and of bandpass between 1 and 7 ke/s, the received signals 
are recorded on magnetic tape, on a schedule of 4 minutes’ recording every 3 hr, 
on two days per week, commencing at 0235, 0535,. . ., 2335 U.T. These 
schedules coincide with those at Dunedin and at stations in North America. 


The equipment at Dunedin is similar to that at Wellington, and is operated 
and maintained by New Zealand Broadcasting Service personnel. The tapes 
are analysed along with the Wellington tapes at the Dominion Physical 
Laboratory, Lower Hutt. Except where otherwise specified, the results in this 
paper apply to Wellington data only. 

In the course of this paper, two different criteria of dawn chorus activity 
ate used : 

(a) the occurrence of dawn chorus, expressed as a percentage (or fraction) 

of the total number of schedules considered ; 

(b) for data obtained since April 1956, a subjective measure of the strength 

of dawn chorus signals, using a 0-5 scale (0O=nil; 5=very loud). 


For each specific comparison of dawn chorus activity with another phenomenon, 
the criterion quoted is that which illustrates the conclusion more clearly (usually 
due to more adequate statistical sampling). In each case, the use of the 
alternative criterion would not have produced an inconsistent result. 


III. LACK OF CORRELATION WITH WHISTLER ACTIVITY 
Figure 1 shows two histograms of whistler activity, based on those schedules 
in which dawn chorus was present (102) and on those schedules in which it was 
absent (106). Because of the near equality of these totals, normalizing would 
have altered the histograms to an insignificant extent. Evidently the presence 
or absence of dawn chorus does not affect the probability of occurrence of 
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whistlers. If dawn chorus were associated with whistler activity, then more 
whistlers would be heard when dawn chorus was present than when it was absent ; 
alternatively, if the two phenomena were mutually exclusive in some degree, 
then less whistlers would be heard when dawn chorus was present than when it 
was absent. Figure 1, however, clearly shows that the average number of 
whistlers per schedule is virtually independent of the presence of dawn chorus. 
The general shape of the histograms is also the same in both cases. 
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Fig. 1.—Histograms of whistler activity, showing absence 
of correlation with dawn chorus. Unshaded: dawn 
chorus present ; shaded: dawn chorus absent. 


The data used in Figure 1 are those for the 1435 U.T. schedules, when both 
dawn chorus and whistlers are frequently heard. Similar comparisons made for 
other schedules lead to the same conclusions. 

This general independence of dawn chorus and whistlers does not preclude 
the possibility that on a limited number of occasions there could be a causal 
relationship between the two phenomena. For example, it is possible that a 
very strong dawn chorus signal might give rise to a whistler of apparently 
abnormal dispersion. 


IV. CORRELATION WITH MAGNETIC ACTIVITY 
(a) Correlation in Space 
Initially a correlation was sought between the occurrence of dawn chorus 
and the world-wide magnetic activity index k,, in the following manner. For 
the 4-min recording schedule commencing at 0235, 0535,. . . U.T. the value 
of k, for the interval 00-03, 03-06,. . . U.T. respectively, on the same day, 
was taken to be representative of the magnetic conditions existing at the precise 
time of the recording. Thus, statistically, a comparison was made between 
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magnetic conditions at 0130 U.T. and the reception of dawn chorus at 0237 U.T. 
This time difference of 1 hr 7 min assumes significance when the question of 
simultaneity of occurrence of the two phenomena is discussed in Section IV (b). 


For the schedules corresponding to each value of k, in turn (0, 1,. . .) the 
proportion of recordings containing dawn chorus smalls, however faint, was 
determined (Fig. 2 (a)). (Because of the comparative rarity of values of k, 
greater than 5 during the period under investigation, all such occasions Were 
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Fig. 2..Relationship between the presence of dawn chorus and the 


magnetic activity: (a) using planetary magnetic indices; (6) using 
local magnetic indices. 


considered together, and are represented by the bracketed point, where the 
- abscissa corresponds to the average value of k,.) A near-linear relationship 
between the two quantities is indicated, except for k,—0. A similar analysis 
was carried out, using the local magnetic k-indices from Amberley, 300 km 
distant. The resulting graph is shown in Figure 2 (b) ; there is now no significant 
departure from a linear relationship for k=0. From this it is inferred that the 
occurrence of dawn chorus depends more closely on local magnetic disturbances 
than on global ones. On this argument alone, it would not therefore be expected. 
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that dawn chorus would always be heard simultaneously throughout the whole 
world, but that, at least to some extent, it is a localized phenomenon. Further 
evidence on this point is offered in Section VI. 


(b) Correlation in Time 
A lag correlogram of dawn chorus signal strengths with Amberley magnetic 
k-indices shows that the correlation is a maximum near zero time delay, and 
falls off fairly rapidly on either side. As an example, the lag correlogram for 
the 1435 U.T. schedules is shown in Figure 3. Correlation with the Amberley 
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Fig. 3.—Correlogram between the strength of dawn chorus and 
magnetic activity at earlier and later times. 


»k-index at 1330 U.T. is plotted as for a lag interval of minus 1 hr 7 min, as 
discussed in Section ITV (a). The other points indicate the correlation with 
magnetic indices 3, 6, or 9 hr earlier or later. It is seen that there is no significant 
lag between local magnetic disturbances and the Strength of dawn chorus. 
There remains the possibility that a close examination of the original magneto- 
grams at the actual dawn chorus recording times may result in the correlation 
of certain characteristics of dawn chorus with specific types of magnetic 
variations. 
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V. TEMPORAL VARIATIONS IN ACTIVITY 
(a) Diurnal Variation 

The average signal strength of dawn chorus during April—-October 1956 
varies markedly throughout the day as is shown in Figure 4. During this period 
the time of ground sunrise varied between 0514 and 0744 N.Z.S.T., whilst ground 
sunset occurred at times between 1658 and 1855 N.Z.S.T. A period of minimum 
dawn chorus activity exists for several hours after sunset, whilst maximum 
activity occurs well before sunrise, namely, around 0400 hr local time. 


When considered month by month the observations show that the time of 
peak activity at Wellington does not change significantly throughout the year. 
It is related to local time rather than to local sunrise. Hence it appears that 
ionospheric absorption of the signals in the sunlit regions is not sufficient to 
affect the time of maximum dawn chorus activity at Wellington. 
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Fig. 4.—Diurnal variation in dawn chorus activity at Wellington. 


At Cambridge the maximum activity occurs about 0600 hr local time. 
Thus it appears that the time of peak activity depends upon latitude. This is 


discussed more fully in Section VIII. 


(b) Seasonal Variation 
During the period August 1955-October 1956 the monthly percentages of 
schedules (irrespective of time of day) during which dawn chorus was heard 
have varied rather irregularly according to the full line in Figure 5, Some 
of these variations can be attributed to changes in the level of magnetic activity 
from month to month. Using Figure 2 (b), an estimate was made of the variation 
of the percentage occurrence of dawn chorus to be expected from k-index changes 
alone; this is shown as the broken line in Figure 5. It will be seen that there 
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is a rather weak tendency for dawn chorus to be more prevalent around the 
December solstice (local summer) than around the June solstice (local winter). 
Further data are obviously required before a firm conclusion can be reached. 
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Fig. 5.—Month-by-month variation in occurrence of dawn chorus at 
Wellington (full line), with that expected from changes in magnetic 
activity only (broken line). - 


VI. CORRELATION OF GENERAL ACTIVITY AT VARIOUS STATIONS 

Tabulated results of observations at three North American whistler stations 
have been kindly made available to the author by Dr. M. G. Morgan of Dartmouth 
College. The locations and geomagnetic latitudes of the stations are: Hanover, 
N.H. (55 °N.), Washington, D.C. (50 °N.), and Unalaska (50°N.). The data 
from these and the New Zealand stations for the period April-June 1956 were 
examined, to determine the degree of association of general dawn chorus activity 
at each pair of stations in turn. This was carried out by preparing a contingency 
‘table of the actual results, and comparing this table with the equivalent random 
table, i.e. that which would be expected if there were no association whatever 
between the results at the two stations. Three such sets of tables, for typical 
neighbouring, distant (but non-conjugate), and conjugate stations are given in 
Table 1. (Stations are defined as conjugate if the same, or closely adjacent, 
lines of force of the Earth’s magnetic field pass through these stations, on the 
currently accepted dipole model.) 


By comparing the actual and ‘“‘random’’ number of simultaneous 
occurrences of dawn chorus (the ‘“‘ Yes-Yes ” figures), it can be seen that there 
is a significant association between occurrences at neighbouring and conjugate 
stations. On the other hand, the association between distant non-conjugate 
stations is weak, and disappears if the cases of simultaneous occurrence at all 
stations (during great magnetic disturbances) are eliminated from the data. A 
statistical (y-squared) test on the complete tables supports these inferences 
drawn from an inspection of the Yes-Yes figures alone. 
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A comparison of dawn chorus data at Wellington and Dunedin with the 
corresponding whistler data for the same period is given in Table 2. To facilitate 
comparison, relative figures are also given, based on 100 simultaneous occur- 


TABLE | 


CONTINGENCY TABLES FOR ESTIMATING THE CORRELATION OF DAWN CHORUS ACTIVITY AT PAIRS 
OF STATIONS 


No =number of schedules during which. dawn chorus was absent 
Yes=number of schedules during which dawn chorus was present 


(a) Wellington (WE) and Dunedin (DU); neighbouring stations, 600 km apart 


Actual Random 
WE WE 
No Yes | No Yes | 
No 70 16 | No ‘Du 29 
DU DU 
Yes 6 5 | Yes 19 9 
| 


(6) Unalaska (UN) and Hanover (HA); distant non-conjugate stations, 6500 km apart 
Actual 


Random 
| | 
UN | UNS 
No Yes | No Yes 
No 74 6 | No 71 9 
HA HA 
Yes 46 10 Yes 49 7 
| | pat 


(c) Unalaska and Wellington ; conjugate stations 


Actual Random 
UN UN 
No Yes No Yes 
No 90 3 No 82 at 
WE WE 
| Yes ay 13 Yes 40 5 


rences. The table shows that the degree of simultaneity is of the same order 
for both phenomena. Thus it would appear that the same dawn chorus signals 
are heard throughout a region on the Earth’s surface of a size comparable with 
that in which the same whistlers are heard. 
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VII. CoRRELATION OF PARTICULAR EVENTS 
(a) Bursts of Dawn Chorus 

Since the occurrence of dawn chorus is related closely to local magnetic 
activity, it is of interest to determine over what region or regions of the world 
the same dawn chorus signal can be heard. Difficulties arise immediately, 
as normally the individual rising tones are separated by only a few seconds ; 
furthermore, the tones are usually weak, being not much stronger than the 
background hum and atmospheric noise level. Considerable fluctuation of 
signal strength from one tone to the next could also reduce the confidence with 
which the same signal could be identified at two distant stations. 


TABLE 2 
COMPARISON OF DAWN CHORUS AND WHISTLER DATA AT WELLINGTON AND DUNEDIN 


Dawn Chorus Whistlers 
Number of Occasicns 
heard at: Actual Relative Actual Relative 
Number Number Number Number 
Wellington 68 212 419 265 
Dunedin 39 122 239 151 
Both stations 32 100 158 100 


However, occasionally during a display of normal dawn chorus, a ‘‘ burst ” 
of activity occurs. The burst consists of a sudden increase in the rate of occur- 
rence of individual tones. During a typical burst, the rate might abruptly 
change from one rising tone every few.seconds to several such tones per second. 
Often the tones overlap, the high-frequency components of one tone arriving 
at the same time as the low-frequency components of the next tone. The 
duration of the burst is of the order of several seconds ;. thus the specification 
of the time of commencement and the duration of a burst facilitates its identifica- 
tion at another station, and the difficulties encountered in identifying individual 
rising tones largely disappear. 


(b) Coincident Bursts at Wellington and Dunedin 

Allcock and Martin (1956) have reported the simultaneous reception of 
bursts at Wellington and Dunedin, 600 km apart, during an exceptionally clear 
display of dawn chorus. From an examination of spectrograms of some of these 
bursts, they concluded that the bursts occurred simultaneously at the two 
stations to within 0-01 sec, on the average. The general character of the first 
rising tone in each burst was found to be the same at both stations, but there 
were small differences in detail which were thought to be real, and could have 
been due to slight differences in the characteristics of the propagation paths 
between the source and the separated receivers. 


(c) Coincident Bursts at Conjugate Stations 
The station at Unalaska, Aleutian Islands, is very nearly magnetically 
conjugate to Wellington. Because of the magnetic linkage, simultaneous 
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reception of dawn chorus would be expected if dawn chorus signals are propagated 
along the lines of force, as are whistlers (Morgan and Allcock 1956). 

Information on six bursts observed at Unalaska on September 5, 1955 has 
been kindly supplied by Dr. H. W. Curtis of Dartmouth College, New Hampshire, 
U.S.A. The starting times of these bursts were given to the nearest second, 
and the bursts were said to be of about 3 sec duration. Bursts were also heard 
at Wellington during the same schedule, the starting times being identical 
with those at Unalaska to within 1 sec, on the average. The average duration 
of the Wellington bursts was 4 sec. Thus it seems very likely that the same 
bursts can be heard at conjugate points. 


VIII. NATURE AND LOCATION OF SOURCE OF Dawn CHORUS 
At this stage the above experimental results can conveniently be summarized 
as follows : 


(a) Using Wellington data only : 


(i) no significant association with whistlers ; 
(ii) strong association with simultaneous local magnetic variations ; 
(iii) pronounced diurnal variation in activity, with an early-morning peak 
which is invariant throughout the year; 
(iv) possibly a weak seasonal effect. 


(6) Using data from several stations : 


(i) significant association between neighbouring stations, and also between 
magnetically conjugate stations ; 
(ii) no significant association between distant non-conjugate stations, 
except for instances of world-wide occurrence of dawn chorus ; 
(iii) some degree of simultaneity as for whistlers at neighbouring stations ; 
(iv) coincident bursts identified at neighbouring stations ; 
(v) coincident bursts probable at conjugate stations. 


A consistent interpretation of these results is that both the propagation 
path and the magneto-ionic mode of propagation are the same for both dawn 
chorus and whistlers. Thus it is considered very probable that dawn chorus 
consists of electromagnetic radiation which is propagated in the extraordinary 
mode along the lines of force of the Earth’s magnetic field. If this is the case, 
then the rising tones of dawn chorus cannot be caused by the dispersive properties 
of the medium, as it is known from the study of whistlers that the higher fre- 
quencies travel faster than the lower frequencies within the frequency range under 
consideration. There remains the alternative that the source itself produces a 
rising tone. 

No audible precursors of dawn chorus signals have yet been identified, in 
spite of a careful search. Hence it is unlikely that the source of dawn chorus 
is located in the lower atmosphere. A measurement of the time differences 
between occurrences of bursts at conjugate stations, to an accuracy of +0-1 sec, 
should fix the position of the source to an accuracy of about +2000 km along 
the propagation path, ie. to the nearest 10° geomagnetic latitude. 
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In Section V (a) it was suggested that the time of maximum dawn chorus 
activity may vary with latitude. An investigation of this possibility was 
carried out by deriving the diurnal variation curves for the stations already 
referred to, and also for College, Alaska, and Cambridge, England, from data 
kindly supplied by the Geophysical Institute, University of Alaska, and Dr. 
L. R. O. Storey respectively. A marked variation of the time of maximum 
activity with geomagnetic latitude was found (Fig. 6). It is seen that only 
in middle latitudes is dawn chorus predominantly a dawn phenomenon. 

We shall now make the hypothesis that dawn chorus signals are generated 
in the vicinity of the geomagnetic equatorial plane. It is then appropriate to 
replot the data of Figure 6 as a polar graph of local geomagnetic time (angular 


ie} a 
© i) 


TIME OF MAXIMUM DAWN CHORUS ACTIVITY 
(LOCAL GEOMAGNETIC TIME) 
1} 
o 


03 


40° 50° 60° 7o° 
GEOMAGNETIC LATITUDE 


Fig. 6.—Latitude variation in time of diurnal maximum of dawn 
chorus activity. 


coordinate) against the height above the equator of the magnetic line of force 
passing through the observing station (radial coordinate). This is done in 
Figure 7; the curve fitting the data is characteristic of the locus of a positively 
charged incoming particle travelling in the equatorial plane, and being deflected 
by the Earth’s magnetic field. Thus the experimental evidence is not incon- 
sistent with the hypothesis that dawn chorus signals are initiated by the arrival 
over the geomagnetic equator of positively charged particles of solar origin. 
As a speculation, it is suggested that a cloud of such particles excites ions already 
present in the outer ionosphere. These ions would then re-emit the excess 
energy acquired as electromagnetic radiation at a natural resonance frequency 
which increases as the incoming cloud penetrates to lower heights. 

For electrons, two such resonance frequencies immediately suggest them- 
selves, namely, the gyrofrequency and the plasma frequency. Both of these 
are likely to be much greater than the lowest frequency in the dawn chorus 
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Spectrum (about 2ke/s). The minimum electron gyrofrequency along the 
magnetic flux line through Wellington would be about 110 ke/s, whilst from 
measurements of whistler dispersion characteristics it can be deduced that the 
electron plasma frequency must be at least some tens of kilocycles per second. 

Dungey (1955) has put forward the view that hydrogen ions (protons) are 
more numerous than ions of any other element in the outer atmosphere. How- 
ever, the proton gyrofrequency will be too low, with a maximum value of about 
400 c/s at ground level. 
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Fig. 7.—The same data as Figure 6, replotted to show 
that the latitude variation could be due to incoming 
positively charged particles. 


According to Emeleus (1951), if the electron temperature is sufficiently 
high, plasma ion oscillations of protons are possible at a frequency f given by 
f=ne*|xm, 
where n=ion density (cm~%), 
e=ionic charge (e.8.u.), 
m=ionic mass (g). 
Now, since the space charge density is small in the outer ionosphere (Dungey 
1955), the proton density would be of the same order as the electron density, 
Thus a proton plasma oscillation of frequency of the order of a few kilocycles 
per second may be possible. 
A test of this speculation is that the lowest frequency in the dawn chorus 
spectrum should increase as the point of reception moves towards the equator. 


IX. CONCLUSION 
From a study of the characteristics of dawn chorus at Wellington and at 
other stations, especially its relationship to magnetic activity, it seems very 
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probable that dawn chorus signals are generated in the outer ionosphere and 
are propagated along lines of force of the Earth’s magnetic field.in the extra- 
ordinary magneto-ionic mode. 


The experimental evidence supports the hypothesis that the signals are a 
consequence of the entry into the outer ionosphere of clouds of positively charged 
particles. Because of the correlation of dawn chorus with magnetic activity, 
and the pronounced diurnal effect invariant with season, such clouds would 
presumably be of solar origin. 
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METEOR ACTIVITY IN THE SOUTHERN HEMISPHERE 
By A. A. WEISS* 
[Manuscript received February 25, 1957] 


Summary 


Activities and radiants of meteor showers detected by radio equipments at Adelaide 
from 1952 to 1956 are summarized. A composite picture of shower and sporadic 
meteor activity is compared with a similar picture compiled from northern hemisphere 
radio counts. The distribution of the radiants of the more important showers reveals 
a pronounced concentration to the ecliptic, with a component extending to high latitudes. 


I. INTRODUCTION 

At the time of compilation of the preliminary results of the Adelaide radio 
survey of meteor activity (Weiss 1955) the survey was incomplete, in that 
data relating to portions of the first half of the year had not been analysed, nor 
indeed in some part collected. The survey has been continued on a semi- 
continuous basis, and this paper deals with meteor counts up to September 
1956. The analysis of the sporadic background has already been published 
separately (Weiss 1957, referred to as paper I). 

The 1953 survey of southern hemisphere meteors by Ellyett and Roth 
(1955) was directed to the delineation of the radiant points of active showers 
and no data on rates have yet been given. By way of contrast, the emphasis 
in the Adelaide survey has been on meteor rates, and the information available 
on radiant points is of low accuracy. 

~The radio equipments used in the Adelaide survey and the methods of 
data reduction are described in the earlier paper (Weiss 1955). 


IJ. SHowER ACTIVITY 

The actual operating times for the two equipments are indicated by the 
heavy lines within the body of Figure 4. Eleven showers, which are enumerated 
in Table 1, have been resolved and identified. All other meteors, comprising | 
unresolved minor showers and true sporadic meteors, are classed as “‘ sporadic ”’. 

The day-to-day variations in activity of the showers detected by the wind 
equipment are illustrated in Figure 1. This indicates the hourly echo rates, 
after correction for equipment sensitivity, averaged over the whole time the 
~ shower radiants lie above the horizon each day. As already mentioned in 
paper I, the sensitivity of the equipment has varied by up to 30 per cent. over 
the period of the survey. The results of paper I (Fig. 6 (b)) have been used to 
define a standard sporadic rate to which the observed shower rates have been 
corrected. In thus reducing shower activities to a standard sporadic rate no 
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allowance has been made for the different mass-distributions of shower and 
sporadic meteors (Bullough 1954), since the mass-distributions of the southern 


TABLE | 


RADIANTS AND ACTIVITIES OF METEOR SHOWERS 


Year 
1952 1953 1954 1955 1956 
Shower 
Corona Australids (a)* 250°, —50° Barely 239°, —45° 
(0b) Mar. 16 resolved Mar. 17 
(c) 6 4 
y-Aquarids 340°, +1°- | 344°, +10° 
May 5 May 10 
16 6 
o-Cetids 1 
Day-time Arietids — — ae £25 
C-Perseids J June 10 June 9 June 14 June 11 
35 51 40 34 
6-Taurids = Fs =e 
June 28 June 28 June 26 
9 29 15 
6-Aquarids 340°, —18°f | 336°, —21° 335°, —18° 
July 27 July 29 July 25 
28 6 16 
Orionids. . 106°, 00° i: 102°, 4-11° 
Oct. 20 Not | Oct. 21 
13 detected 15 
Leonids .. Barely 178°, +36° 
resolved Nov. 14 
13 
Puppids ae 124° ==35° 
Dec. 6 Dec. 6 
7 vf 
Geminids 113°;~-++29° | 110°, --30° 116°, +36° 
Dee. 13 Dec. 14 Dee. 15 
26 24 me 


* (a) Radiant coordinates ; (b) date of maximum activity; (c) activity (hourly rate) at 
radiant elevation 20° on the date of maximum activity. 
+ Individual showers not resolved by equipment. 

{ Measured with radiant equipment. 


showers are unknown. However, as the sensitivity corrections are not large 
and the mass-distributions of the major northern hemisphere showers do not 
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differ greatly from that of sporadic meteors (Browne et al. 1956) it is to be 
expected that these corrected activities will not be seriously in error. 


Because both the period of time for which a given shower lies above the 
horizon and the response of the equipment over this interval depend upon the 
declination of the radiant, the hourly rates of Figure 1 are no index of the 
absolute rate or meteor flux. In paper I it was shown that comparative shower 
rating with the wind equipment is only possible by confining attention to the 
rates when the radiant elevation is 20° or less. The activities corresponding 
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Fig. 1.—Day-to-day shower activities measured with the wind equipment. The activity is an 
average over the whole time the radiant is above the horizon. 


to radiant elevation 20° on the days of maximum activity of the respective 
showers, and the dates of these maxima, are listed in Table 1. Data for the 
§-Aquarids 1953 obtained with the radiant equipment and reduced to the same 
basis are also included. 

Approximate radiants, averaged over the whole periods of activity of the 
respective showers, are also given in Table 1. The error in Right Ascension 
may be as large as +10°. The error in declination depends on the declination 
of the radiant, being greatest (10°) for declinations close to 0°, and becoming 
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small for radiants near the celestial poles. The radiants of the June day-time 
showers, which are above the horizon simultaneously, cannot be resolved by 
the wind equipment. In view of these errors and the lack of resolving power, 
the radiants quoted cannot be regarded as accurate fixes of the directions of 
arrival of shower meteors, but they do serve to locate the centres of activity 
and hence identify the showers responsible, whose radiants have already been 
determined with greater precision by other means. 


Detailed comments on these showers follow. 


(a) Corona Australids 
This is a weak shower of variable activity. It was strong in 1953, but 
barely detectable in 1955 and 1956. 


(b) y-Aquarids 

Information on the activity of this shower has been summarized by Lovell 
(1954, p. 265), who concluded that there were no marked annual changes in the 
activity. The sustained high activity in 1954 is therefore noteworthy. On 
this occasion also meteors were detected for a considerable time before the 
expected rise time of the radiant, and beyond the expected set time ; this implies 
either a very diffuse radiant, or a compact radiant accompanied by considerable 
diffuse activity. ; 


(ce) 3-Aquarids 
In 1953, according to the radiant equipment measurements, this shower 
was accompanied by much diffuse activity and minor showers. In 1954 the 
shower was of short duration, but again in 1956 diffuse activity was prominent. 
The maximum activity and the date of its occurrence appear to be variable. 


(d) Puppids 
This is a weak night-time southern shower which corresponds with the 
radiant at 114°, —25° reported by Ellyett and Roth (1955). 


(e) Geminids 

The maximum activity of this shower for each year since 1949, as observed 
at Jodrell Bank (Hawkins and Almond 1952; Bullough 1954) and at Adelaide 
is listed in Table 2. The rates have been reduced to constant sensitivity for 
the respective equipments. There appears to be a steady decline in the activity 
of this shower. 

This tabulation of 11 certain showers consistently detected at Adelaide 
over a period of several years is much shorter than the list of Ellyett and Roth 
(1955), who in a survey extending from February to December 1953 in New 
Zealand report no less than 40 showers. The radiants of Ellyett and Roth 
have been allotted an arbitrary probability (grades A to D) and no shower echo 
rates have been given; in many cases shower identification has apparently 
depended on groupings of longer-range echoes alone. Only grade A showers 
are regarded as certain. Of these seven grade A showers, five are active in the 
period mid July to mid August. The most active shower of this group is the 
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5-Aquarids. The Adelaide equipment is incapable of resolving the remaining 
four (presumably weaker) showers in the presence of the more intense 5-Aquarid 
activity, although as noted above the Adelaide records reveal that much diffuse 
activity and some minor showers accompany the principal $-Aquarid shower. 
There is no trace in the Adelaide records of strong (or even weak) southern 
hemisphere night activity in June (two grade A showers), nor of day-time activity 
near the end of October (grade B and © showers). It is important that the 
existence of this unexpectedly large number of grade B-D showers, whether 
permanent or periodic, be confirmed by further surveys in the southern hemi- 
sphere with equipment of higher discrimination and resolving power than the 
Adelaide wide-aperture equipment. Such a survey is now in progress at 
Adelaide. 


TABLE 2 


GEMINID SHOWER ACTIVITY 


Maximum Activity 

Year ) 

Jodrell Bank Adelaide 
1949 81 
1950 719 
1951 | 75 
1952 72 2 
1953 71 24 
1954 | — 
1955 23 


In a rather different category are the one or more diffuse continuing radiants 
found by Ellyett and Keay (1956) during high-rate surveys in New Zealand 
‘during February-March 1956. This activity they attribute to one or more 
minor showers of steep mass-distribution (deficient in large meteors) whose 
radiants are located near the Sun and move with the Sun, and which persist 
over the whole period of 2 months included in the high-rate survey. Such 
showers would be far below the limiting sensitivities of the Adelaide equipments 
whose data form the subject-matter of this paper. In this connexion, however, 
attention must be drawn to the numerous reports in the literature of concen- 
trations of sporadic meteors, defined as meteors not resolved as shower meteors 
with the particular detecting technique, in the helion and antihelion positions 
throughout the whole year (for example, Hawkins (19566) and Weiss (paper I) 
for radio measurements; Prentice (as reported by Lovell 1954, p. 111) for 
visual measurements ; Krésak (1955) for telescopic measurements ; and finally 
Section II of Ellyett and Keay (1956) for the low-rate New Zealand radar 
survey). These authors are unanimous in attributing these helion and antihelion 
concentrations to a group of meteors moving in direct short-period orbits of 
low inclination, which form a prominent feature of the sporadic background of 
brighter meteors. If this type of orbit extends to the fainter meteors, and the 
telescopic survey suggests that it does, this would afford a simple explanation 
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of the high-rate counts of Ellyett and Keay, without appeal to their additional 
hypothesis of minor streams whose width far exceeds that, of any other known 
meteor stream. This alternative interpretation receives some support from the 
prominent but less regular peaks also found by Ellyett and Keay between 
00 and 04 hr, which may be related to the antihelion concentration. 

These considerations underline the very great care which must be exercised 
in the interpretation of simple meteor counts made with equipments which are 
specifically designed to detect inhomogeneities in the apparent density of radiants 
over the celestial sphere, whether the inhomogeneities be caused by shower 
radiants or by anisotropy in the general background of sporadic radiants. 


III. THE OcTOBER SpoRADIC ACTIVITY 
Two periods have been recognized in October over which the activity 
increases markedly above normal. These periods of enhanced activity have 
recurred each year from 1952 to 1955, and appear to constitute permanent 
features of the annual march of meteor activity. Figure 2 depicts some of the 
total daily (24 hr) echo rates at Adelaide (wide-aperture equipment, 27 Mc/s) 
and at Jodrell Bank (rotating aerial which scans the visible hemisphere, 73 Mc/s). 
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Fig. 2.—Total daily echo rates during the month of October. 
—-@—@- Adelaide; —- @ —-- @-— Jodrell Bank. 


The peak of activity over October 23-26 is not due to the Orionids, which produce 
the much smaller peak near October 20. The different responses of these 
equipments to a shower (Orionids) and to the additional activity, ascribed to 
sporadic meteors, are illustrated by Figure 3, which shows the excess activity 
referred to the base days October 1-3 and 7-18 inclusive. The additional 
activity due to the shower shows an abrupt rise and fall, and symmetry about 
the time of transit; the earlier onset and later cessation at Jodrell Bank are 
merely a latitude effect. Shower radiants found from the two sets of data agree 
remarkably well: they are 102°, +11° (Adelaide), 98°, +11° (Jodrell Bank). 
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On the other hand, the excess sporadic activity over the period October 23-28 
reflects the gradual rise of normal sporadic activity from a minimum at 18 hr 
to a maximum at 06 hr, which is typical of these wide-aperture equipments 
(see Figure 5 of paper I). The contrast between the two parts of Figure 3 
and the similarity between the curves for the two stations 88° apart in latitude 
suggest an increase in the incidence of sporadic meteors as the cause of the 
additional activity. 

The small but definite increase in activity over October 3-6 has a similar 
oricin. 
OCTOBER 19-22 
ORIONIDS 


OCTOBER 23—28 


SPORADICS 


HOURLY ECHO RATES 


LOCAL TIME 


Fig. 3.—Excess hourly echo rates during October. 
—-@—@- Adelaide: —- @ —-- @-— Jodrell Bank. 


IV. THE OVERALL ACTIVITY 

The shower activity of Figure 1 may be combined with the standard sporadic 
activity to form a composite picture of the meteor activity over Adelaide for 
1952-1956, as measured with the wind equipment. This composite picture is 
presented in Figure 4 (a). The standard sporadic rate (essentially the same as 
Figure 6 (b) of paper I) is shown in histogram form, with the additional con- 
tribution from .showers superimposed to give the total hourly activity. Meteors 
whose radiants lie within 40° of the zenith will be undetectable in the major 
lobe of the wind equipment but may be detected in minor lobes. The factor 
by which the sporadic rate should be increased to take account of meteors lying 
outside the limits of the aerial will be less than 2. Figure 4 (a) thus represents 
an approximation to the meteor rates which would be obtained with a radio 
equipment whose aerial could view the whole of the visible hemisphere. 
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As already mentioned, the classification of meteors as between showers 
and sporadies is determined by the resolving power of the equipment. Further, 
the day-to-day changes in the sporadic rate are not as smooth as the histogram 
of Figure 4 would suggest. For instance, the uncorrected mean total daily 
echo rate, and its r.m.s. deviation, for some months considered to be free of 
showers, are: September 1953. (22 days) 236+32; February 1955 (23 days) 
102+22; September 1955 (24 days) 21122. There are also the two periods 
of enhanced activity during October (Section III). Six short periods of high 
activity, distributed throughout the year, have been noted, but, as they have 
not recurred from year to year and the hourly variation of the excess activity is 
not suggestive of showers, these periods of high activity are not identified as 
showers. 


(a2) WIND EQUIPMENT ©-CETIDS 
1952-1956 ARIETIDS PUPPIDS 
CORONA = 7-AQUARIDS [-PERSEIDS §-AQUARIDS ORIONIDS GEMINIDS 
AUSTRALIDS 
30 


B-TAURIDS 


20 


HOURLY ECHO RATE 


(b) RADIANT EQUIPMENT 
60 1953 


HOURLY ECHO RATE 
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DATE 
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Fig. 4.—-Average hourly echo rates, 1952-1956, of sporadic meteors (in histogram form), with 
shower echo rates superimposed. The heavy lines indicate operating times of the two equipments. 


Actual counts with the Adelaide radiant equipment during 1953 are also 
shown in Figure 4. This equipment has a narrow aerial beam directed at low 
elevation and detects meteors whose radiants lie in a narrow sector near the 
north-south meridian. The higher rate of detection of shower meteors by the 
radiant equipment results from a collecting area larger than that of the wind 
equipment. Sporadic meteors are collected only from the narrow sector men- : 
tioned above, and the correction to the actual sporadic rates of Figure 4 (b) 
to take account of meteors outside this sector is large. 

A composite picture of meteor activity measured with this type of equipment, 
and corrected for aerial aperture, has been given by Whipple and Hawkins 
(1956). Their Figures 1 (c) and 1 (d) together form an estimate of northern 
hemisphere activity detected by a radio equipment whose aerial could view the 
whole of the visible hemisphere. 
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Direct correspondence between shower activities measured in the two surveys 
is not expected, because of the different latitudes of the two stations (53 °N., 
35 °S.) and different equipment parameters (aerial polar diagram, collecting 
area, limiting sensitivity). Rather, Figure 4 (a) of the present paper and Figures 
1 (¢) and 1 (d) of Whipple and Hawkins should be regarded as complementary 
so far as the data relating to showers are concerned. The Quadrantids, Perseids, 
and Ursids lie too far to the north for detection at Adelaide; the night-time 
Taurids have not been detected at Adelaide, although weak activity would be 
expected. The Corona Australids and Puppids are inaccessible to the northern 
hemisphere equipment ; detection of the y-Aquarids at Jodrell Bank has been 
reported in the literature (Lovell 1954, p. 265). 

Contrary to expectation, the annual variations in the hourly rate of sporadic 
meteors are not identical for the two surveys. Attention has already been 
drawn to this discrepancy in paper I. Both surveys agree in finding higher 
activity in the latter half of the year, but the high sporadic activity found in 
the northern hemisphere survey over May, June, July, and August does not 
appear in the southern hemisphere survey. A separation of the Adelaide 
sporadic counts into day-time and night-time rates (integration limits set at; 
0600 hr and 1800 hr L.T.) shows that these counts also divide equally between 
day and night. The criticism might be made that the diagrams under comparison 
refer to actual counts, and that the disagreement might be reduced or eliminated 
if corrections for the annual motion of the ecliptic were applied to the data. 
However, these corrections, which are not large, have been applied to both sets 
of data in the simple case. of a source of sporadic meteors anisotropically dis- 
tributed round the ecliptic (Figure 13 of paper I for the Adelaide data ; Figure 10 
of Hawkins (1956) for the Jodrell Bank data), but the discrepancy remains. 


Shower echoes have not been excluded from the total echo counts of Ellyett 
and Keay (1956) and the data are incomplete in that no records are available for 
the interesting 8 hr about the time of passage of the antapex through ‘the 
collecting sector. Despite these limitations there can be no doubt that the 
New Zealand survey implies a distribution of the average hourly rate of sporadic 
meteors throughout the year which is similar to that found by Whipple and 
Hawkins (1956) from the more comprehensive analysis of the Jodrell Bank data. 
The New Zealand survey was made with the same type of equipment, held at 
roughly the same sensitivity, as the Jodrell Bank surveys. Other than dis- 
counting the highly improbable hypothesis of a latitude effect, the New Zealand 
data throw no light on the discrepancy in the annual variation disclosed by the 
other two surveys. 

. Ignoring this discrepancy for the moment, and allowing for a small increase 
in the Adelaide sporadic rates to take account of the undetected meteors which 
fall outside the aerial collecting zone, it is seen that during periods of shower 
activity the rate of detection of shower meteors is approximately equal to the 
rate of detection of sporadic meteors over the whole of the visible hemisphere. 
It must be stressed that this equality refers to the rates of detection of shower 
and sporadic meteors, and does not necessarily extend to meteor jfluses. Tf, 
as Hawkins (1956a) suggests, the probability of ionization B of an evaporated 
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meteor atom depends strongly on the geocentric velocity v, 8~v*®, then the 
relative fluxes of shower and sporadic meteors may differ considerably from their 
rates of radio detection. Kaiser (1955) concluded from radio-echo rates that 
the incidence on the Earth of meteors brighter than radio magnitude m=5 is 
approximately the same for various major showers and for sporadic meteors, 
but this comparison was made on the untenable hypothesis of a uniform geo- 
centric radiant distribution for sporadics. The analogous problem, that of the 
determination of the space density of visual meteors for which the light intensity 
is proportional to v3, has been examined by Levin (1955). He finds, for meteors 
brighter than m=-4-3, a picture of stream densities which differs sharply from 
the observed visual counts, and a density of sporadic meteors some ten times 
greater than the central parts of the major streams. Accordingly, whilst the 
conclusion of Whipple and Hawkins (1956) that certain meteor streams represent 
insignificant changes in the southern hemisphere meteor flux is almost certainly 
correct, this is not a conclusion which follows directly from the radio counts. 


V. THE DISTRIBUTION OF THE RADIANTS OF MAJOR SHOWERS 
Meteor activity in the southern hemisphere has now been monitored over 
sufficiently long periods of time, both visually and by radio, that the list of 
major showers may be regarded as complete, with the possible exception of far 
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Fig. 5.—Distribution of the radiants of major showers, as 
a function of distance from the ecliptic. 


southern periodic showers. It is therefore appropriate to review the distribution 
of the radiants of the major showers in ecliptical coordinates. For this purpose 
a table of showers has been compiled, comprising those shown in Figure 4 of 
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the present paper, Class A showers listed by Ellyett and Roth (1955), and 
Table 78 of Lovell (1954) excluding the lost streams. This list consists of 25 
showers, all of which have been detected by radio equipments. Their distribu- 
tion as a function of distance from the ecliptic is illustrated in Figure 5. Seventeen 
radiants lie to the north of the ecliptic and only eight to the south, but in view 
of the close concentration to the ecliptic this apparent asymmetry between 
the two hemispheres is almost certainly not significant. The strong concentra- 
tion to the ecliptic, together with a component extending to high inclinations, 
is strikingly reminiscent of the distribution of sporadic radiants derived in 
paper I. 

Viewed in the light of the known disintegration of meteor streams, the 
similarity between these two distributions is both interesting and suggestive. 
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SHORT COMMUNICATIONS 


A FURTHER NOTE ON IONOSPHERIC RECORDERS AND 
SPORADIC £* 


By J. A. THomas,t H. E. Brown,{ and G. G. Carrnst 


As a supplement to work reported earlier (Thomas, Svenson, and Brown 
1956), in which the receiver gain of a P’f recording equipment was systematically 
changed from record to record, a similar experiment has been devised in which 
the power radiated by the transmitting aerial is systematically changed, thus 
altering the “‘ signal-to-noise ’’ ratio at the receiver. This should and does give 
results differing from those formerly obtained. 
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Two extreme values of transmitter power were used in the experiment 
the actual alteration being achieved by switching the input tapping to the H.T. 
transformer at 2-min intervals, so that consecutive P’f records were made with 
alternately high and low transmitter powers. 


Measurements of relative radiated powers were achieved (at a number of 
frequencies) by comparing the field strengths (for the two positions of the switch) 


* Manuscript received December 27, 1956. 

+ Physics Department, University of Queensland, Brisbane. 

{ Ionospheric Prediction Service, c/- Physics Department, University of Queensland, 
Brisbane. 
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at a distance of several wavelengths from the transmitting aerial. The difference 
in radiated power at any one frequency* with change in H.T. voltage was found 
to be nearly constant at 7 dB (Fig. 1). Zero decibels correspond to about 1 kW 
peak power. 

The receiver uses automatic volume-control (A.V.C.) with a time constant 
of about 0-02 sec, which corresponds to the time between successive transmitted 
pulses. This means that the receiver gain is effectively noise controlled at all 
frequencies—the transmitter ground pulse and echoes contribute very little 
toward the biasing. Thus the advantages of A.V.C. can be retained in making 
these measurements, since the amount of interference at any particular frequency 
does not vary rapidly and the receiver gain at any frequency will be the same 
from one record to the next. Portions of records affected by interference 
from sources at known frequencies are ignored in the analysis. 


Studies of the records show that: 


(1) fmm. (i.e. the minimum recorded frequency) decreases with higher 
transmitter power. 

(2) The extraordinary-ray reflection from the normal H region is sometimes 
recorded on high power but never on low power. 

(3) Range spreading (Thomas 1956) is greater at high power. 

(4) fo#, and f,H, for the two major types of H, present at Brisbane (Thomas 
1956) are almost independent of transmitter power. Occasionally, 
however, a very weak sporadic reflection is seen only on the high-power 
record—this may correspond to Naismith’s ‘‘ meteoric #”’ (Naismith 
1954). 


The first three facts are in agreement with expectations for the higher 
S/N ratio. The fact that f,#, and f,H, does not change markedly with transmitter 
power provides further evidence that the two major types of H, ionization found 
at Brisbane give true penetration frequencies which are independent of the 
power employed. 


This work forms part of the research programme of the Radio Research 
Board of C.S8.I.R.O. and of the Ionospheric Prediction Service of the Department 
of the Interior, and is published by permission of these bodies. 
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* The power radiated upwards will change considerably with frequency due to changes in 
the radiation pattern of the delta aerial. We are here concerned only with the relative change 


occurring at any one frequency. 


DETERMINATION OF PHOTONUCLEAR CROSS SECTIONS* 
By J. H. Carvery and K. H. LOKANT 


Introduction 

A typical photonuclear experiment is considered in which the y-ray source 
is the bremsstrahlung from an electron accelerator. It is assumed that the 
electrons incident on the radiator have kinetic energy ky and total energy ky+u 
(where uy is the electron rest energy) so that the bremsstrahlung contains photons 
of all energies k<k,. The yield A(k,) for some particular photonuclear reaction 
is measured as a function of the electron energy and the problem is to use the 
data to determine the cross section o(k) as a function of the photon energy. 


It is evident that A(k,) and o(k) are related by a Volterra equation of the 
form 


where g is a constant which normalizes the equation to unit electron current, 
T is the threshold energy for the reaction, and 


P( kk) = TUK) (eka), yes ea ae ee (2) 


where J(k,ko) is proportional to the bremsstrahlung intensity. The normalizing 
constant g is a function of the particular experimental arrangement and its 
evaluation depends on such factors as the method of beam monitoring, the 
thickness of the target, counting efficiency, etc. The particular method of 
normalization used in the present experiments is described on page 317. 


Several methods have been proposed for the solution of equation (1) (e.g. 
Baldwin and Klaiber 1948 ; Johns et al. 1950 ; Katz and Cameron 1951 ; Wilson 
1953a) and of these the “‘ photon difference method ’’ of Katz and Cameron has 
been the most widely used. The present ‘ iterative method ’’ was developed 
for the analysis of data obtained with the Canberra 33 MeV electron synchrotron. 


The Bremsstrahlung Spectrum 


It is assumed that the shape of the bremsstrahlung spectrum is as given 
by the theory of Bethe and Heitler (Heitler 1944) for fast electrons incident on a 
thin radiator. Although the Born approximation used in the Bethe-Heitler 
calculations is known to be in error for the heavy elements, the error is principally 
in the magnitude of the cross section and its shape is virtually unaffected by 
more exact calculations (e.g. Bethe and Maximon 1954). 


* Manuscript received January 11, 1957. 
t Research School of Physical Sciences, Australian National University, Canberra. 
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In the form given by Schiff (1951) the bremsstrahlung intensity in the 
forward direction is 
J (k,k) =[1+(1—2)?] 2 log a—(2—2)2, ........ (3) 
where z=k/(kj+w), 
1/a?=1/a2+1/02, 
Oy =2 (Ky + )(1 —2)/p2, 
%=C/Z8. 
C=constant=111 and Z=atomic number of the radiator—73, for the present 
computations. The Schiff distribution, differentiated with respect to the 
electron energy kg, is also required for the present analysis. It is given by 


P' (kk) =P (k,ky)/Akg 
2 ( 
(Kg +p)kl 


and the calculated values are given in Table 1 at 1 MeV intervals. 


22(1 —z) log a+e(z ew — aioe) (P-(1 —1}, 


The assumption of a thin radiator is of course rather artificial and the 
spectrum will be modified by multiple scattering and radiation loss (see e.g. 
Wilson 1953b) but a precise specification of the radiator conditions is difficult 
to obtain for a machine with an internal, circulating, electron beam. If an 
external electron beam is available the radiator conditions can be fixed more 
precisely and suitable corrections applied to the thin target formulae, as was 
done for example in the Stanford experiments of Berman and Brown (1954). 


Method of Solution 
If equation (1) is differentiated with respect to the electron energy ky) one 
obtains, after some rearrangements, 


1h 
O(a) = Folko) + Soa) Li {o(ky) —o(k)}P'(k,k))dk, .... (4) 
w here 
Re era KeN GS Metl \yk eriemceds ss yar aia ay tae (5) 
S (Kp: L) =P (Koyo) + | a FLEW RAN Poateh eA No ees Ar (6) 
T 


and the dash denotes d/dk). The values of S(k),7) are given in Table 2. In 
principle one needs only one set of S(k,7) calculated for a single value of T, 
below the thresholds for all of the reactions which may be studied. However, 
the convergence of the iterations is greatly improved if 7 is close to the actual 
reaction threshold so the table has been prepared for a range of 7 values. It 
may be noted that the zero-order approximation, equation (5), would be exact 
if the bremsstrahlung spectrum were of constant intensity, i.e. if 


P' (ki,kig) = (1/ko)3(k,ko).- 
Equation (4) can be solved by iteration in the form 


Cae © oy(ko)s WOM Wa heh Fee (7) 
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TABLE | 


THE SCHIFF BREMSSTRAHLUNG DISTRIBUTION, DIFFERENTIATED WITH RESPECT TO PEAK ENERGY 


100 x P(k,ko) 
ky (MeV) 
(MeV) 35 34 33 32 31 30 29 28 27 26 25 24 23 22 21 

35 11-144 

34 3-742 11-468 

33 2-104 3-848 11-874 

32 1-366 2-172 3-966 12-194 
31 0-944 1-418 2-256 4-086 12-586 

30 0-682 0-978 1:462 2-330 4-216 12-998 

29 0-512 0-706 1-018 1-528 2-408 4-354 13-452 

28 0-400 0-532 0-738 1-052 1-578 2-488 4-510 13-920 

27 0-332 0:422 0-558 0-766 1-096 1-634 2-586 4-678 14-438 
26 0-290 0-352 0-448 0-582 0-806 1-142 1-704 2-692 4-862 15-008 
25 0-266 0-308 0-378 0-476 0-710 0-836 1-192 1-784 2-816 5-060 15-598 
24 0-258 0-282 0-330 0-402 0-498 0-642 0-876 1-250 1-870 2-948 5-276 16-262 
23 0-254 0-278 0-306 0-356 0-428 0-522 0-676 0-920 1-314 1-962 3-064 5-510 16-958 
22 0-260 0-280 0-304 0-336 0-392 0452 0-552 0-714 0-972 1-362 2-038 3-216 5-766 17-742 
21 0-270 0-284 0:304 0-332 0-366 0-416 0-488 0-592 0-754 1-032 1-456 2-152 3-380 6-046 18-588 
20 0-282 0-294 0-310 0-332 0-360 0-398 0-444 0-526 0-640 0-808 1-094 1-550 2-280 3-560 6-360 
19 0-296 0-308 0-322 0-340 0-362 0-392 0-408 0-484 0-562 0-684 0-866 1-164 1-648 2-400 3-748 
18 0-314 0-326 0-338 0-354 0-374 0-304 0-402 0-464 0-526 0-612 0-736 0-928 1-250 1-756 2-556 
17 0-382 0-344 0-358 0-372 0-388 0-406 0-432 0-470 0-514 0-572 0-668 0-802 1-006 1-242 1-876 
16 0-352 0-362 0-380 0-394 0-412 0-430 0-454 0-482 0-518 0-566 0-632 0-728 0-878 1/100 1-448 
15 0-372 0-384 0-402 0-420 0-436 0-456 0-480 0-502 0-534 0-568 0-626 6-696 0-802 0-968 1-196 
14 0-304 0-408 0:426 0-450 0-460 0-486 0-508 0-532 0-562 0-596 0-638 0-694 0-776 0-896 1-056 
13 0-416 0-430 0:450 0-470 0-488 0-514 0-538 0:564 0-598 0-626 0-670 0-716 0-782 0-880 0-994 
12 0-438 0°456 0-476 0-496 0-518 0-542 0-572 0-602 0-632 0-666 0-704 0-762 0-826 0-890 0-984 
11 0-460 0-480 0-502 0-526 0-550 0:576 0-608 0-638 0-674 0-708 0-750 0-802 0-876 0-952 1-006 
10 0-484 0-504 0-528 0-554 0-582 0-610 0-644 0-676 0-714 0-754 0-800 0-856 0-934 0-990 1-070 
9 0-504 0-528 0-554 0-584 0-610 0-646 0-682 0:720 0-758 0-804 0-852 0-906 0-974 1-060 1-126 
8 0-530 0554 0-584 0-616 0-646 0-682 0-724 0-760 0-804 0-854 0-908 0-968 1-048 1-116 1-208 
7 0-554 0582 0-610 0-646 0-680 0-718 0-758 0:808 0-852 0-906 0-966 1-032 1-106 1-186 1-280 
6 0-576 0-608 0-640 0-676 0-714 0-754 0-798 0-848 0-900 0-960 1-024 1-098 1-178 1-268 1-370 
5 0-606 0-636 0-668 0-706 0-748 0-790 0-840 0-892 0-950 1-014 1-086 1-162 1-252 1-352 1-458 
k ky (MeV) 

(MeV) 20 19 18 17 16 15 14 13 12 ifs! 10 9 8 7 6 

20 19-522 

19 6-708 20-546 ; 

18 3976 7-090 21-700 
17 2-724 4-238 7-456 22-972 
16 2-012 2-922 4-526 8-016 24-426 
15 1:504 2-174 3-162 4-858 8-576 26-048 
14 1-322 1-736 2-384 3-428 5-252 9-228 27-912 
13 1-192 1-466 1-920 2-600 3-764 5-724 9-988 30-074 
12 1/180 1-332 1-638 2-132 2-886 4-136 6-260 10-880 32-600 
11 1-126 1-276 1-504 1-910 2-390 3-236 4-524 6-904 11-976 35-590 
10 1-160 1-292 1-440 1-736 2-120 2-708 3-666 5-182 7-802 13-292 39-182 

9 1-224 1-344 1-514 1-714 2-004 2-464 3-140 4-226 5-968 8-882 14-948 43-602 

8 1-292 1-422 1-580 1-756 2-016 2-352 2-878 3-682 4-936 6-972 10-300 17-140 49-148 

q 1-394 1+522 1-666 1-°878 2-078 2-394 2-818 3-426 4-386 6-932 8-292 12-168 20-020 56-382 

6 1-486 1-620 1:844 1-960 2-160 2-494 2-830 3-850 4-156 5-356 7-200 10-200 14-884 24-140 66-104 
5 1-590 1-734 1-934 2-104 2-340 2-632 3-004 3-464 4-188 5-108 6-624 9-296 13+020 18-960 31-080 
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TABLE 2 


he 
P'(k, kak} 
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tl 
fy ky (MeV) 
(MeV) Sbedausd ce, ol 20 29 ,28°° 27 726 85 24°93). 29 
35 0-93 ° 
34 7:29 0:96 
33 9°79 7:52-0:98 
32 11-8 10-1 7:74 1-02 
31 18-1 12-2 10-4 7-96 1-05 
30 14-0 13-5 12-6 10-7 8-21 1-08 
29 14-7 14°75 14-0 12-9 11-0 8:48 1-11 
28 16-2 15:2 14-9 14-4 13-4 11:4 8°75 1-15 
27 Libs6 fos 7 Jb-7 to-4- 14-9) 913°8) 11-7 9-15 ~ 1:20 
26 15-9 16-1 16-2 16:2 15-9 15:3 14:3 12:3 9:48 1-24 
25 16°2 16-4 16-6 16:7 16°8 16-5 15-9 14:9 12:8 9-84 1-29 
24 16D t6"7 | 10" 27-2 7s) Vice LTO" 16*6) 1b-b  13*8 10°83 1-35 
23 167 Lic O Lise 1% 6 27S 9 17-9 eli9 ioe ty 3 016-1 ds"8\ 10-7) 14h 
22 17-0 17-3 17-6 17-9 18°2 18°45 18-5 Ws6 18-5. 1890 16-7 14-3) 11:1 1:47 
21 L7=2 1776 18°07 18-3 1826 18:0) 19-0 19-4) A925 19-3 18°56. 17-2. 14-9 11-7 
20 17-6 17°9 18:3 18-6 19:0 19-2 19-5 20-0 20-2 20°38 20-1 19°5 18-2 15-6 
19 17-8 182 18-6 10-0 19:3 19°7 20-1 20°5 20-9 21-1 21:2) 21-1 20-4 19-3 
18 18-1 18:5 18-9 19-2 19°7 20-0 20-5 21:0 21:4 21°8 22-1 22-4 22-3 21-4 
17 18-4 18:8 19°2 19°7 20-1 20°5 20°9 21:5 21:9 22-4 22:8 23-1 23:3 23-5 
16 18-7 19:2 19-6 20:0 20:5 20-8 21:4 22:0 22:5 28-0 23-4 24:1 24-6 24-5 
15 19-1 19-5 20-0 20-4 20°9 21°3 21:9 22:4 23:0 23:5 24-1 24-9 25:2 26-0 
14 19-5 19:9 20-4 20-8 21:3 21°7 22-3 23:0 23°56 24-1 24-7 25°5 26°3 26:7 
13 19-9 20-3 20°8 21-3 21°8 22:3 22-9 23-5 24:1 24-7 25:4 26°3 26:9 27-9 
12 20°3 20-8 21°3 21-8 22-3 22-7 23-4 24-1 24-7 25°3 26-0 27-0 27:9 28-5 
ial 20°7 21-2 21:8 22-3 22-8 23:3 23:9 24-7 25:3 26°0 26:7 27-9 28-5 29-7 
10 21-2 21-7 22-3 22:8 23-4 23-8 24-6 25-3 26-0 26-7 27-5 28-5 29-9 30-4 
9 21:7 22-2 22-8 23-4 23-9 24-5 25-2 26-0 26-7 27-5 28°38 29-0 30-3 31-7 
8 22-2 22-7 23-3 24-0 24-6 25-1 25-9 26-7 27-5 28-3 29-2 30-3 31:5 32-4 
7 22-7 28-3 23-9 24-6 25-2 25:9 26-7 27:5 28-3 29-2 30-1 31-4 32-3 33-9 
6 23:3 23:9 24:6 25-2 25-9 26-6 27-4 28-3 29-2 30-1 31:1 32-4 38:7 34-8 
5 23-9 24-5 25°2 25-9 26-6 27°3 28°3 29-2 30:1 31:1 32:1 33:3 34:6 36-4 
T ky (MeV) 
(MeV) COLO ee Sei LO we Lo olde 13 le LOND 8 7 
20 1-62 
19 12:8 1-70 
18 17-4 13-6 1-80 
17 21-8 18-4 14-8 1-91 
16 23-8 22-6 19-2 15:0 2-02 
15 25°9 25°38 23:9 20°5 16:1 2-16 
14 27-3 27-5 26-7 25-2 21°9 17°4 2-31 
13 28-8 29:2 30:0 28:6 27:2 23:5 18-4 2-49 
12 29-8 30:7 30:9 31:1 30-6 29:3 25:5 20:0 2:70 
11 81-1 31:9 22:8 33:3 33-7 33:0 31:6 25:9 21:8 2-94 
10 32:1 33:3 34:0 35:1 35:8 36:5 36:0 34:5 30-1 24:7 3:23 
9 33-4 34:5 35-8 36:8 38-2 38-9 39°6 38-9 38:2 32:5 26-2 3-60 
8 34:5 36:0 37:1 38-8 39°9 41-7 42-7 48-8 48°5 43-3 36:8 29-4 4-05 
7 35-9 37:3 38:9 40:4 42-2 43-7 45:6 47-0 48-9 48-1 47:6 43-6 33-1 4:53 
6 37-2 38:9 40:4 42:3 44-1 46-5 48-4 51-0 52-9 56:1 55-2 54-4 49-9 37-9 5-42 
5 38-6 39°1 42°65 44:2 46°65 48°7 51:3 52-7 57-4 59°3 62:0 64:4 63:7 58:3 44°8 
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where 
i 


ko 
onl) = se) | (n-alho) nal)’ Ryko)aR. ---- (8) 

The suggested procedure for solving photonuclear yield curves is then as 

follows : 

(1) The observed yield curve is differentiated numerically with respect to 
the electron energy. ; 

(2) A zero order approximation to the cross section is obtained using equa- 
tion (5) and Table 2 for S(kp,7’), selecting the nearest value of 7 below 
the reaction threshold. 

(3) Improved solutions are obtained by iteration using equations (7) and 
(8) and the values of P’(k,k,) givenin Table1. The integrals in equation 
(8) are of course replaced by one of the usual simple numerical approxi- 
mations. 


80 
=—— WELO CURVE 


60 


40 


CROSS SECTION (MILLIBARNS) 
YIELD (ARBITRARY UNITS) 


ia ZERO ORDER 
APPROXIMATION 


20 


=i ea! ee 
10 12 14 16 18 20 22 24 26 28 30 32 
y— RAY ENERGY (MEV) 


Fig. 1.—Ilustration of the iterative method: (a) the ®Cu (y,n) cross section as deter- 

mined by Berman and Brown (1954) (circles O) ; (b) an artificial yield curve constructed 

from this cross section ; (c) the analysis of the yield curve showing the successive 
iterations converging to the original cross section 


The Reactions ?C (yn), 1°O (y,n), and *4Fe (y,n) 

The Canberra electron synchrotron was used to irradiate samples of carbon 
oxygen (boric acid), and iron at different bremsstrahlung energies and ihe 
induced positron activities “C (20-4 min), 15O (2-1 min), and *Fe (8-9 min) 
were measured with thin-window Geiger counters. The y-ray flux was monitored 
by means of the well-known ®Cu (,n) reaction, copper foils being exposed at the 
same time as the samples. Berman and Brown (1954) have used the Stanford 
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linear accelerator to measure the Cu (y,n) reaction absolutely and their result, 
which is independent of a calculated R-meter response, has been taken as standard 
for the present work. The methods of Baker and Katz (1953) were used to 
compare the positron activities of the samples with that of the standard. 


The measured yield curves were analysed by the iterative method described 
above. In order to check the procedure an artificial yield curve was constructed 
from the ®Cu (y,n) cross section curve of Berman and Brown (1954) using 
values of P(k,k,) calculated from equations (2) and (3). The constructed 


CROSS SECTION (MILLIBARNS) 
YIELD (ARBITRARY UNITS) 


1 1 a ao 
18 20 22 24 26 268 30 32 


y ~ RAY ENERGY (Mev) 


Fig. 2.—The measured yield curve and the 
derived cross section curve for the reaction 


Gal aay 


yield curve* was analysed to recompute the cross section. The results of the 
calculation are presented in Figure 1, which shows the assumed cross section, 
the constructed yield curve, and the successive iterations, which are seen to 
converge to the assumed cross section curve. . 

The present results are shown in Figures 2, 3, and 4, and some important 
parameters are summarized in Table 3. ' 


* This constructed yield curve has a slightly different shape from the actual measured yield 
curve of Berman and Brown (1954), since they used a thick target bremsstrahlung formula in 
the analysis of their results. The constructed yield curve is used to monitor the present data, a 
procedure which gives some compensation for any difference between the actual bremsstrahlung 


shape and the assumed thin target formula. 
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CROSS SECTION (MILLIBARNS) 
YIELD (ARBITRARY UNITS) 


1S TP 17 19 21 23 25 27 29 31 
y-RAY ENERGY (MEV) 


Fig. 3—The measured yield curve and the 
derived cross section curve for the reaction 
16Q (y,n). 
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CROSS SECTION (MILLIBARNS) 
YIELD (ARBITRARY UNITS) 
nN 
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12 14 16 18 20 22 24 26 28 30 32 
y-RAY ENERGY (Mev) 


Fig. 4.—The measured yield curve and the derived cross section 
curve for the reaction 54Fe (y,n). 


BRAY ET AL. PLATE 1 


A NEW TYPE OF FLARE 


oohi1-sm ‘poh14-5m 


On the original negative the diameter of a solar image is 15 mm. 


Aust. J. Phys., Vol. 10, No, 2 
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All the cross section curves have finite tails extending beyond 30 MeV ; 
the very pronounced tail in the 12C (+,n) curve is in accordance with the observa- 
tions of Barber, George, and Reagan (1955). 


TABLE 3 
PARAMETERS OF THE MEASURED (¥,”) CROSS SECTIONS 
| Integrated Cross 
Reaction Peak Energy Width at Half Section to 31 MeV 

| (MeV) Maximum (MeV) (MeV mb) 
12C (yn) es ee | 23 4-2 424-7 
16Q (y,n) .. << baka 24 3-4 46+7 
54Be (7,7) A + | 19 6-9 290+50 
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OBSERVATION OF A NEW TYPE OF FLARE* 


By R. J. Bray,t R. E. LouGHHEaD,; V. KR. BURGESS, and 
MaArig K. McCABEt 


Introduction 
The importance of chromospheric flares from both the astrophysical and 


geophysical points of view is now generally recognized, but, in spite of the 
extensive observational material collected by Ellison, Dodson, and others, it 
must be admitted that the mechanism of their origin is still little understood. 
In this paper we present observations of a hitherto unobserved phenomenon, 
namely, the ejection of a mass of very bright material from a flare some 28° 
from the limb of the Sun. The ejection occurred several minutes before flare 
maximum. It was approximately 10,000 by 30,000 km in size and moved 
outwards with a velocity across the line-of-sight of 300 km/sec. As it did so, 


* Manuscript received January 14, 1957. 
+ Division of Physics, C.S.I.R.O., University Grounds, Chippendale, N.S.W. 


320 SHORT COMMUNICATIONS 


it brightened appreciably, reaching maximum intensity 33 min after expulsion, 
its height then being 25,000 km. The ejection was quite unlike the dark surge 
prominences often emitted from flares, and in fact, except for its motion, possessed 
all the properties of a small flare. 


Observations 

The observations were made with the Ha-patrol camera of the C.S.I.R.O. 
Division of Physics in Sydney. The apparatus consists of a 5 in. horizontal 
telescope fed by a conventional coelostat and equipped with a 0-7 A Lyot filter. 
Photoelectric guiding is employed, and exposures are automatically controlled 
by a rotating sector-disk shutter whose speed of rotation is regulated by a photo- 


2 


EJECTION 


BRIGHTNESS (ARBITRARY UNITS) 


° 

ooh 

02:5™ 03 04 os o6 o7 
TIME (U.T.) 


Fig. 1.—Light curve of ejection. For comparison the light curve of a small 
flare somewhat to the right of the ejection (cf. Plate 1) is also shown. 


cell. On Kodak IV E film, and with an image diameter of 15 mm, the exposure 
time:is about 1/30 sec. The equipment is in daily use for 35 mm cinematography 
of the Sun in light centred on Ha, usually on a 30 sec cycle. 


Plate 1 shows a portion of the east limb for the period 005 02™-5 
to 002 17™-5 U.T. on November 12, 1956. At 004 02™-5 a Class 2 flare is seen 
to be developing 28° from the limb ; one minute later a small portion begins to 
detach itself, and by 00" 04™-5 has become completely detached. The ejected 
portion continues to move outwards, at the same time becoming elongated 
and brightening perceptibly. At 00" 06™-5 a bright core is visible in the ejection; 
this can also be seen at 005 07™ where, however, the definition is poor. Maximum 
brightness is reached at 00" 07™; thereafter the ejection fades somewhat, 
meanwhile continuing to elongate. Eventually it splits up into two nearly 
separated components which reach the limb at 00208™-5. The last three 
photographs, taken 3 min apart, show the ejection after crossing the limb. 
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Here the appearance suggests an ordinary surge prominence; the contrast 
between the disk and the limb in the last three prints has: been artificially 
increased in order to show the detailed structure. 


Figure 1 gives the light curve of the ejection (in arbitrary units) together 
with that of a small flare somewhat to the right of the ejection—visible on 
Plate 1—which began to brighten at 00203™. The light curve was obtained 
. by microphotometry of the negatives, using an effective scanning aperture of 
3500 km, i.e. one-third the smaller dimension of the ejection. Photometric 


DISPLACEMENT ALONG TRAJECTORY (105 KM) 


02-5" o3 04 05 06 o7 oB 08:5 
TIME (U.T)) 


Fig. 2.—Displacement of the foremost point of the ejection along 

the trajectory, measured from an arbitrary reference point. The 

linear portion of the curve corresponds to a velocity across the 
line-of-sight of 300 km/sec. 


calibration was provided by six out-of-focus exposures, taken through 
standardized filters, which are made on the daily films as a matter of routine. 
There was a significant increase in brightness as the ejection moved outwards, 
the maximum being attained at 004 07™, that is, 34min after expulsion. At 
this time the brightness was only 14 per cent. less than that of the neighbouring 
small flare ; this would seem to classify the ejection as a flare in its own right. 

It must be emphasized that the time of maximum brightness—and indeed 
the whole light curve—is to some extent rendered uncertain by possible Doppler 
displacements of the Ha line from the centre of the pass-band of the Lyot filter. 
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The actual velocity in the trajectory is so large (300 km/sec) that quite a small 
change in the direction of motion is sufficient to shift the Ha line of the ejection 
by an amount comparable with the half-width of the filter, thus appreciably 
altering the apparent brightness. In the early phase of the expulsion, when the 
velocity was small or zero (cf. Fig. 2), the light curve gives the actual brightness 
_ of the ejection, but thereafter the measured values only represent lower limits 
to the brightness. It is clear that after expulsion a real increase in brightness, 
_at least as great as that measured, must have occurred. 


The fact that this high velocity ejection was visible at all suggests that 
the motion was substantially in a plane perpendicular to the line of sight so 
that, throughout its motion, its height above the Sun’s surface steadily increased. 
It is very remarkable that the brightness was increasing while the ejection was 
actually in the corona, the maximum apparent brightness being attained at a 
height of 25,000 km at 005 07™. 


Dr. J. A. Roberts of the Radiophysics Division, C.S8.I.R.O., has kindly 
informed us that a cluster of normal type III bursts was recorded by the radio 
spectrometer at Dapto from 235 59™, November 11, 1956, to 00" 01™, November 
12, 1956. It thus preceded the flare by over two minutes but, as other flares 
were in progress at this time, the observed radio bursts are not necessarily 
correlated with the flare under discussion. Small bursts at 600 and 1420 Mc/see 
were recorded at Potts Hill. 

No sunspots were visible in the region of the flare until November 16, when 
a few small spots appeared; these were decaying on the 19th, and had dis- 
appeared by the following day. 


TABLE 1 
FLARE DATA 


Areas are given in millionths of visible hemisphere, and are not corrected 
for foreshortening 


Flare Duration (U.T.) Time of Area Radial Disk . Heliographic 
Maximum Distance | Longitude Coordinates 

a 005 O1™-5—005 28m 005 06™ 200 0-88 —62° 29 °N. 172 °W. 

b 002 03m —004 21m 002 06™ 30 0-93 —12- 32 °N. 162 °W. 


To complete the description of the observations, Table 1 gives the durations, 
times of maximum brightness, areas, and heliographic coordinates of (a) the 
flare from which the ejection occurred, and (b) the small flare visible to the right 
of the ejection in Plate 1. 


Discussion 


The brightness of the ejection, its rise to a maximum, and its concentrated 
appearance suggest that it was actually a flare in its own right and, moreover, 
one moving, with a relatively high velocity. The question of flare motions has 
been discussed by Ellison (1949, cf. p. 13), who believes the evidence is in favour 
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of the stationary nature of flare emission regions. Thus from a study of 99 
flares he finds no displacement of the Ha line greater than 0:4 A which, on a 
Doppler interpretation, implies velocities of less than 18 km/sec. Ellison 
emphasizes (1949, cf. p. 5) that at the extreme limb care must be taken to 
distinguish between flare surges and flares; otherwise high velocities might 
falsely be attributed to the flare itself. On the disk no such confusion is possible, 
such flare surges appearing as dark streaks—quite unlike the bright, discrete 
mass observed here.* However, on the disk an additional source of confusion 
is possible: the impression of large velocities may be given by the “ fading ” 
and ‘“ lighting-up ” of successive chromospheric filaments characteristic of flare 
development (Ellison 1949, cf. p. 14). In the present case, the absence of any 
chromospheric plage structure in the region traversed by the ejection (cf. Plate 1) 
and the constancy of its velocity make this explanation untenable. 


In contradiction to Ellison, Severny and Shaposhnikova (1954) claim to 
have detected high velocity motions in flares. However, their published photo- 
graphs do not reveal any cases of flare development which appear in any way 
unusual and provide no clear substantiation of their claims. 


It seems, therefore, that the phenomenon described in this paper is rare if 
not unique; during the course of examination of our film records containing 
some 500 flares nothing else resembling it has ever been noticed. On the other 
hand it must be pointed out that, if any similar ejection should happen to possess 
a large component of its velocity in the line-of-sight, it would escape detection 
owing to the relatively narrow bandwidth of the monochromator. 
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* Occasionally bright surges have been seen just within the limb (Ellison 1950; Dodson 
and Hedeman 1952); the brightness is always considerably less than that of a flare, however. 
The flare discussed in this paper is properly described as a disk flare, the distance from the limb 
being 28° of longitude. 


OBLIQUITY EFFECTS IN INTERFEROMETRY* 
By C. F. Brucey and B. 8S. THORNTONT 


Bruce (1955) and Thornton (1955) recently gave an analysis of the effects 
of oblique rays in length interferometers. It was shown that, for a given set 
of fringes produced in light of wavelength 4 and with a nominal path difference 
of 2t between the interfering rays, the fringe displacement due to obliquity 
depends on the value of a phase factor A=(zxt/A)6?, where 6 is an obliquity 
angle. 

In length measurement the relative displacement of two sets of fringes is 
observed, each of which is influenced by obliquity effects. In Fizeau interfero- 
meters the fringe displacement due to obliquity for one set of fringes is in the 
same direction as that for the other set so that the relative displacement is the 
difference of the two. Actually the path difference for one set can be made as 
small as desired and the path difference for the other set is very closely equal to 
twice the length (ZL) measured. Consequently the relative fringe displacement 
due to obliquity is obtained for t=L in the expression A=(zt/A)0?._ In Michelson- 
type interferometers such as the Késters gauge interferometer the fringe displace- 
ments due to obliquity are in opposite directions and the path difference is 
made very closely equal to the length measured for both sets of fringes. Conse- 
quently the relative fringe displacement due to obliquity is obtained by doubling 
the displacement calculated for t= 42. 

The actual method of calculating the obliquity effect for the Késters inter- 
ferometer in the above papers was to take the relative fringe displacement 
as the fringe displacement calculated for t=Z. This is only valid where the 
relation between fringe displacement and A is a linear one and in particular 
where A> 4z for circular apertures and A> 4x for narrow slit apertures with 
t=$L. The values of the phase factor A given in Tables 1 and 2 (Bruce 1955) 
should also be halved. Some of the experimental observations that appeared 
to agree with the earlier method of calculating the obliquity effect were taken 
under conditions which should make this method inapplicable, and these have 
therefore been closely investigated. The apparent agreement has been traced 
to the fact that in these particular observations the size of the image of the light 
source in the plane of the entrance aperture was slightly smaller than the entrance 
aperture and was thus controlling the obliquity effect. Changes in the condensing 
System removed this limitation and experimental tests confirm the fact that 
the relative fringe displacement arising from obliquity is obtained by doubling 
the ERSIGE NE Sess he calculated for t=24D. 


* Manuscript received January 18, 1957. 
} Division of Metrology, C.S.I.R.O., University Grounds, Chippendale, N.S.W. 
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The authors realized this above oversight when they were applying their 
method of analysis to obliquity effects in interference microscopes, which is 
being reported on in a short note elsewhere. Acknowledgment should also be 
made to Mr. P. Holmes of the Defence Standards Laboratories, Melbourne, for 
pointing out independently to the authors their oversight. 
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THE CROSS SECTION FOR THE 14O(y,n)??Q REACTION* 
By B. M. SPICERT 


There have been a number of attempts to account for the nature of the 
giant resonance of nuclear photodisintegration (e.g. Goldhaber and Teller 1948 ; 
Steinwedel and Jensen 1950; Wilkinson 1955; and others). Levinger and 
Bethe (1950) believe that a ‘‘ many-level”’ theory of the giant resonance is more 
satisfactory than a single-level theory. The existence of fine structure in the 
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Fig. 1—The measured yield curve for the 16O(y,n)15O reaction. 


yield curve of the 'O(y,n) reaction at energies near the giant resonance (Penfold 
_ and Spicer 1955) supports this conclusion. The purpose of the present note 
is to show that the existence of structure within the giant resonance may be 
demonstrated more simply than by the tedious study of fine structure in yield 
curves. 


* Manuscript received March 18, 1957. 
+ Physics Department, University of Melbourne. 
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The yield curve for the reaction !6O(y,n)!5O has been measured as a function 
_ of betatron energy by counting of the 2-min 15O (+-activity. The apparatus 
and technique used was that used previously by Penfold and Spicer (1955). 
The measurement was made in steps of approximately 0-2 MeV from threshold 
to 25-1 MeV. The results are shown in Figure 1. Each point above 16-5 MeV 
was measured to a statistical accuracy of better than 1 per cent. The yield curve 
is similar in shape to that found by Penfold and Spicer in a more detailed pat 
and has been extended to 25-1 MeV. 


RELATIVE CROSS SECTION 


PHOTON ENERGY (MEV) 


Fig. 2._The cross section for the 1°O(y,n) reaction, calculated in 
1 MeV steps. A calculation using the smoothing procedure of 
Katz and Cameron (1951) gives the dashed curve. 


The yield curve was solved for cross section by the method of Penfold and. 
Leiss (1954) in steps of 1 MeV. It is to be noted that in most papers on the 
systematics of giant resonances either the first differences of the yield curve were 
smoothed before solution for cross section or the cross section was smoothed 
after solution. Here no smoothing was done. In this case, if the yield curve was 
recalculated after smoothing the first differences as prescribed by Katz and 
Cameron (1951), there would be changes averaging 40 per cent. in the yield 
value in the energy range 16-18 MeV, and the difference between the smoothed 
curve and the measured curve was still greater than 10 per cent. at 20 MeV. 
This was considered unwarranted in view of the statistics of the measurement. 

Figure 2 shows the cross section, calculated in 1 MeV steps. The dashed 
curve from threshold to 21 MeV is readily obtained if the smoothing procedure 
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of Katz and Cameron is adopted. This result is in agreement with that of 
Horsley, Haslam, and Johns (1952), who also detected the 1°O activity. 

The cross-section solution in steps of 0-5 MeV is shown in Figure 3. It was 
calculated from the same yield curve, and again no smoothing was done. The 
general features of this curve below 20 MeV are identical with those of Figure 2. 
Above 20 MeV, the smooth curve of the 1 MeV solution now exhibits structure. 
It is estimated that the probable error of the cross-section solution is not greater 
than 10 per cent. above 20 MeV energy in either Figure 2 or Figure 3. 


RELATIVE CROSS SECTION 


° 
14 16 18 20 ae 24 26 
PHOTON ENERGY (MEV) 


Fig. 3.—The cross section for the 1%O(y,n) reaction, calculated 
in 0-5 MeV steps. 


The small peak at 17 MeV is compatible with the bunching of levels at 
that energy, which was found in the fine structure study (Penfold and Spicer 
1955). The peak at 19 MeV ‘is also consistent with a less certain assignment 
of a strong level at 19-2 MeV. The gradual rise of the cross section between 
20 and 21-5 MeV, as shown in fine structure study, is reproduced in this work. 

The integrated cross section between 22 and 22-5 MeV is approximatel 
three times that between 22-5 and 23 MeV. This is substantiated from the Pia 


structure work, although one cannot say for certain into which interval the 
integrated cross section of the 23-0 MeV level should be put. 
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It is therefore concluded that a many-level theory for the giant resonance 
of photodisintegration is indicated, and that at least semi-quantitative support 
is given to the results of the fine structure measurements. 


This work was performed while the author was a visitor at the Physics 
Research Laboratory, University of Illinois, and he wishes to record his thanks 
to Professor G. M. Almy and D. W. Kerst for extending the facilities of the 
laboratory to him. The many conversations with Dr. A. S. Penfold on the 
solving of yield curves for cross sections were very helpful. 
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CORRIGENDA 


VotumeE 10, NumBerR 1, Paces 118-29 


‘“ Pree Path Formulae for the Coefficient of Diffusion and Velocity of Drift of 
Electrons in Gases ”’ 


Page 126, in equation (21): For (v+3)(v+1) read (v+3)/(v+1). 

Page 127, in the unnumbered equation following equation (25): For /# 
yead (2). 

Page 127, in the second line of Section VIL: For XN,(1,,), read UN ,| (leq): 

Page 129, in the integrand of the last equation: For dudg read p'dy'dy. 


COUNTS OF EXTRAGALACTIC RADIO SOURCES AND UNIFORM 
MODEL UNIVERSES 


By G. ©. MoVirrin* 
[Manuscript received April 5, 1957] 


Summary 


The radio sources are assumed to be galaxies sharing in the red-shift phenomenon. 
The counts of such sources to successive limits of flux density are interpreted in terms 
of the model universes of general relativity. The flux density in each infinitesimal 
interval of frequency is assumed to be proportional to,a power of the frequency and to 
a multiplicative parameter, both these quantities being regarded as functions of the 
red-shift, i.e. of the time of travel of the radiation. All sources at the same distance 
from the observer are assumed to be identical radiators; this permits the intro- 
duction of a standard comparison source. The data in the Sydney catalogue can then 
be interpreted in terms of radio sources of constant strength (i.e. which are independent 
of the red-shift) if they are similar to NGC 1275, taken as standard. If they are similar 
to Cygnus A, the data imply that the sources were radiating more strongly when their 
radiation left them than is Cygnus A now. This type of conclusion appears to be 
unavoidable for the data of the Cambridge catalogue. It is briefly explained how to 
modify the theory to take account of a variation with time of the space-density of 
sources and also of a mixture of comparison sources. 


I. INTRODUCTION 

It has been known for 20 years that counts of the numbers of galaxies to 
successive limits of apparent magnitude at optical wavelengths would lead to 
important conclusions about the nature of the astronomical universe. Observa- 
tions of this kind can be interpreted in terms of the uniform model universes of 
general relativity and the theoretical method of attack is known (MeVittie 
1956). The optical data, however, suffer from the defect that the apparent 
magnitudes of faint galaxies are very difficult to determine, and progress in this 
direction is likely to be slow. In contrast, the analogue of the apparent 
magnitude of a radio source can be measured with, relatively speaking, very 
great accuracy and speed. In the catalogues of radio sources published by the 
Cambridge (Shakeshaft et al. 1955) and the Sydney (Mills and Slee 1957) observers 
respectively, there are numerous sources classified as extragalactic. It is true 
that, whereas the flux density (equivalent to the apparent magnitude of an 
optical source) of such a source can be measured satisfactorily, it is not so easy 
to distinguish real from spurious sources as it is with an optical telescope. This 
is, of course, because of the as yet imprecise directivity of the radio telescopes 
employed. Preliminary as the Cambridge and Sydney catalogues may be, it 
is still worth while to work out the theory of the distribution in space of extra- 
galactic radio sources on the assumptions (a) that these sources are galaxies 
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of some kind and that the red-shift phenomenon applies to them even if they 
have not been identified with optical objects; (b) that the uniform model 
universes of general relativity provide the appropriate theory for the purpose ; 
(c) that the dispersion in intrinsic flux density of the sources, at each instant of 
cosmic time t (see equation (2.01)), is negligible. Clearly, (¢) is a bold assump- 
tion since, even amongst those sources that have been identified as colliding 
galaxies, the flux density of Cygnus A (I[AU 19N4A) observed at the Earth, 
is 100 times or more that of NGC.1275 (IAU 03N4A). Yet, from their optical 
red-shifts, the distance of the former object is three times that of the latter. 
In Section V a suggestion for removing assumption (c) is made. The theory 
will be presented in terms of observable quantities, flux densities, red-shifts, 
numbers of radio sources, ete., rather than in terms of the derivative concept 
of distance. Though the procedure may seem roundabout, it avoids all the 
complexities inherent in the notion of the distance of an object whose red-shift 
may be large and which is located in a universe the nature of whose geometry 
is not known a priori (McVittie 1957). 


The analysis of the spatial distribution of radio sources is less complicated 
than that for optical sources because the former have a relatively simple spectral 
-energy distribution function. The flux density from a radio source is usually 
given in watts m~? (c/s)-! and, if v is the frequency, the amount of energy 
crossing a unit area in unit time at the point of observation, in the infinitesimal 
frequency interval | dv| is proportional to v*| dv| where the spectral index « 
is a number lying between —0-6 and —1-0 (Ryle 1955). It is true that recent 
work by Adgie and Smith (1956) indicates that, for Cygnus A, x varies with the 
frequency between these limits. Nevertheless we shall assume that w# is a 
constant. Converting to wavelength, this flux is therefore 1—*—2dA, which it is 
convenient to write as 


so that p is a number lying in the range 0>p>—0-4. 


II. UNIFORM MODEL UNIVERSES 
In this section we shall summarize various results on uniform model universes 
that will be needed. The proofs will be found in the relevant sections of ‘‘ General 
Relativity and Cosmology ” (McVittie 1956 ; hereinafter referred to as GRC). 
The metric is (GRC Section 8.2) 


R®(t)(dr? +-r2d 02 +r? sin? 6d¢?) 


ds? =di#2 
p72 =-d) (1 -pler?/4)2 gy] ates 


where s, t have the physical dimensions of time, r, 0, 9 are dimensionless spatial 
coordinates, & has the dimensions of length and is an undetermined function 
of t, and k, the space-curvature constant which determines the nature of the 
geometry, can be made to have the values +1, 0, or —1 by a suitable choice of 
the unit of r. It is convenient to locate the observer 0 at r—0 and to assume 
that all his observations are made at the same instant ft. The gravitational 
effects of the distribution of galaxies are idealized by replacing the galaxies 
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by a continuous perfect fluid of density e and pressure P where (GRC (4.225), 
(8.210), (8.211)) 


8nGp=3(ke? +R)/R2—A, oo. eee ee eee (2.02) 
8n@P/c?= —2R"/R—(R'/R)?*—ke?/R2+A, .... (2.03) 


a prime denoting a derivative of R and A being the cosmical constant. Thus 
the distribution of perfect fluid is spatially uniform because e and P depend on 
the time alone, apart from constants, and it is in this sense that spatial uniformity 
is to be understood in a theory based on (2.01). 

Sources of radiation are defined (GRC Section 8.4) to have world-lines 
along which t=s and r, 6, g are constant. A source P; located at r=r,, emitting 
radiation at time t; which reaches O at time t, has 7;, ¢; connected by (GRO 


(8.409)) 
to - dé 0 dr 
e| Ri) ae 1p hr?/¥’ ee eee eee oe (2.04) 


ti 


an equation derived from the motion of the light ray. The red-shift in the 
spectrum of the radiation from P,, as observed at O, is (GRC (8.412)) 


Bas Role tae ge ee 1, (2.05) 


where R(t.) =A, R(t;)=R,; Here 6=dad/a, where A is the wavelength of the 
radiation received at O, the wavelength of emission at P; being 4;. Since the 
red-shift is common to all lines in the spectrum of P; (Lilley and McClain 1956 ; 
Minkowski and Wilson 1956), we have also (GRC (8.601), (8.602)) 


ere eye a et Fee (2.06) 


The distance between O and P; depends partly on the operational procedure 
that is used to measure it and is not an absolute quantity as in classical theory 
(GRC Section 8.5). In cosmology the type of distance normally employed is 
luminosity-distance D, which is such that the intensity of the radiation from a 
source falls off as the inverse square of D. It can be proved that for a source 
such as P; (GRC (8.517)) 

Ror, 


eet hr?/4)° 


The total number of sources P; that have r-coordinates in the range 
0<r<r, is (GRC (8.702)) 
Se ras 


Oy oe (EE rd)” 


where « is an absolute constant and 1/Q is the fraction of the whole celestial . 
sphere over which the observer O counts the sources. This result depends on 
the assumption that each source has fixed (r, §, ) coordinates but it does not 
imply that each source radiates in exactly the same way. Since each rin the 
integrand of (2.08) is connected with the corresponding time of emission by 
(2.04), it follows that the formula for N makes allowance for the different 
times of travel to O of the radiation from the sources in each successive shell 


AA 


N 
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centred at O. Thus, since the distribution of sources is changing its scale with 
time while remaining similar to itself, the number N will not correspond to that 
in an instantaneous picture of a ‘ uniform ” distribution of sources at rest in @ 
Buclidean space, even if k=0, which is the condition for a space of this kind. 

There are two ways of comparing the foregoing formulae with observation. 
The first is to pre-assign R as a function of t and also to pick particular values 
of k or of A, or of both these constants. This method usually employs the device 
of assuming a special form for P in (2.03) and determining # from the resulting 
differential equation. Examples will be found in the work of Hoyle and Sandage 
(1956) or of Shakeshaft (1954); the second author, apparently influenced by 
the creation of matter theory of Bondi and Gold (Bondi 1952), presupposes 
that R is an exponential function of t and that k=0. The second method is 
to use the observations themselves to determine, as far as possible, R(t) and 
the constants k and A. It will be used here and it depends on the assumption 
that R(t;) can be expanded in a Taylor series in terms of the time of travel, 
tj—t,, of the radiation from the source to the observer (GRC Sections 9.1 and 
9.2). Elimination of the time of travel between (2.04), (2.05), and (2.07) 
will then give D as a power series in 56 (GRC (9.210)), namely, 


c h 
D=pa(1+38+- . 2 Sie) n, os eae. were (2.09) 


where 
hy=Ro/Ro, h=(hithe)/h, he=Ro/Ro, -... (2.10) 


and a subscript denotes that the functions are evaluated at t=t,. Inverting 
we have 


$= 3D(1—5hsDlo) +. ). ee Pel (2.11) 


In a similar way it follows that (GRC Section 9.3) 


Ara h 2 @ 
N= D138 Dio) 8( 2 ae ee 2 
ae | (hD/e)+ ( ote ap) UPI as 4, 
et ae eee Te (2:12) 
where 
GHA RG. (Ri ee ont Ga. eee (2.13) 


It is to be noticed that the coefficient of each successive term in these expansions 
involves a higher derivative of R, evaluated at the instant t, than the preceding 
one. The formula (2.12) gives, of course, the number of sources whose 
luminosity-distances do not exceed D. 

Observations of the red-shifts of galaxies versus their apparent magnitudes 
in the optical range yield numerical values of the Hubble parameter h, and of 
the acceleration parameter h,, essentially through fitting the data to formula 
(2.09) (Humason, Mayall, and Sandage 1956 ; McVittie 1957). For our present 
purpose, the numerical value of h, is happily not required; it lies between 
8-75 and 4-64 10-18 see-1, according to the method of interpretation of the 
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data that is ee ployed (McVittie 1957). The value of h, is still more uncertain ; 
if we write hy=—Qohi, the number q is given as 2°5-+1 by Hoyle and Sandage 
(1956), whilst MeVittie (1957) concludes that 2°7<q)<5-6. Thus in (2.10) 
we write 
es Ct ee (2.14) 


where q is likely to be greater than 1-5 and less than 5-5. Incidentally, the 
Bondi and Gold creation of matter theory requires that d= —1 (Hoyle and 
Sandage 1956) and therefore this theory does not apparently agree with the 
presently available optical data on red-shifts. Again, if 9), P) denote the values 
of the density and pressure at time tf), it is usually accepted that P,/c? is negligibly 
small compared with p,. Thus by (2.03) and (2.14) 


ASS gp FIM OK RG, 2.08 (2.15) 
and then (2.02) becomes 
AnGpo=(dot1)hi+ek/Re. .........00- (2.16) 
It therefore follows, since p9>0, that 
Cpe SW) era) 5) ie a ea SN (2517) 
It should be remarked that the equation 
ck /Ro=(2qo—1)hi 


found by Hoyle and Sandage (1956) is not so much a consequence of the observa- 
tional data as a result of their a priori assumption that A=0. 


III. THE NUMBER OF RADIO SOURCES 

We shall convert the formula (2.12) into one involving the limiting flux 
density from a radio source corresponding to the limiting luminosity-distance D. 
The first step is to connect the flux density S, of a radio source lying in the shell 
of radii r;+dr and 7; with its luminosity-distance D;. The assumption will be 
made that, for an observer at unit distance from the source and observing the 
radiation shortly after its emission, the flux density in the infinitesimal range 
da, of wavelength is, by (1.01), 


GSN GP Rt dn aoc. TA toate: (3.01) 
C and p being functions of 5; which can be expressed as 
(8) =OH(14- 08:1 +, a Slane (3.02) 
r3)—Pa +p 5:-+ 2202+. ); Ye ae (3.03) 
where Cy, ©;, Co. .- and po, Pi; Poy. - - are constants. Here 3; is to be 


regarded as a replacement for the time ¢; of emission of the radiation. Thus 
the flux density is the same for all sources with the same r; but may differ for 
different r;. In view of the remarks made in Section I, it will be assumed that 


et io tle, vtech ase clokay (3.04) 
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The fiux density in watts m-2 measured at O in the range 2’ to ’ of observed 
wavelength is, by (2.06) and (3.01), 

je oy 

SB 
where o(A) is the “ extinction factor ’ which allows for the imperfect recording 
by the apparatus of the incoming energy. Dropping the subscript 7 and 
assuming that o(A) is approximately constant over the range of integration, 
we have 


- 
| o(A)AM(S) “1A, 
a 


C(d)o 
~ D*(1+8)?®p(8) 


In this formula there occur the constant C, of (3.02), which depends on the 
strength of the source as this would be measured at unit distance from it shortly 
after the time of emission of the radiation, and the luminosity-distance D of 
the source from the observer. Neither of these quantities is, in general, known 
for a radio source whose flux density is measured. For a given flux density 
the source may be weak and nearby or strong and remote. Following the 
practice of optical astronomy, where the flux density corresponds to apparent 
magnitude, we introduce the analogue of absolute magnitude. To this end 
it will be supposed that a typical, or standard, source has been found whose J, 
denoted by J,, has been measured with the same apparatus and which also has 
a known red-shift, 5,. This standard source is presumed to have the same 
constants, Cy, C1, Co,. . . and Po, Pi, Po, - - - , aS have the other sources that are 
being studied. Denoting quantities referring to the standard source by the 
subscript s, we have 


I O(8) (1+8,)7@s) p(d,) APO) —276) D® 


a 


(28) — 7.78), 


ier ress AY 
I, O(8,) (143)? p(d) xPGI—API D2 Se 
If 8, S, are the flux densities in watts m-? (c/s)! then 
tf Thn 
a jaye ay 
and so 
S/S = 17 = ake tat, eee (3.06) 


for the same range of wavelength for the standard source as for the other. 

The factors on the right-hand side of (3.05) will now be expanded in power 
series in 6 and in 8,, except for the factor involving the ratio of luminosity- 
distances. It is convenient to do this for In (Z/I,) in the first instance, and we 
find, after some calculation, : 


C(s 
In Gg = C1 —B) + (Cx CH) (29) /2 +. a 
1+8.)P(s) 
1 ay —Pol8—8,) —Pal2P1 —1)(8?—82)/2—. ay 
oe 2 
in PB) p(s) PF ge _ ah) — . 


XPS) —jv(8) ‘ - 
X78) 796) = !1(8 —8,) + (ly 4) (8? —85)/2 +." ., 
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where 
Po(In x ) —)Po (In A) 


ees 0 Oe are 5 erg ad 
12={PoPo(APo(In A’) —APo(In A) + (3.07) 
P2p2(APo(In A’)? —AP0(In A)2)}/(A’Po—AP). 
Thus (3.05) is 
n (Z/I,)= —2 In (D/D,) —2b (8 —8,) +b,(3?—35) +. . ., 
where 
PT et Dy Gye ly 20 std n te poses eke tes (3.08) 
(95 PPP Po — C1 +-0,— F1)/2. es. (3.09) 


Hence it follows that 
D exp (b,5 —b,5?/2) =D, exp (b,5, —b,8:/2) . (I,/1)3,  .. (3.10) 


where the exponentials are to be expanded to the order 5? or 84 only. Define 
a variable y by 


y=(,/1)*D, exp (b,5,--b 99,/2) 
EA PED) Ue 2 (be ba) ala); 02 «a + teehee (3.11) 


and then (3.10) is 

Jere hr Sine iy hee ae ee Ce eae (3.12) 
But now by (2.11) we obtain 

y=D{1 +b, (h,D/c) +(bj —b,—b,h)(h,D/e)?/2+. . .}, .. (3.13) 
and so inverting this series by successive approximations 

D=y{1 —b, (hye) + (303 +b, +0, h)(hy/e)?/2+. « 3}, «- (3.14) 


which expresses D as a power series in the ratio of flux-densities parameter y. 
Introducing the constant A by 


4ma 


104 =—"_ Di{1 +b 43, +(b b,)d2/23 
30R: {1+ + (bi —b,) 34/2}, 


and taking the logarithmic forms of (2.12) and (3.14), the number of radio 
sources with flux density ratios up to y are given by 


In N=In 104 +3 In (J,/1)? —3(1 +0,)(hyy/c) +3b3(hyy/e)?+. . ., 


or, if H=In10=2:-303, 


log N=A +3 log (7) — gta +x (hay/e) —ba(hyy/e)2+. . .}, .. (3-15) 
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where, using (2.13) also, 


=440i 40, +b, + dh 1 +b) +75 Tae 


The non-logarithmic form of (3.15) is 


N=104(L,[1)°[1 81 +05) (hay ylc 481045 (1-+4b,)? ‘yle)? +. |: 
a fee eh, 


and (3.15) and (3.17) are the final forms of the formulae for log V and for V 
respectively. 

In actual computations, the relation (3.06) is used to calculate (,/I) 
through the flux densities measured in watts m-? (c/s)-!. Terms in h,y/e may 
be computed from (3.11), (2.09), (2.14), and (3.06) which give 


h,y/c=(S8,/S)*8, (first approximation), .............. (3.18) 
= (S8,/8)*5,{1 +(2b, —q)+1)8,/2} (second approximation). | 
e-ieie eer aes (3.19) 


Again, if equation (3.10) is multiplied by h,/e and (2.09), (2.14), and (3.06) 
are used, we obtain 


8,{1 +(2, —q9 +1)8,/2}(S,/S)8=8{1 + (2b; —qo +1)8/2+. . .}, 


an equation that can be used to calculate the red-shift 5 corresponding to S. 
But this is possible only if the series that have been employed are rapidly con- 
verging and this need not be so if 6 is large. In this connexion, it should be 
noted that in special and general relativity the relative velocity of source and 
observer tends to ¢ as 6 tends to infinity (Dingle 1950). This is in contrast to 
the classical case where a relative velocity ¢ corresponds to }=1. 

If all terms on the right-hand side of (3.15) after the second are omitted, 
and (3.06) is also used, we obtain 


log N=B—3/2 log 8S, 


where B involves S,, D,, and 5,. This equation states the “‘ —3/2 law’ for the 
distribution of radio sources provided that it is assumed that the standard 
source is the same for all sources, i.e. that its flux density does not depend on 8. 
The omission of the terms in (3.15) is justifiable in two quite different ways. 
Firstly, it may be supposed that h,y/c, h.(y/c)?, etc. are negligibly small, which 
means that the red-shifts and the other parameters involving the motions of 
the sources are regarded as being small. In addition, as the last term of (3.16) 
demonstrates, powers of ky?/Ré are to be regarded as negligible. This is equi- 
valent to asserting either that k=0 (Euclidean space) or, if k equals +1 or —1 
(spherical or hyperbolic space), that the square and higher powers of the ratios of 
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the luminosity-distances of the sources to R, are small. Thus this method of 
obtaining (3.21) from (3.15) implies that the sources are all, cosmically speaking, 
near to the observer and so moving slowly in a model universe (2.01) where Ro 
is large. 

But there is a second way in which the ‘‘ —3/2 law” can be obtained. It 
has already been noticed that, in the infinite series such as (3.12) or (3.15), 
the coefficient of each successive term contains a higher derivative of R, calcu- 
lated at the instant ¢, than the preceding one. Of these derivatives, the first 
and second are determinable from the presently available data on optical red- 
shifts and both these derivatives occur in the coefficients of the second-order 
terms of the series. Thus one of these series could be selected and the coefficients 
of the third and higher order terms could be equated to zero by a suitable choice 
of the third and higher order derivatives of R. In addition, in either (3.15) 
or (3.17), the coefficient of the second-order term could be made to vanish 
by a suitable choice of the constant ¢?k/(10R3h7), provided that the condition 
(2.17) were not thereby violated. Thus a ‘ first-order log N model universe ” 
will be defined as one in which, by a suitable choice of the derivatives of R 
combined with b,=0, formula (3.15) becomes exactly 


log N= +3 log (I,/I)3— a LD huiciee eee (3.22) 


and a ‘‘ second-order log N model universe ”’ will be one in which the formula 
becomes exactly (b,+40) 


3 
log N=A +3 log (I,/1)!—3(1 +, )(hyyle)+-2(hiyle)®.-- (3-23) 


Similarly a ‘‘ first-order V model universe ”’ would be one in which (3.17) would 
reduce exactly to 


Neel 04(F IT 2 —3 bh yjely Goownuc ves cas (3.24) 


with a corresponding definition for a second-order N model. This reduction 
of one series to a simple form does not also reduce all the other series to a finite 
number of terms. For example, in a first-order log N model (6,=0), though 
(3.15) has become (3.22), it does not follow that the coefficients of the terms 
of order greater than the first in (3.17) vanish also. Now suppose that, in a 
first-order log N model (3.22), it turns out that the constant b, is approxi- 
mately equal to —1. Then this model will also reproduce the ‘‘ —3/2 law” 
(3.21) even though the red-shifts of the sources may be large and the constant 
R, not necessarily large. These two ways of obtaining (3.21) indicate that 
the observational determination of a ‘“‘ —3/2 law”’ for a set of sources tells us 
by itself very little either about the nature of their motions relative to the 
observer or about the curvature of space. 

In a first-order log N model, b,=0, and so the formula for determining 
the sign of k is, by (2.14) and (3.16), 


ok /R2=5hi{(1 +-b,)qo—2 —2bi —3b, —b,}, .-.--- (3.25) 
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and then by (2.15) and (2.16) we also have 


A={(3+5b)q)—9 —10b3 —15p,—5b,}hi, .. (3.26) 
AmGoy—={(6 +5b,)q)—9 —10b; —15b, —5b.}hi, .. (3.27) 


from which the value of the cosmical constant and of the present value of the 
density could be calculated given h,, 6,, bs, and gq. Since the density must be 
positive we must have 

(6 4255 )d5— 100; 150; 5D, Oe ee oe (3.28) 


By (3.06) and (3.11), log y~? differs from log S only by a constant, and so 
from (3.15) we find that 


dlog N_ dlog N y dinN 
9 


dlog S dlogy2 dy 
3 : 
=— 511-1 +b,)(hry/e) +2b3(hyy/c)? +. - sf. ++ (3.29) 


Thus the terms in this power series are proportional to those of the series in 
(3.15). Hence, in a first-order log N model using (3.06) and (3.18) also, 


dlogN 3 \ 
aioe ts jt LED OASIS) 3}. we ean kien see ee (3.30) 


IV. COMPARISON WITH OBSERVATION 
At the present time the observational data that could be used in combination 
with the foregoing formulae are of a preliminary nature. Nevertheless it is 
useful for illustrative purposes to discuss them and we begin with those of Mills 
and Slee (1957) on counts of radio sources of Class II (extragalactic), which we 
reproduce in columns 1 and 2 of Table 1. As Mills and Slee point out, the 


TABLE 1] 


OBSERVATIONAL DATA, CLASS II SOURCES (MILLS AND SLEE) 


Range of S No. of Sources Limit of N 
Category (W mis*(e/s)s4) in Range S 

(1) (2) (3) (4) 

(a) OD aL Ome 42 PoclOmss 311 

(6) 10—- 19-9 ia, 10 269 

(c) 20-— 39-9 68 20 92 

(d) 40- 79-9 19 40 24 

(e) 80-159-9 5 80 5 


weakest category (a) is very incomplete and the strongest category (e) is probably 
statistically deficient. In column 3 are given the lower limits of the ranges of 8 
in the Mills and Slee catalogue, the Class II sources are, unfortunately, not 
separately indicated but, taking all sources, galactic and extragalactic, it seems 
likely that 7 x 10-?6 W m-? (¢/s)-1 is the lower limit for category (a). In column 4 
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are the cumulative totals for the sources listed in column 2. Suppose that we 
wish to interpret the data in columns 3 and 4 by means of a first-order log NV 
model. With the aid of (3.06) and (3.18) we can write (3.15) as 


A~5483,(5,|8)*}b, =log N —8 log (8,/8)!+23,(8,]8)...... (4.01) 


To make use of this formula, however, a standard source must be selected and 
this will be done in two different ways as follows. 


(a) NGC 1275 (IAU 03N4A) as Standard (Mills and Slee) 
- Let it be assumed that all the Class II sources have, on the average, the 
same O(5) and p(d) as this pair of colliding galaxies. The optical red-shift is. 
§,=0-018 (McVittie 1957) and the flux density measured with the Sydney 


TABLE 2 


NGC 1275 As STANDARD (MILLS AND SLEE) 


Category S N log N (S/S)? | 3 log (S,/S)2 =3,(8,/5)! 
(a) TX A1O=26 311 2-49 5:86 2-30 0-14 
(b) 10 269 2-43 4-90 2-07 0-12 
(c) 20 92 1-96 3-46 1-62 0-08 
(d) 40 24 1-38 2-45 107 0-06 
(e) 80 5 0-70 1:73 0-72 0-04 


instrument is S,=240 10-2 W m-? (c/s)-! (Mills 1952). The relevant items. 
in the computations of the terms involving S and WN in (4.01) are shown 
in Table 2. The equations of condition for A and b, are shown in Table 3. 


TABLE 3 


EQUATIONS FOR A AND 6, 


Category Equation A for 6, =—0:1 | A for db; =—1-12 
(a) A—0- 14196, =0- 3321 0-32 0-17 
(b) A—0-1187b6,=0-4782 0-47 0-35 
(c) A—0-0839b, =0-4289 0-42 0-33 
(d) A—0- 05936, =0- 2723 0-27 0-21 
(e) A—0: 04206, =0- 0252 0-02 —0:02 


A least squares solution of equations (a) to (d) indicates that A=0-27 and 
b,=—1-12 and therefore (4.01) becomes 


log N=0 275 log (S/S,) +0-003(S,/8)!, .... (4.02) 


which is shown in graphical form as curve Tin Figure1. The physical significance 
of this result will be discussed below. If we assume that b,=——0-1, and that. 
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log N=1-0 corresponds to log (S,/S)=0-5 (point X of Fig. +) then, in place of 
(4.02), we find 


log N=0-29—* log (S/S) —0-022(8,/S)#, .... (4.03) 


which gives the curve II of Figure 1. In Figure 1 the points for categories (a) 
to (e) are shown for the values of S/S, deduced from the fifth column of Table 2. 
As was to be expected, the category (e) does not fit either curve satisfactorily. 

In view of the uncertainties in the data it would be difficult to assert that 
either of the curves I or II is to be preferred to the other. Since, for curve I, 
b, lies fairly close to —1, the formula (4.02) closely mimics the ‘‘ —3/2 law ”’ 
(3.21) and indeed this is the reason, on the present interpretation, why Mills 


3°0 


LOG N 


° 
-1-75 -1°5 -1:0 -O-5 ° 
LOG (s/Ss) 


Fig. 1.—Plot of log N against log (S/S,): Sydney catalogue with 
NGC 1275 as standard source. 


and Slee regard their data as in accord with this law. But from the physical 
point of view the two curves have widely different implications. Considering 
curve IT first, for which b, = —0-1, it is to be noticed that, if there are no secular 
changes in the radiative properties of the sources, then in (3.02) and (3.03), 
C and p are simply the constants C, and p,. Further, by (3.07), (3.08), and 
(3.09), it follows that 


by = beep (0.0 ee een ae (4.04) 


and therefore, by (3.04), 0>b,>—0-2. Thus curve II, or formula (4. 03), 
represents the case of no secular changes in the radiative properties of the sources. 
‘The condition (3.28) for the positiveness of the density is verified for the range 
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0>b,> ie ‘2 and b;=b,, provided that qjy>1-5. The space-curvature constant 
& has an indeterminate value in this model, since we have from (3.25) 


@k/Ro—6h(0-8q,—1-28), if 6,—b,——0-2, 
=5hi(q)—2), if b,=b,=0, 


and therefore k depends critically on the value of q, that is adopted, in the range 
1-5<q<5-5. Assuming that 3 can be calculated from the first approximation 
to (3.20), it follows that the red-shift for the weakest sources (a) of Table 2 is 
of the order of 0-1, i.e. that their distances lie between that of the Corona Borealis 
($=0-07) and of the Bodtes cluster ($=0-13) of galaxies. 

Turning next to curve I, or formula (4.02), it is no longer possible to avoid 
the hypothesis of secular changes, since (4.04) is inconsistent with (3.04) 
when b,=—1-12. The simplest interpretation is now to assume that p is 
independent of 5, and therefore equal to ,, and that C is a linear function of 5. 
This means that, in (3.02) and (3.03) 


n 


C40, (=o (n=—2, 3; 
p,=0 hl, 2 


and therefore, by (3.07), (3.08), and (3.09), 
b= (po O)/2, 26, (0, —0)) 2 ose ee (4.05) 


For the sake of definiteness, let p, have the mean value for the range (3.04), 
namely py>=—0-2. Then b,=—1-12 and (4.05) give 


COE Eg 1) Naso Ra 8 Oe eee (4.06) 
Thus ; 
0(3)=C,(1 +2 -048), 


and therefore, even for 5=0-1, C/C, is 1-2 which would mean that even the 
strongest of the sources of Table 2 were, at the moment their radiation left them, 
emitting some 20 per cent. more powerfully than is NGC 1275 at present. Since 
the time of travel of the radiation from a source for which }=0-1 is of the order 
of 400 million years, it would be necessary to suppose that colliding galaxies 
of the type of NGC 1275 were subject to a very rapid—cosmically speaking— 
attenuation in their radiative properties. 

The condition (3.28) for b, = —1-12, b,= —2-18 is satisfied for any positive 
4; the space-curvature formula (3.25) gives 


@k/R3=5hi(—0-12q) +1 -03), 


a result which suggests, rather inconclusively, that k is positive for q) lying in 
the range 1-5<q,<5-5, so that space is spherical. 

The rapid rate of diminution in the strength of a source implied by curve I 
(formula (4.02)) seems rather implausible ; until observation definitely disproves 
it, it would be better to accept curve IT (formula (4.03)) in spite of the fact that 
it departs more from the ‘“* —3/2 law” than does the other curve. But secular 
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changes in radiative properties are avoided and all sources are regarded as 
similar to NGC 1275. All the 311 sources are relatively close to our Galaxy, 
even those of category (a) being less remote than is the Bootes cluster of galaxies. 
If they are all indeed NGC 1275 type galaxies it is ae that so few of them 
have been identified with optical objects. 


(b) Cygnus A (IAU 19N4A) as Standard (Mills and Slee) 
Alternatively let it be assumed that the radio sources of Table 1 have, 
on the average, the same C(5) and p(d5) as the pair of colliding galaxies called 
Cygnus A, for which (MecVittie 1957; Pawsey, personal communication 1957) 


S2=19,000 310-3" Wor 2 (c/s) 
5,=0-056, 
and that we again use a first-order log N model. We adopt (4.01) again and 


this assumes that (3.18) is still a valid approximation for h,y/c. Then Tables 2 
and 3 are replaced by Tables 4 and 5 respectively. 


TABLE 4 
CYGNUS A AS STANDARD (MILLS AND SLEE) 
1 1 3 1 
Category S N log N (S,/iS)2 | 3 log (S,/S)* Bs Ss/8)* 
(a) >< 1Onee Salil 2-49 52-10 5:15 3-80 
(b) 10 269 2-43 43-59 4-92 3-18 
(c) 20 92 | 1-96 30-82 4-47 | 2-25 
(d) 40 24 1:38 21-79 4-01 1-59 
(e) 80 D 0-70 15-41 3-56 1-12 
TABLE 5 


EQUATIONS FOR A AND b, 


Category Equation A for b,=—0-1 | A for 6b, =—1-07 
(a) A—3-801b,=+1:-143 +0-76 —2-92 
(b) A—3-180b,=+0-692 +0-37 —2-71 
(c) A—2-248b, =—0- 255 —0-48 —2-66 
(d) A—1-5906, =—1-045 —1-20 —2-75 
(e) A=1>1246,=—1°740 —1-85 —2:94 


A least squares solution gives A=—2-8, b,=—1-07 and therefore (4.01) 
becomes 


log Ne Sous log (8/S,) +0-005(8,/8)'. .... (4.07) 


If we choose 6, = —0-1 and make log N=0-75 at log (S/S,) = —2-375 (point X 
on Fig. 2), then (4.01) reads 


log W=~1-15—5 log (S/S,) —0-066(8,/8)!.  .... (4.08) 
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It is clear from Figure 2 that curve I, which represents (4.07 ), fits the data, but 
that curve IT (formula (4.08)) is quite unacceptable. Thus secular changes 
cannot now be avoided. Adopting the method that led up to (4.06) through 
(4.05), we now find that 

he Oe De POR me ne es ees (4.09) 


from which it is easy to verify that (3.28) is satisfied for all positive qo. From 
(3.25) we obtain 


@k/Ro= —D5hi(0-07q)-+0-10), 
a result which, again with very low weight, suggests that k is negative and that 


Space is hyperbolic. The values of (S,/S)? in Table 4 are now so large that the 


3-0 


2-0 


LOG N 


° 
-3-75 -3°5 -3-0 -25 -2:0 
LOG (S/Ss) 


Fig. 2.—Plot of log N against log (S/S,): Sydney catalogue with 
Cygnus A as standard source. 


red-shifts can no longer be calculated from (3.20); higher order terms would 
have to be taken into account. However, if in this formula we set 5,=0-056, 
b,=—1:-07, q=2°3, and (S,/S)*=5, we find =0-36, which almost equals the 
greatest red-shift ($=0-4) detected by Baum (1957) by photoelectric means. 
But even for the strongest sources (e) of Table 4, (S,/S)* is over three times as 
large as that needed to give 5=0-36. Thus one may speculate that the red-shift 
for these sources would be of the order of unity. With this interpretation of 
the data it is not to be expected that optical identifications of the radio sources 
would have been made. Since, by (4.09), 


O(3)=C,(1 +1-948), 


it follows that for 5=1-0, C/C, is nearly equal to three. Thus it would seem 
that even the strongest sources of Table 4 must be assumed to have been radiating, 
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at the time of emission of the radiation by which they are now observed, nearly 
three times as strongly as is Cygnus A. Hence we have in an acuter form the 
situation that confronted us when NGC 1275 was taken as standard source and 
Curve I of Figure 1 was taken as representing the data. 


(c) NGC 1275 (LAU 03N4A) as Standard (Shakeshaft et al.) 

In the Cambridge catalogue (Shakeshaft et al. 1955) the radio sources that 
are reckoned to be extragalactic are also not individually indicated. But it is 
possible to identify them by the prescription given, viz. they are the radio 
sources less than 20’ in angular diameter and lying outside the band of +12° 
in galactic latitude. The present writer’s analysis of the catalogue leads to 
the results displayed in Table 6 for the indicated limits of S and with the flux 


TABLE 6 


NGC 1275 As STANDARD (SHAKESHAFT ET AL.) 


| 
Category Ss N log N (S,/S)? | 3 log (S,/S)* =3,(8,/8)! 
(a) 7x 10-26 1601 3-20 4-80 2-043 0-116 
(b) 20 1108 3-04 2-84 | 1-359 / 0-069 
(c) 40 257 2-41 2-01 0-907 0-049 
(d) 80 29 1-46 1-42 0-456 0-034 
(e) 160 5 | 0-70 1-00 0-004 0-024 


density S,=161 x10-?° W m~ (c/s) + obtained with the Cambridge instrument 
for NGC 1275. The red-shift of this standard source is still, of course, 
§,=0-018. The equations of condition for A and b,, assuming that the data in 
Table 6 can be represented by (4.01), are 


(a) A—0-1162b,=1-2780, 
(b) A—0-0687b,=1-7545, 
(c) A—0-0486b,=1-5514, 
(d) A—0-0344b3=1-0412, 
(ec) A—0-0243b,=0-7192. 


A least squares solution gives 
A=) 9%," 0, == 007 me ea on a eee (4.10) 


and therefore (4.01) becomes 
3 
log N=0-97— = log (S/S,)+-0-098(8,/8)#, ...... (4.11) 


the graph of which is curve I in Figure 3. The observational points for the five 
categories of Table 6 are also shown on this figure. Curve II of Figure 3 was 


obtained by inspection, ignoring the observational point for category (a) 
it has 


? 


A=0*62) 4b, 419-46.) (4.12) 
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and its equation is 
3 
log N=0-62—; log (S/S,)+0-277(S,/S)?.  ...... (4.13) 


The enormous negative values of D, in (4.10) and (4.12) show that the 
Cambridge data imply, on the present interpretation, that the strength of the 
radio sources at emission greatly exceeds that of NGC 1275. If it is permissible 
to use (3.20) to calculate the red shift with 


b,=—5-06, q=2:3, 8,=0-018, 


then $ for category (a) again turns out to be of the order of 0-1 and we thus have 
even more rapid secular variations in radiative properties than were found in 


LOG N 


o-5 
-1:75 -1"5 -1-0 -O'5 ° 
LOG (s/Ss) 


Fig. 3.—Plot of log N against log (S/S,): Cambridge catalogue with 
NGC 1275 as standard source. 


Section IV (a) above. It hardly seems necessary to discuss the Cambridge 
data with Cygnus A as standard source, since still smaller values of b; would 
be expected to arise. 

The upshot of this discussion of the Sydney and the Cambridge data is 
that, if a first-order log N model is used together with the hypothesis that the 
radio sources were radiating more powerfully in the past than they are now’ 
doing, the former can be made to fit the “‘ —3/2 law”. If the standard source 
is no more powerful than is NGC 1275 at present, the hypothesis of intensified 
radiation in the past can perhaps be discarded (curve II, Fig. 1). But the 
hypothesis must be retained in an acute form for the Cambridge data, even if 
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NGC 1275 is the standard source. Indeed it is better to conclude that the 
present theory is hardly applicable to the Cambridge results at all. 

It is also worth remarking that, when b,<—1, equation (3.30) indicates 
that the slope of the log N versus log S curve decreases from the value —3/2 
as soon as (S,/S)? becomes sufficiently large. This effect is barely noticeable 
for the curves in Figure 3 and is much less pronounced than for the curve drawn 
by Ryle and Scheuer (1955) through the observational points of Figure 3. This 
curve has a slope of about —1-5 for the strongest, and of —2-5 for the weakest, 
sources. 


V. ALTERNATIVE TREATMENTS — 

In the present paper the observational fact that the counts of radio sources 
follow a ‘‘ —3/2 law ”’ has been interpreted by assuming that the space-density 
parameter « of (2.08) is constant but that secular changes in the radiative 
properties of the sources are taking place. The following variations on the 
treatment suggest themselves. 

(a) The space-density of radio sources is determined by the parameter « 
in (2.08). This must be distinguished from the gravitational density of matter 
which, for a model universe (2.01), is given by the quantity o of (2.02). The 
latter is a function of the time ¢; the former has been assumed to be a constant. 
But it would be possible to suppose that « also was a function of ¢ and to include 
a(t) under the sign of integration in (2.08). If this were done, each value of t 
in the integrand of (2.08) would be related to a corresponding r by the null- 
geodesic equation (2.04). Using the method of expansions for the function 
a(t) in the same way as has been done for R(t) (GRC Section 9.1), and then 
integrating the right-hand side of (2.08), a series expansion for V analogous to 
(3.17) would be obtained. The functions C and p in (3.01) could be regarded 
either as constant or as variable with time. A time-varying « would thus 
include the possibility that collisions between galaxies—assuming that the radio 
sources are indeed colliding galaxies—were more frequent in the past than they 
are at present. 

(b) Assuming again that « is independent of ¢, it would be desirable to 
take into account the dispersion in absolute flux density between the radio 
sources. The analogy here is with the dispersion in the absolute magnitudes, 
M, of galaxies. Since the absolute flux density of a sufficient number of radio 
Sources is af present unknown, the analogue of the optical luminosity function 
is not available. However, some idea of what would happen if it were might 


be reached in the following way. Equation (3.15) can also be written in the 
form 


3 
log N=A'+3 log y— FX(1 +b,)(hiy/e)—ba(hyy/e)?+. . .}, .. (5.01) 
where 
A’ =log (47a/3QR9), 


and y is given by (3.11). Now suppose that the number of radio sources is not 
very large, as in the Mills and Slee catalogue, for example, in which there are 
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311. Assigning the numbers 1 to 311 to the sources it would be possible with 
the aid of a table of random numbers to arrange them in a random sequence, 
e.g. 123, 233, 32, 111, 301, 79, 302, 221, 17,. .. As an illustration, suppose 
we assert ecieaiks (had ee are fen pny as many NGC 1275 sources as 
there are Cygnus A sources. Then we could regard sources 123, SUL Liga ee 
as the Cygnus A sources whilst sources 233, 32, 111, 79, 302, 221,.. . would 
be NGC 1275 sources. In each class, the y for each source could be calculated 
by (3.11) assuming that J, and D, for the standard source of the class were known, 
and that its 6, were small enough to be neglected in (3.11). Counting cumulative 
totals of sources of both classes to suitable limits of y, the resulting data could be 
interpreted in terms of (5.01). The process could be repeated for various pro- 
portions of types of sources and with more than two standard sources. 


A weakness in a treatment of this kind lies in the fact that the luminosity- 
distances D, of the standard sources must be known. Whereas positive state- 
ments regarding the distances of, for instance, NGC 1275 and Cygnus A are to 
be found in the literature (e.g. Shakeshaft 1954), these values do not stand up 
to critical analysis (McVittie 1957). We may regard ourselves as fortunate if 
the uncertainty in the distances is less than a factor of two. The same objection 
applies to the determination of the proportions of standard sources of different 
types by estimates depending on the number of such sources per cubic parsec. 
Not only are the distances uncertain but the nature of space is also unknown, 
a spherical space containing a lesser volume for a given luminosity-distance 
than does a hyperbolic. 

Though methods (a) and (b) could be applied to the present data if the 
labour of the algebraic and numerical computations involved was thought to 
be worth while, such extensive work seems to be premature. An overriding 
preliminary is the harmonizing of the Sydney and Cambridge catalogues which, 
as the results of Section IV have shown, contain discrepancies so important 
that the two catalogues cannot be used together. Until this question is settled 
it seems profitless to embark on further elaborations of the theory given in the 
present paper. 
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A NEW ABSOLUTE METHOD OF HYGROMETRY 
I. THE GENERAL PRINCIPLES OF THE METHOD 
By R. G. WyYLIE* 
[Manuscript received March 19, 1957] 


Summary 


This paper is the first of two which give a detailed treatment of a new method of 
hygrometry. In this method an ionic single crystal is surrounded by the gas which 
is the subject of measurement, and the temperature of the whole is so adjusted that a 
very thin layer of saturated solution is formed on the crystal surface and is brought 
to a constant thickness as determined electrically. The temperature thus established 
provides a measure of the absolute humidity of the gas. 


In this first paper the general principles and theory of the method are dealt with 
and the observed performance is outlined. The method is compared with the con- 
ventional condensation method, the basic limitations of which are considered, and is 
shown to be considerably more accurate; it is also more convenient and can be at 
least as rapid in response. 


I. INTRODUCTION 

This paper is the first of two dealing with a new method of hygrometry 
which is quasi-absolute, accurate, and convenient to apply. The method has 
already been described in general terms elsewhere (Wylie 1955). 

This paper gives a general account of the method and its relationship to 
conventional hygrometric instruments and derives values for the sensitivity 
to be expected. The second paper will be devoted to an experimental study of 
the properties of a particular type of crystal element and the interpretation 
of the results. 

The design of practical forms of the hygrometer will be considered elsewhere. 


(a) Conventional Hygrometry 

A generally unsatisfactory situation exists in the subject of hygrometry, 
especially as regards precise absolute measurements. Apart from the use of 
inconvenient chemical methods requiring very careful technique, an absolute 
accuracy of better than 0-1 °C in the dew-point temperature can be obtained 
probably only with the dew-point hygrometer. No conventional method of 
hygrometry can provide either an accurate and rapidly responding instrument 
for general use or a convenient instrument of greater than usual accuracy for 
use as a standard. 

The present method of hygrometry is related to the conventional‘ condensa- 
tion method (dew- or frost-point method) and certain methods involving 
electrolytic conduction. These will consequently be considered here. 
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(b) The Condensation Method 

The conventional condensation method is based on the detection of a surface 
condensate of nominally pure water (or ice) by means of the light which it scatters. 
The condensate has a complex detailed structure and possesses complex thermo- 
dynamic and optical properties. Theoretical and experimental investigations 
of these properties have revealed that, far from being capable of an arbitrarily 
high accuracy as is often assumed, the condensation method is subject to 
significant fundamental limitations. In the case of a dew-point these result from 
the effect of the high internal pressure of a small water droplet on its vapour 
pressure and the vapour pressure lowering which extremely small quantities of 
water-soluble matter, present on the dew-condensing surface, can produce. 


It can be shown that a dew deposit first becomes detectable when the basal 
radius of the individual droplets is about 8x10-&cm. If the droplets are 
hemispherical, this corresponds to a vapour pressure increase of 1-5 per cent- 
and, at ordinary temperatures, to an observed dew-point about 0-2 °C too low. 
An effect of comparable magnittide but opposite sense would be contributed if a 
uniform concentration of sodium chloride of only about 6 x10~-§ g/cm? were 
present on the condensing surface. Such a layer of salt possesses a theoretical 
thickness of about 3 A, the interionic distance in the sodium chloride crystal 
lattice. If as is usual in practice the contaminant is not uniformly distributed, 
far smaller quantities can produce a marked effect. The practical significance 
of these facts is that dew-point measurements made using a really clean surface 
could easily be in error by 0-1 °C and that, in the usual case, where the amount 
of soluble contamination is sufficient to produce significant effects, not only can 
errors larger than this easily occur without the observer’s knowledge, but the 
dew-point temperature will not be sharply defined. This latter phenomenon 
was observed, although incorrectly interpreted, by Hixson and White (1938) 
when they attempted a particularly accurate determination of the dew-point 
under carefully controlled conditions. Its occurrence has been confirmed by 
the author. An observed frost-point can be affected by the elevation of the 
vapour pressure of small ice crystals which results from their surface-free ae 
but is unaffected by traces of water-soluble matter. 


A practical aspect which should be mentioned is that the sharp temperature 
gradient which exists between a condensing surface and the neighbouring gas 


represents a load on the cooling system and necessitates careful design of the 
means for measuring the temperature. 


Measurements made with a conventional condensation hygrometer could 


rarely be assigned an absolute accuracy of 0-05 °C with confidence. The attain- 
ment in practice of even a relative accuracy of this magnitude is not easy. 


(c) Devices depending on Electrolytic Conduction 
Humidity sensitive elements which employ a solid salt have been described 
by Todd and Bousfield (1920), Anderson (1922), and Fiene (1936). Anderson 
used his elements only in a qualitative way and the others presented no experi- 
mental evidence that a sharp change in the electrical behaviour of their elements. 
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at a definite relative humidity actually occurs. Indeed, Fiene has made claims 
which would indicate that he had observed only a diffuse change. 


The elements of Weaver and Ledig (1923), which were produced to avoid 
the disadvantages of those which had already been described and which involve 
an electrolytic coating on a glass surface, and the elements of Hickes (1947), 
which involve the impregnation of lithium chloride into a woven glass fabric, 
might both have been expected to provide a sharply defined transition humidity. 
The former elements actually provide only a continuous relationship between 
electrical resistance and humidity, whilst the latter provide a transition insuf- 
ficiently sharp to allow an accuracy much better than 1 °C in the dew-point. — 


Lichtgarn (1947) attempted to plot the electrical resistance of small ionic 
single crystals against relative humidity, with indifferent results. That he 
should have sought and apparently found such a one-to-one relationship is 
symptomatic of a general disbelief that the dissolution of a solid salt, as detected 
electrically, begins at a sharply defined relative humidity. 


The conclusions reached by previous writers show that their experiments 
have been complicated by effects due to surface and capillary adsorption, the 
surface tension of the forming liquid, and the presence of traces of soluble 
contamination. By the appropriate design of elements utilizing single crystals 
these effects can be reduced to such an extent that the phase change occurs over 
a humidity range corresponding to a range of dew-point of no more than a few 
thousandths of a centigrade degree. 


(d) The New Hygrometer 

The present hygrometer may be regarded as derived in principle from the 
condensation hygrometer by substitution of a water-soluble ionic single crystal 
for the condensing surface. The temperature is determined at which a very 
thin layer of saturated solution, formed on the surface of the crystal and observed 
by virtue of its electrical properties, is in equilibrium with the gas which is the 
subject of measurement. The conducting layer, unlike a deposit of dew or frost, 
is easily maintained in equilibrium with the gas. Since the layer possesses a 
plane free surface, its thermodynamic properties are practically identical with 
those of the bulk saturated solution. This is so even down to thicknesses of less. 
than 100 A. The change in electrical resistance with layer thickness follows a 
very simple law, whereas it can be shown that the optical properties of a dew or 
frost deposit are complex, involving gross hysteresis. 


The thickness of the conducting layer can be chosen arbitrarily within wice 
limits; this represents a valuable degree of freedom which has no effective 
analogue in the conventional condensation method, and provides a simple but 
stringent test for the presence of foreign water-soluble matter on the crystal . 
surface. If necessary, accurate results can be deduced when contamination is 
present by making measurements at two or more layer thicknesses. 
| An absolute accuracy of 0-01 °C can readily be attained. The accuracy 
is at present limited to about this level by factors which are believed to be 
technical rather than fundamental. The crystal element can be housed in a 
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truly isothermal environment and provision for the accurate measurement of 
temperature is easy. 

The method has a number of advantages over the conventional condensation 
method. Some of these are of a fundamental character, while others are 
essentially practical, such as the facility with which the operation can be made 
automatic by simple electrical means and the convenience with which measure- 
ments can be made on gases at very high pressures. 


Il. THE PHYSICAL BASIS OF THE METHOD 
(a) The Principle 
The term saturated solution will be used to denote a solution which remains 
just saturated irrespective of any variation of temperature. Also, with the 
neglect of deviations from perfect gas behaviour and smaller effects due to other 
causes, the ratio of the saturation vapour pressure of a solution to that of water 
will be referred to as the relative vapour pressure of the solution. 


The relative vapour pressures of saturated salt solutions generally depend 
little upon the temperature, whereas the relative humidity of a gas of constant 
composition changes markedly with temperature. Therefore, an equilibrium 
temperature usually exists at which the relative humidity of a particular gas is 
equal to the relative vapour pressure of the saturated solution of a particular 
salt. When a clean ionic crystal and a surrounding atmosphere of constant 
composition are cooled below the equilibrium temperature the surface of the 
crystal dissolves in water provided by the surrounding gas. If, once a surface 
layer of saturated solution has been formed, the temperature is brought to, and 
held at the equilibrium value, the thickness of the layer will remain constant 
except in so far as liquid is drained off by gravity or surface-tension forces. If 
the temperature is raised slowly from the equilibrium value, water evaporates 
from the layer and the solute grows back onto the crystal. 


Whereas, at ordinary temperatures, the ionic crystal is a good electrical 
insulator, the layer of saturated solution is a good conductor. Consequently, 
the presence of the layer and changes in its thickness may be detected by electrical 
methods. 

In the present hygrometer, which has been termed the “ electrolytic 
condensation hygrometer ”’, a single crystal of a stable salt is surrounded by an 
atmosphere of the gas the humidity of which is to be measured and the 
temperature of the whole is so adjusted that a layer of saturated solution, formed 
on the crystal surface, is of constant thickness as determined electrically. The 
gas is most conveniently cooled at constant pressure and will be assumed to be 
so cooled in all that follows. If the vapour pressure of water at temperature 7 
is denoted by p,(7’), and the relative vapour pressure of the saturated solution: 
expressed as a fraction, is S(7’), then, since the relative humidity at the equilibridil 
temperature 7’, is 100S(T’,), the partial pressure of water vapour in the gas, p, is 
given by 


p=S8(L,) vp, (fl j)a cee (1). | 
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The equilibrium temperature is always higher than the dew-point. Below 0 °C 
the equilibrium temperature is also higher than the frost-point unless it lies in 
the metastable zone just below the eutectic temperature of the water-salt system. 


(b) The Crystal Element 

Whereas with elements such as those of Dunmore (1938, 1939) a one-to-one 
relationship exists between electrical resistance and relative humidity, with 
those now to be described the electrical conductance varies, in principle, as the 
time-integral of the deviation from equilibrium. It is clear that this valuable 
property is not obtained with permeable aggregates of crystals or with thin 
deposits formed on an electrical insulator as described by Weaver and Ledig 
(1923). It has been found that suitably designed elements, utilizing single 
crystals, do in fact possess the integrating property with high accuracy. 

The surfaces of a single crystal may be regarded as impervious, or, having 
regard to the fact that the substance is interlaced with dislocation lines, practically 
so. The structure of the surface will depend on its history, and particularly the 


(a) 


Fig. 1.—Layer of solution on a cubic crystal (for explanation, 
see text). 


method of production of the crystal, but will undoubtedly be crossed by terraces 
and intersecting steps. It has been shown by Frank (1949) that surface defects 
are necessary if the crystal is to grow for small degrees of supersaturation of the 
surrounding medium. 

It has been found very desirable to extend the electrodes of a crystal element 
onto its actual conduction faces, in order to avoid detrimental edge effects. The 
origin of these can be understood by reference to Figure 1, which shows, consider- 
ably magnified, part of a cubic crystal bounded by (100)-like planes and with 
the edge rounded as could result from partial dissolution in a solvent. Clearly, 
a uniform layer of solution such as is shown in Figure 1 (a) cannot persist, because 
there is excess pressure in the region A due to surface tension. The actual 
equilibrium form, assuming the solution makes zero contact angle with the 
crystal, is as shown in Figure 1 (b). The area B has been denuded of liquid but: 
possesses an adsorbed layer. If the path of electrical conduction passes over 
such an edge, a substantial conductance can be maintained only if the temperature 
is held below the true equilibrium value so that a dynamical equilibrium is 
established, liquid being removed from area B as fast as it is being formed. 
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A similar situation exists in the neighbourhood of multimolecular steps or 
irregularities on an otherwise plane surface and for this reason the conduction 
faces should be habit faces for normal crystal growth from the aqueous solution. 
On other than habit faces etching could occur, especially with successive super- 
ficial dissolution and regrowth of the crystal. 


In general, the effect of surface tension forces is much greater than that of 
gravity. It is easily shown on the basis of the work of Caw (unpublished data) 
that the drainage under the influence of gravity of the layer from a vertical 
surface a few millimetres in height is, in the present context, entirely negligible 
for layer thicknesses of less than 5000 A, and hence for any thickness of importance 
here. 

It will be shown in the second paper that the most advantageous thickness 
of the conducting surface layer is about 200 A. At ordinary temperatures the 
corresponding resistance of the crystal element is of the order of 1MQ. A 
200 A layer can be reduced to half thickness very rapidly (certainly in less than 
1 sec) without the nucleation of new crystals within it. On the other hand, if 
an unduly thick layer is allowed to develop, the crystal must be dried slowly 
if the formation of large numbers of microcrystals and a consequent marked 
deterioration of performance of the hygrometer are to be avoided. In practice 
the formation of microcrystals on the actual conducting surfaces of a crystal 
is easily avoided. 

The properties of different crystal substances differ greatly as do the methods 
most suitable for the production of the corresponding crystal elements. In 
particular, hydrated substances are usually more soluble, have lower eutectic 
temperatures, and crystallize more conveniently from solution than anhydrous 
substances. The range of equilibrium temperature provided by any particular 
substance is from the eutectic temperature of the water-salt system to the 
melting point of the crystal, unless phase transitions, usually between different 
hydrates of the salt, intervene. Data for some useful crystal substances are 
given in Table 1. 

To indicate what is involved in producing suitable crystal elements, the 
preparation of elements of potassium chloride and calcium nitrate tetrahydrate, 
which are more or less representative, will be outlined here. It has been found 
convenient to use crystals which are roughly equiaxed and 2-3 mm in linear 
size.: 

Potassium chloride is anhydrous over the whole range from the eutectic 
point, at —10-65 °C, to its melting point of over 700°C. The substance is 
chemically stable and easily obtained in a sufficiently pure state, say, A.R. grade. 
It crystallizes in a cubic structure. Elements of accurate rectangular shape 
can be prepared by cleavage on (100) and equivalent planes. The (100) face 
is the habit face for normal growth from aqueous solution. The crystals 
may be coated on two opposite faces and just around the adjacent edges with 
gold or graphite. Gold may be applied in the form of leaf or by vacuum 
deposition. Graphite may be applied in colloidal suspension in ethyl alcohol 
either by brushing, using a soft hair brush, or by spraying, using an artist’s 
air brush. The finished crystals can be washed in pure ethyl alcohol if desired, 
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some care being necessary with those end-coated with graphite. As explained 
in the second paper, both freshly cleft and freshly washed surfaces of potassium 
chloride should be allowed to stand for some hours before being used for hygro- | 
metric purposes. 

Calcium nitrate tetrahydrate is stable from the eutectic point of the water- 
salt system, at —27-9 °C, to a hydrate transition point at approximately 42 °C, 
At the latter point a transition occurs in a simple way so that the crystal appears 
to melt to form a liquid of the same composition. In such a case, as the temper- 
ature approaches the “melting point” the solubility of the crystal tends 
practically to infinity; as will be seen below, the sensitivity of the present 
method of hygrometry then also tends practically to infinity. Efflorescence, 
which occurs with hydrated crystals at sufficiently low relative humidities, 
necessitates some precautions when using elements of this material. The 
substance can be crystallized from solution after dissolving A.R. grade calcium 
carbonate in pure nitric acid. The structure is monoclinic and the crystals 
exhibit no useful cleavage properties. The procedure which has been used to 
prepare the elements is to grow prismatic crystals of the desired thickness and, 
after breaking them into short lengths, to grind the broken ends flat and square 
to the prism axis using a rotating abrasive disk. They are best end-coated by 
spraying with colloidal graphite in ethyl alcohol suspension. Vacuum deposition 
of gold is obviously impracticable. The finished elements can be washed in 
pure propyl! alcohol. 


Ill. THE GENERAL FORM OF THE HYGROMETER 
(a) The Essential Components 

In order to achieve a high performance, the practical hygrometer must be 
designed carefully. 

Figure 2 shows diagrammatically two convenient general forms. These 
have in common an isothermal enclosure B which houses the crystal element C, 
an inlet heat exchanger HZ, by means of which the incoming gas is brought to the 
temperature of B before it enters the crystal cavity, provision for controlled 
heating, H, and cooling, R, and some means of indicating an electrical 
characteristic of the crystal, M,, and of indicating the temperature of the 
enclosure, TH. Although often only cooling or heating will be required, the 
provision of both is desirable, especially when the instrument is to be operated 
automatically. 

In the arrangement of Figure 2 (a), the isothermal enclosure is provided 
by a block of metal, preferably of silver or copper, which may conveniently be 
cylindrical and about an inch in size and which is thermally isolated by the 
insulation J. 

Cooling is obtained by passing a refrigerant directly through channels FL, 
cut in the metal or by conducting heat from the enclosure either along a slender 
metal bridge or across a narrow gas-filled space communicating with a cold 
reservoir. An electrical heater may be wound directly onto the enclosure. The 
resistance of the crystal element between suitable electrodes is the simplest 
electrical quantity of which to take account and is easily indicated on a meter 
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with the aid of a suitable circuit. To avoid polarization effects and the formation 

of impurities by electrolysis, alternating current is used, the magnitude of the 
current being such{that no significant heating of the crystal occurs for any desired 
resistance value. Currents of the order of 1 1A have been used. The temperature 
may be measured using a thermometer inserted in a well in the enclosure, or, 
better, using a resistance thermometer wound directly on the enclosure. 


The arrangement of Figure 2 (b), which utilizes a Dewar vessel, D, is capable 
of no less accuracy but is not nearly as amenable to automatic operation or to 
easy manipulation of the crystal element. The inlet heat exchanger may consist 


(a) (b) 


Fig. 2.—Two forms of the electrolytic condensation hygrometer. (a) Type 

suitable for automatic operation, (b) an easily improvised type. B, Isothermal 

enclosure ; C, crystal element ; D, Dewar vessel; H,, inlet heat exchanger ; 

H,, cooling channels; H, heater; HC, heater control; J, thermal insulation ; 

M_,, meter indicating an electrical characteristic of crystal element ; R, cooling 

cireuit ; RC, control for cooling ; S, gas inlet and outlet tubes ; 7'H, thermo- 
meter; V, heater power source. 


of a coil of metal tube #,. Cooling may be achieved either by passing a refrigerant 
through another coil immersed in the liquid or, if the liquid is sufficiently volatile, 
by bubbling a gas through it as shown. With this arrangement there is little 
disadvantage in using an ordinary liquid-in-glass thermometer. 


(b) Methods of Operation 
When the hygrometer is operated manually, the operations performed by 
the observer are largely analogous to those performed in using a visual dew- 
point hygrometer. The main differences are that the operator makes use of 
purely objective observations of the crystal-resistance indicator instead of 
attempting to observe visually the onset of condensation, and that equilibrium 
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between the gaseous and liquid phases may be established accurately and 
maintained. By adjusting the temperature judiciously within a range of about 
0-2 °C the crystal resistance may be brought to any desired value within a wide 
range; it is then easily maintained almost constant. 

The observer inevitably causes small and irregular variations of the 
temperature about the equilibrium value and consequently small variations 
of resistance about the chosen value. These are much diminished when, 
with experience, the observer pays almost equal attention to the temperature 
and resistance indicators. It is particularly desirable to observe both indicators. 
if the dynamical properties of the system are unfavourable, as when there is an 
appreciable lag in the temperature indication or in the communication of a 
temperature change from the enclosure B (see Fig. 2) to the element 0. This 
aspect will be considered in detail elsewhere where a double-loop controller 
will be described which takes account of the temperature of the enclosure as. 
well as the resistance of the crystal element. 

The hygrometer is easily operated semi-automatically or wholly auto- 
matically. In semi-automatic operation the temperature of the enclosure B is 
brought automatically to any value set by the observer, the resistance indicator 
still being observed visually. Provided that the temperature setting is not 
changed too rapidly, a one-to-one relationship between control setting and 
temperature exists and the equilibrium temperature can be located with accuracy 
and with ease. 

Wholly automatic operation is obtained when the temperature of the 
enclosure is controlled by the resistance of the crystal element. In this case 
the temperature may be continuously recorded. Details of apparatus capable 
of semi-automatic and automatic operation will be given elsewhere. 


IV. GENERAL QUANTITATIVE ASPECTS 
In order to appreciate and to be able to predict the behaviour of the crystal 
element, some properties of the conducting layer must be considered. 
quantitatively. 


(a) The Thickness of the Iiquid Layer 

In practice the layer thickness must be chosen between a lower limit which 
depends on the allowable systematic temperature error and an upper limit which 
is set by lag effects due to surface flow. For potassium chloride at ordinary 
temperatures, and for a systematic error of 0-01 °C the lower limit is about 100 ‘AG 
Irrespective of the origin of temperature errors with thinner layers, the correct 
generalization, for all crystal substances, is almost certainly expressed in terms of 
layer thickness. Consequently, when, in the following, a value of the layer 
thickness must be adopted, the value 100 A will be used. Results given in the 
second paper show that, even at this thickness, the layer may be regarded in 
all relevant respects as a continuous sheet of the bulk saturated solution. 


(b) The Diffusion of Salt through the Layer 
The layer changes thickness by taking up or losing water at its outer surface 
where some dilution or supersaturation must occur as a consequence. When the 


360 R. G. WYLIE 


temperature is constant at the equilibrium value, any non-uniformity of com- 
position in the layer disappears through diffusion of the salt in a time of the 


order of 
La $= PhD. coin a atx gs gid ecole alo (2) 


where d@ is the layer thickness and D is the appropriate diffusion coefficient. 
For salts in aqueous solution D is about 10-% cm?/sec, so that, for d=100 A, 
the time is of the order of 310-8 sec. Clearly the diffusion time will never be 
significant. 


(ec) The Rate of Transport of Water to and from the Layer 

If a temperature slightly different from the equilibrium value is established, 
a steady transport of water to or from the layer occurs in proportion to the 
difference between the water vapour pressure of the gas sample and that of the 
layer itself. As a first step in determining theoretically the sensitivity of the 
method, the transport rate per unit vapour pressure difference will be computed 
for conditions typical of the experimental work, namely, a linear crystal size of 
approximately 2-5 mm and a mean gas velocity in the crystal cavity of approxi- 
mately 9 em/see (flow rate 2-5 em$/sec). Since the gas adjacent to the surface 
layer may be regarded as being in complete equilibrium with that layer, the 
transport rate for a given vapour pressure difference is the same as for a free 
water surface. 


Because the transit time of the gas in passing the crystal is of the same order 
as the diffusion time corresponding to the width of the annular space surrounding 
the erystal the deduction of an accurate water vapour transfer coefficient is 
difficult. For present purposes this coefficient is best obtained from what 
amounts to an accurate extension of the Reynolds analogy, by making use of the 
psychrometer equation (Wylie 1949), which reduces the problem to the deter- 
mination of a heat-transfer coefficient. This gives the water vapour transfer 
coefficient f in the form 

S=(R-ADIAPLS onsen cs. eee (3) 


where h is the convective heat-transfer coefficient, h, is the radiative heat-transfer 
coefficient, Z is the latent heat of vaporization of water, P is the total pressure, 
and A is the usual p-ychrometer constant. The appropriate value of A is 
7-2 x10-4 (°C)-1. The value of A must correspond to zero flow of heat between the 
gas and the enveloping metal surface. For the present Reynolds number of approxi- 
mately 8 the value of h will be slightly less than 5-5 x 10-4 cal sec-! em-? (°C)-4 
and practically independent of the temperature (McAdams 1954). Substitution 
in (3) gives values for f, corresponding to atmospheric pressure, which range 
from 1-75 Xx10-® to 2-25 10-6 g sec! em-2 (mm Hg)-! for temperatures from 
—55 to +40 °C respectively. 


(d) The Theoretical Sensitivity 
The sensitivity of the method can be obtained from the vapour-transfer 
coefficient f and certain physical properties of the saturated solution, namely, 
its composition, density, and relative vapour pressure and the rate of change of 
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the relative vapour pressure with temperature. The percentage time rate of 
change of layer thickness, J, is given by 


T= (May 1008 94,0... fl. (4) 


where d is the layer thickness and b, a “ thickness factor ”, is the mass of liquid 
water necessary to dissolve the crystal substance per unit volume of solution 
produced. The quantity b is given in grams per cubic centimetre by 


Alte, (CELE An eee an (5) 


where ~« is the solubility of the crystal substance in grams per 100 ¢ of water 
and ¢ is the density of the saturated solution in g/em?. The vapour pressure 
difference Ap is given in terms of the deviation AT of the temperature from the 


equilibrium value by 


dad: 1 dS; 
hie _gp SL. Ww 
=F (8p,)AT= SPwi b, ar rg at NT ae sar ae (6) 


The quantities required for substitution in these equations are given in’ 
Table 1 for a number of salts and for temperatures. from 40 °C down to the lowest 
usable values. The specific conductivities of the saturated solutions are also 
given. The tabulJated values of the vapour transfer coefficient f and hence those 
of the sensitivity J, which is the percentage rate of change of layer thickness (or 
electrical conductivity) for a temperature deviation of 0-1 °C, relate to the 
conditions of crystal size and gas flow defined above. The values of J relate 
to a conducting layer 100 A thick. The tabulated resistance R, which also 
relates to a 100 A layer, is that of a cube-shaped crystal element which conducts 
on four faces. The table includes the difference between the equilibrium temper- 
ature 7, (given in the second column) and the corresponding dew-point 7’;. 
This difference may be plotted against T, to provide a convenient means of 
converting observed equilibrium temperatures into a conventional measure 
of absolute humidity. 

The eutectic temperatures, denoted by the subscript z, were determined 
using salts of analytical reagent purity and are in general higher than values 
given in reference books. The relative vapour pressure S at the eutectic temper- 
ature is simply the ratio of the vapour pressure of ice to that of water. The use’ 
of eutectic data in this way has been found to improve, over a wide temperature 
range, the accuracy with which S is known. S-values given for other 
temperatures represent an assessment of various published data in conjunction 
with the eutectic data. Except for sodium chloride, the tabulated specific 
conductivities are based on measurements made specially for the purpose. 
Other data given have been taken mainly from the International Critical Tables. 

Table 1 gives the electrical resistance at which the crystal element possesses 
a 100 A surface layer and the sensitivity to be expected at this layer thickness 
under the representative conditions defined in Section IV (c) above. The 
resistance is of a convenient order of magnitude. The sensitivity is seen to be 
considerable over a wide temperature range and to change with equilibrium 
temperature roughly in proportion to the vapour pressure of water. In the 
second paper it will be shown to be in satisfactory agreement with experiment. 
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The table may be used also to determine the percentage accuracy of the vapour 
pressure deduced from an equilibrium temperature of given accuracy. The 
percentage rate of change of derived vapour pressure with equilibrium temperature 
is simply 

100 dp,, 100 dS 


—__-— ____ 


Po dT “s aT’ a) ere) e) tee) w/e) el leNlelcel|6 Ne) cei Nels 


evaluated at temperature T,. The percentage rate of change of vapour pressure 
with dew-point, on the other hand, is given by just the first term in expression (7), 
evaluated at temperature 7. Since the second term in expression (7) is usually 
negative, and the first term decreases with increasing temperature, the significance 
of a given error in equilibrium temperature is less than that of an equal error in 
the corresponding dew-point. For example, for calcium nitrate tetrahydrate 
and an equilibrium temperature of 20 °C, the sensitivity of vapour pressure to 
equilibrium temperature is approximately 5-2 per cent. per °C and to the 
dew-point is approximately 6-7 per cent. per °C. 


(e) The Heat of Formation of the Layer 

The heat of formation of the layer, which tends to give rise to a difference in 
temperature between the crystal and its environment, may be regarded as 
made up of the heat of condensation of the water vapour taken from the gas 
and the heat of solution of the corresponding amount of crystal substance. The 
former preponderates greatly over the latter except in special cases such as that 
of calcium chloride hexahydrate at a temperature approaching the transformation 
or melting point at 30°C. In the more typical case of potassium chloride at 
0 °C, 1 g of water vapour condenses with the evolution of approximately 600 cal, 
dissolving about 0:3 g of salt with the absorption of 15 cal. 

While this heat can cause a considerable reduction in the sensitivity if the 
crystal is suspended in the crystal cavity, surrounded by gas, the effect can be 
made practically negligible by mounting the crystal in contact with an inner 
surface of the cavity. 


V. THE ACCURACY AND SPEED OF RESPONSE 
The accuracy and speed of response obtainable with the method depend 
essentially on the nature and extent of the deviation in behaviour of the crystal 
element from ideal behaviour. The observed behaviour will be outlined here 


Definitions and Units of Quantities given in Table 1.—x, The solubility of the crystal substance 
(g/100 g of water) ; p, the density of the saturated solution (g/em®) ; 1009/(100+-x), the thickness 
factor (g/cm); p,,, the vapour pressure of water (mm Hg); S, the relative vapour pressure of 
the saturated solution (ratio) ; 7',—T,, the difference between the equilibrium temperature and 
the corresponding dew-point (°C) ; (100/p,,).(dp,,/d7), the percentage rate of change of the vapour 
pressure of water with centigrade temperature ; (100/S).(dS/d7'), the percentage rate of change 
of S with centigrade temperature ; o, the specific electrical conductivity of the saturated solution 
(Q em)-1; R, the resistance in MQ. of a cube-shaped crystal element which conducts on four faces 
and possesses a conducting layer 100 A thick ; f, the vapour transfer coefficient for the typical 
conditions defined in the text (g sec-1 em-? (mm Hg)~1); J, the sensitivity of the method for a 
100 A layer and the conditions pertaining to tabulated values of f, given as the percentage change 
in electrical conductance per second per 0-1 °C temperature deviation. 
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on the basis of experience with elements of potassium chloride, sodium chloride, 
potassium iodide, sodium thiosulphate pentahydrate, calcium nitrate tetra- 
hydrate, and calcium chloride hexahydrate ; that of potassium chloride elements 
will be described in greater detail in the second paper. 

The behaviour of the crystal element is largely described by the answers to 
the following three questions : 


1. If a crystal element is subjected to a gas stream of constant composition 
and, by rapid manipulation of the temperature, the resistance is brought to a 
definite value, how must the temperature subsequently be made to vary with 
time in order to keep the resistance constant ? 

2. How does the ultimate temperature reached in the procedure of question 1 
depend on the resistance value chosen ? 

3. When the ultimate temperature has been reached at a constant resistance, 
how does the electrical conductance change if a small deviation of temperature 
is then imposed on the system ? 

For ordinary temperatures and to an accuracy of 0-1 °C very simple answers 
can be given. Within a range of at least two decades of resistance the answer 
to question 1 is that the temperature is found to have been brought to a steady 
value after a matter of seconds. This value is independent of resistance. If 
a temperature change of the order of 0-1 °C is imposed, the conductance is 
accurately proportional to the time-integral of the deviation. 


At an accuracy of 0-01 °C the answer to question 1 depends on the resistance 
and the immediate past history of the conducting layer. At ordinary 
temperatures the temperature becomes constant to 0-01 °C after a time which, 
depending on the conditions, may be as short as a few seconds or as long as an 
hour. Over a resistance range of a decade or more the ultimate temperatures 
are within 0-01 °C of the true equilibrium temperature. Probably the most 
striking characteristic of the method is revealed by the answer to question 3 : 
for resistances in a range of a decade or more the integrating property occurs 
even for the smallest temperature deviations studied (about 0-002 °C). 


Except in achieving the initial balance, the answer to question 3 alone 
decides the sensitivity and speed of response of the hygrometer. Admittedly, 
in manual operation it may be difficult to vary the temperature in such a manner 
as to keep the resistance almost constant when the humidity is changing, but in 
automatic operation this can be achieved while quite rapid humidity changes 
occur. The resistance range in which the integrating property is followed 
accurately even for the smallest temperature deviations is the same as that 
which provides ultimate temperatures differing negligibly from the true 
equilibrium value. 

It follows that an automatic hygrometer operating at ordinary temperatures 
can measure the equilibrium temperature to 0-01°C and follow changes in 
humidity very rapidly. In fact, the instrument can be made to respond with a 
time-constant of less than 1 sec. As the temperature decreases, the accuracy, 
expressed in temperature measure, becomes lower, as it does with the conventional 
condensation hygrometer. 
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VI. ConcLUSION 

Tonic crystal elements can easily be constructed with which the humidity 
of a gas can be measured several times more accurately than with a conventional 
condensation hygrometer. A hygrometer utilizing such an element operates 
In an analogous way to the condensation hygrometer, can be made at least as 
rapid in operation, and, if automatic forms are in question, is simpler. The 
difference in performance is attributable mainly to the difference in structure 
between the conducting layer in the present hygrometer and the deposit formed 
in a condensation hygrometer. Very little gas is necessary to obtain a good 
performance. The possibility of making observations at different resistance 
values allows an immediate and reliable estimate to be made of any error due to 
a defect of structure or cleanliness of the crystal element. 


On account of its high accuracy, the new method can usefully be applied 
to a number of investigations which would be difficult otherwise. Not the 
least of these is the accurate determination of the relative vapour pressures of 
saturated salt solutions. 


To make effective use of the high absolute accuracy of the method some of 
the definitions and laws involved in hygrometry must be formulated more 
precisely than is necessary for ordinary purposes. Thus it is no longer adequate 
to neglect the departure of the gas mixture from ideal-gas behaviour, and the 
effect of the total pressure on the vapour pressure of a saturated solution must 
sometimes be taken into consideration. Also, it becomes convenient to define 
“relative humidity ” in terms of the partial thermodynamic potential of water 
rather than in the way at present gaining acceptance (‘‘ Smithsonian Meteoro- 
logical Tables ” (Smithsonian Institution 1951)). 
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A SOURCE OF INACCURACY ENCOUNTERED WHEN MEASURING 
DRIFT VELOCITIES OF ELECTRONS IN GASES BY AN ELECTRICAL 
SHUTTER METHOD 


By BR. W. Crompron,* BARBARA I. H. HALu,*7 and W. C. MACKLIN* f 
[Manuscript received March 5, 1957] 


Summary 


In this paper attention is drawn to the precautions which must be adopted when 
the drift velocities of very slow electrons are to be measured by an electrical shutter 
method. While the experimental results (which for convenience were taken in hydrogen) 
show that quite serious errors may result at very low energies when the experimental 
conditions are unsuitably chosen, they also show that it is possible to reduce such errors 
to any required degree by appropriate choice of the parameters / and p. The form 
of the variation of the measured from the true values is in qualitative agreement with 


a formula given by R. A. Duncan when discussing diffusion in relation to measurements 
of this type. 


I. INTRODUCTION 

Increasing interest has recently been shown in the motions of electrons in 
diatomic gases when the electrons have energy less than 0-25eV. When 
diffusion methods are used in these studies, it is necessary to measure the velocity 
of drift W of the electrons in a constant and uniform electric field Z in a gas at 
pressure p. The most satisfactory method of measuring drift velocities has 
proved to be the electrical shutter method developed by Bradbury and Nielsen 
(1936), but the range of energy investigated by them barely overlaps the region in 
question. Consequently, experiments of this type have been made in these 
laboratories to extend the range to lower energies, and in the course of the 


investigation a source of inaccuracy has been encountered which does not appear 
to have been previously recorded. 


It is well known that the drift velocity is a function of the ratio Z/p only 
and not of Z or p separately. This dependence serves as a useful experimental 
cross-check since the same functional dependence of W on Z/p should be obtained 
regardless of the gas pressure employed. However, when measurements of drift 
velocity were made in hydrogen with an apparatus of similar dimensions to that 
used by Bradbury and Nielsen in their experiments with this gas it was found 
that the experimentally measured values W, did not always depend only on 
Zip. While the simple functional dependence reported by Bradbury and Nielsen 
was confirmed over a large part of the range investigated by them, for low values 
of the electron energy a considerable dependence of W, upon the pressure was 
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observed for a given value of the energy. As described later, when apparatuses 
of different dimensions were used the effect became more pronounced as the 
distance between the shutters decreased, while for an apparatus of given length 


the experimental values approached asymptotically a constant value for 
sufficiently high gas pressures. 


IT. APPARATUS i 

The principle of the electrical shutter apparatus developed by Bradbury and 
Nielsen is outlined below. Electrons produced by the action of ultraviolet 
light move under the influence of a uniform electric field parallel to the axis 
of the apparatus towards a grid consisting of a number of closely spaced, parallel 
wires insulated from each other and lying in a plane perpendicular to the field. 
Alternate wires of the grid are connected together and the application of a 
potential difference of a few volts between the two sets of wires produces cross 
fields which prevent the passage of electrons through the grid. If an alternating 
potential is applied, groups of electrons are produced, the centres of mass of 
which are equally spaced and move with uniform velocity to a second shutter 
identical with the first and a distance / from it. 


An alternating potential difference is applied to the wires of the second 
shutter of the same frequency and phase as that applied to the first shutter and 
adjustment of the frequency f is made until maximum electron current is passed 
by the second shutter. If this maximum is considered as indicating that the 
centre of a group produced by the first shutter traverses the distance / in the 
time taken for a reversal in phase of the potential difference the following formula 
results : 

Weal le ae ee ae oe shew es (1) 


In the present set of experiments an apparatus (Fig. 1) similar to that described 
by Bradbury and Nielsen was constructed but with the distance between the 
planes of the shutters equal to 3-00 cm instead of 5:93 cm. As it was originally 
intended to use the apparatus for measuring drift velocities in air, in which 
attachments are known to occur, the shorter length was chosen to reduce the 
background current caused by negative ions. Electrons were produced from a 
filament of 0-0016 in. diameter platinum wire and accelerated towards a region 
in which the electric field was the same as that between the shutters, thus allowing 
them to reach a steady state before the measurement of the time of flight. <A 
shield surrounded this preliminary region to prevent the diffusion to the receiving 
electrode of those electrons not passing through the shutters. 


The oscillator used to supply the alternating voltage to the shutters was 
checked for accuracy at several frequencies and was found to be stable and 
accurate to better than 2 per cent. Since the output of the oscillator was 
sensibly constant for quite considerable alterations to the frequency, the experi- 
mental procedure for measuring each value of drift velocity was simply to vary 
the oscillator frequency, keeping the values of electric field and gas pressure 
constant. This procedure, while being more convenient than that of Bradbury 
and Nielson, is also free from the additional complication of changes in the 

Cc 
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average electron current arriving at the second shutter caused by changes in the 
electric field. 

A possible source of inaccuracy when using an apparatus of this type is 
non-uniformity in the electric field in the region between the shutters caused by 
the alternating electric field between the wires comprising each shutter. In the 
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Fig. 1.—Electrical shutter apparatus (I=3-00cm). In the apparatus 

for which 1=5-91 cm there were two equally spaced guard electrodes 

between the shutters, and in that for which 7=10-0 em there were four 
equally spaced electrodes. 


present case this proved to be negligible, since large variations in the alternating 
voltage applied to the shutters produced no detectable change in the measured 
value of the drift velocity. 

As shown by Table 1, the results in hydrogen obtained with an apparatus. 
of these dimensions differ markedly from those given by Bradbury and Nielsen 
for pressures of the order of 10 mm Hg and approach their values asymptotically 
only when comparatively high pressures are used. Since no reference to such 
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an effect could be found in the literature, it was decided to increase the distance 
between the shutters to a value (5-91 cm) close to that used by Bradbury and 
Nielsen. Subsequently the distance was increased to 10-0 cm to investigate the 
effect more fully. 


III. RESULTS AND DISCUSSION 
Table 1 shows the results obtained in hydrogen using formula (1) when 
the distance between the shutters is 3-00, 5-91, and 10-0 cm for pressures in 
the range 4-150 mm Hg. The values W, obtained by Bradbury and Nielson 
are given for comparison in the last column of the table. It will be noted that 
the agreement is generally good. It should be emphasized, however, that no 
claim is made that the present results are more accurate than those of Bradbury 


We X 1075 (CM/S) 


10 30 50 70 20 
p (MM Hg) 


No 


Fig. 2.—Results taken in hydrogen showing the variation of W, with 
pressure and distance between shutters for Z/p=0-2 V cm-! (mm Hg)! ; 
(1) 2=3:00 cm, (2) l=5-91 cm, (3) 7=10-0 cm. 


and Nielsen. The dependence of W, on p and J for a given Z/p having been 
observed in both hydrogen and nitrogen, the sole aim of the experiments described 
here was to make a systematic study of the dependence, firstly to ascertain the 
cause and secondly to assist in designing experiments capable of determining 
accurately drift velocities at very low values of Z/p. Hydrogen was chosen 
simply for the ease with which samples of consistent purity may be prepared. 
Nevertheless, since the gas was admitted through a palladium thimble into a 
system evacuated to a pressure of less than 10-?mm Hg, it is considered that 
the results are reliable to the limit of accuracy of the oscillator. 

Figure 2 shows the variations of the measured values with pressure for the 
three values of 1 for a typical value of Z/p=0-2 V cm-! (mm Hg)-1. On these 
graphs the scatter of the points from the corresponding curves of best fit is 
considerably less than the +2 per cent. quoted for the accuracy of the oscillator, 
since for any given curve the frequency of the oscillator had only to be varied 
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over a small portion of the total frequency range. Experimental difficulties, 
as, for example, lack of current falling on the receiving electrode, prevented 
measurements being taken at the same pressures for each length. Thus it was 
found impossible to extend to lower pressures the measurements taken with 
1=10-0 cm. 

Both the graphs and the table demonstrate that, for a given value of Z/p, 


(a) when J is fixed, the measured values of drift velocity W, are a function 
of the pressure, decreasing to a limiting value W as p increases, and 

(6) for a given pressure, as / increases the values W, decrease and approach 
asymptotically a value W. 


Moreover, if both / and p are held constant, the discrepancy between W, 
and W decreases as Z/p increases. W may justifiably be taken as the correct 
value of the drift velocity and it will be seen that there is good agreement between 
these values and those published by Bradbury and Nielsen. It will be seen 
from the table that, when 7=5-91, a length almost identical with that used by 
them, and the pressure exceeds 10 mm Hg the effect is barely noticeable. 


The fact that, when the effect is observable, the measured values are always 
greater than the true values points to the discrepancy having its origin in the 
diffusion of the electron groups in transit between the shutters. Formula (1) 
is derived on the assumption that diffusion may be neglected, that is, on the 
assumption that the experimentally measured quantity is the time interval 
which elapses between the generation of a given group by the first shutter and 
the transit of the centre of mass of the group through the second shutter. In 
a recent paper R. A. Duncan (1957), examining theoretically the problem 
experimentally investigated here, considers the total flow of current across a 
plane situated at the second shutter. As is well known, the sum of the contri- 
butions to the current from diffusion and drift is proportional to 


(Kon/0z+nW), 


where n is the electron concentration and the plane is considered perpendicular 
to the z-axis. Duncan shows that under certain conditions the time at which 
the flow of current is a maximum occurs significantly earlier than the transit 
time of the centre of the group across the plane. By reference to the experimental 
procedure outlined in Section II it may be seen that the frequency which is used 
in calculating W, from formula (1) is in fact that for which there is a complete 
reversal of phase of the voltage applied to the shutters when the current flow 
through the second shutter is a maximum. An approximate formula resulting 
from the more correct treatment for the case when the discrepancy between true 
and measured values is small is 
Wie W Lee ByI) ! areca ines hate c's (2) 


where K is the coefficient of diffusion. The formula predicts that, as might be 
expected, the measured values should approach the true values as the ratio 
K/W ‘decreases, that is, as Z/p or p increases (Crompton and Sutton 1952). 
Moreover, an increase in the distance J between the planes of the shutters should 
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give rise to smaller discrepancies between true and measured values for a given 
set of experimental conditions. 

The results in Table 1 confirm qualitatively the predictions of this formula 
but unfortunately, when a quantitative test is made with the experimental 
data, good agreement is not obtained. Two possible explanations of this 
enhanced discrepancy are 


(a) as suggested by Duncan, the proximity of the receiving electrode to 
the second shutter may result in an increased electron concentration 
gradient in this region, and 

(b) the removal of electrons from the groups by the shutters and the guard 
electrodes promoting more pronounced onward diffusion. 


Despite the poor quantitative agreement between theory and experiment, 
both establish the fact that, unless appropriate precautions are taken, serious 
errors may result when determining drift velocities by this method. The 
experimental results show that reliance should be placed on the measured values 
only after a sufficiently extensive range of pressure has been investigated to 
ensure that the asymptotic value has been closely approached. 
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EXTRANUCLEAR EFFECTS WITH FAST RECOILING NUCLEI 
By P.. B. TrEeacy* 
[Manuscript received April 26, 1957] 


Summary 
Experimental results are given on angular distributions in the reaction °F (p,p’ y) 
proceeding via the second excited state of °F, with targets in different physical and 
chemical states. It is noted that effects of extranuclear interactions in flight, in solid 
or liquid media, should be negligible. Tentative information is obtained about the 
fate of recoil nuclei in the solids NaF and CaF,. The interpretation is consistent with 
some effects observed in «-y angular correlations from ?41Am in solid sources. 


I. INTRODUCTION 

In the study of angular correlations of successive nuclear radiations, it is 
well known that, if an intermediate state is formed whose lifetime is sufficiently 
long (<10~-° sec), the nucleus may interact with extranuclear fields in such a 
way that the degree of anisotropy observed may be considerably attenuated. 
The process may be viewed as one in which the intermediate state has been 
prepared with spatial orientation of its nuclear spin with respect to some axis. 
This spin orientation may subsequently be made to change via the interaction 
of the nuclear magnetic dipole or electric quadrupole moment with an appropriate 
external field, with corresponding attenuation of the angular distribution of the 
second radiation about the preferred axis. The degree of attenuation can be 
related to the magnitude of the interaction nuclear moment. The theory of 
these phenomena (Abragam and Pound 1953) explains well most experimental 
results, as is discussed in the review article by Steffen (1955). 


The present problem deals with the special case where the intermediate 
nucleus recoils far from its original site, and extranuclear forces are related to 
energy loss phenomena in the medium. These interactions may be treated very 
similarly to those obtaining with a nucleus in thermal equilibrium with a liquid 
medium, a problem dealt with explicitly by Abragam and Pound. This is 
discussed in Section III of the present paper. In Section IV a further discussion 
is given of the effect of the environment when the intermediate nucleus comes to 
rest before emission of its radiation, and because the recoil is so violent one 
must investigate what chemically stable ions may be formed, whether they are 
magnetic or not, and whether they come to rest in a region of strong electric 
field gradient. In the present case it is suggested that strong attenuations of 
the anisotropy of radiation observed in certain solids are due to formation of 
free paramagnetic atoms or ions, whose spins must be expected to relax very 


quickly. 


* Research School of Physical Sciences, Australian National University, Canberra. 
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IJ. EXPERIMENTAL DATA 
In the reaction F(p,p’ y) at a proton energy of 873 keV, the F recoil 
nucleus is formed preferentially in its second excited state (Ajzenberg and 
Lauritsen 1955) whose lifetime (Fiehrer et al. 1955) is (1-24+0-04) x10~‘ sec, 
i.e. sufficiently long for extranuclear effects to be important. Measurements 
on the nuclear magnetic moment of this state have been made in liquid (Lehmann, 
Lévéque, and Fiehrer 1955) and solid targets (Treacy 1956), and we are here 
concerned with interpreting the attenuations, in the absence of externally applied 
fields, in solids. In Table 1 are listed values of the attenuation coefficient G@, 
in different target media. Here G@, is defined by the angular distribution of 
197 keV y-radiation 
W(8)=1+G,B,P, (cos 8), : 
where B, is the ‘‘ true” undisturbed coefficient of the Legendre polynomial P,. 


The polycrystalline targets were made by vacuum evaporation on copper. 
By microscopic examination they were found to be of crystal size about 10-4 cm. 


TABLE | 
ATTENUATION COEFFICIENT FOR y-RAYS FROM !*F(p,p’ +) 
Target G 
Form ~ * 
Material : (Error +0- 05) ree 
CF, | Solid, temp. —196 °C 0 1 
CF, Gas, press. 2:5cem Hg 0-06 2 
MnF, | Polycrystalline 0-16 | 2 
CaF, | Polyerystalline 0-27 1 ACESS) 
NaF Polycrystalline 0-61 2 
| } 


* References: 1, Treacy (unpublished data); 2, Treacy (1956); 3, Barnes 
(1955). 


Table 1 shows that in three cases the value of G, is less than the minimum 
theoretically possible (0-2) in the presence of a static perturbing field. Reasons 
will be given below why time-dependent fields are to be expected in some of these. 


III. ATTENUATIONS DURING RECOIL 
The F nucleus recoils initially with a mean kinetic energy of 70 keV and, 
aS is discussed by Treacy (1956), must undergo many collisions, successively 
capturing and losing electrons several hundred times, before coming to rest. 
The perturbation suffered by the nucleus can be viewed as a time-dependent one 
like that experienced by a nucleus from thermal agitation in a liquid. In such a 
problem one considers the possibility of precession of the nuclear spin with 
frequency w, which remains coherent only within a correlation time +,. If 
@t,<1, then the attenuation coefficient G, of P, (cos) in the expansion of 
W(0) is ene 
az | exp (—t/ty) exp (—A,t)dé, .......... (1) 
NJ 0 


where ty is the nuclear mean lifetime and A, is proportional to @*r,. Equation (1) 
applies to magnetic or electric relaxation phenomena, and explicit forms for Ay 
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are known in each case (Abragam and Pound 1953). In the present case t 
and hence A, is not constant as the nucleus slows down, so the integral 


(sj 


Bree eG hale te eee ou ats do ths, (2) 


has meaning only for an average value of ,. 


An approximate description has been given of the attenuation in the CF, 
gas target (Treacy 1956), in terms of a succession of static interactions due to the 
large number (effectively 150) of electrons captured and lost. As the values 
used for w and +, were such that wt, was about 10-2, the time-dependent theory 
should apply, and, using a mean calculated value of A,, the spatial average* 
of G, becomes approximately 0-3. In order to make it coincide with the value 
0-06, it is necessary to assume that “F spends approximately 60 per cent. of 
the time as a magnetic atom, compared to the figure 10 per cent. taken from 
properties of neon ions in gases (Massey and Burhop 1952) and used by Treacy 
(1956). Considering the great uncertainty in applying the data to fluorine, the 
difference is of no significance. The approximate picture is not altered on any 
reasonable assumption as to the effect of elastic scattering in the gas. One 
may use a reasonable compromise (in the absence of experimental data) to the 
true situation by assuming the hard-sphere approximation (Massey and Burhop 
1952) with energy loss cross section proportional to the recoil energy, up to that 
necessary (54 eV) to ionize the negative ion of fluorine, and constant for higher 
energies. On this assumption the slowing down time is of order 10-’ sec, and 
A, and consequently G, are not substantially different from those already quoted. 


Turning to the case of a target of condensed matter, with density 10* times 
that of the gas, the slowing down time is reduced to about 10-1 sec, an 
insignificant interval compared to the nuclear lifetime. Therefore contributions 
in flight to G, (equation (1)) are negligible. The condition wt,<1 must of 
course be fulfilled, but could only be, violated by a value of w greater 
than 1014 sec-1, which would be highly improbable in any of the usual collision 
processes. 


IV. ATTENUATIONS DUE TO CHEMICAL HKFFECTS 


The type and magnitude of attenuation experienced by the nucleus after 
it reaches thermal energy depend on the chemical properties of the ion formed. 
The problem may be viewed as one in radiation damage, and it is usually assumed 
_ (Seitz 1949 ; Kinchin and Pease 1955) that displaced atoms are likely to enter 

interstitial sites and stay there until allowed to return to lattice sites by annealing. 


In the relatively simple problem of F in the molecular solid CF, one may | 
argue that in slowing down from the energy necessary to remove one electron 
from the atoms (28 eV) to that necessary to ionize the negative ion (53 eV) 
the. nucleus is likely to come to rest as a neutral atom. (The likelihood of this. 
depends on the smallness of the hard-sphere scattering assumed in Section ITI.) 


* As is shown by Treacy (1956), for some of the recoil time the *F nucleus is in a negative 
ion, of no magnetic moment, so during this time the contributions to the angular distribution 


are not attenuated. 
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If truly free, the resting atom should produce a “‘ hard core ” magnetic attenuation 
corresponding to G,—0-69, statistically weighted from the *P3)2,, states of the 
fluorine atom. In fact, as Table 1 shows, attenuation is complete, i.e. G,=0. 
This may be attributed to the familiar relaxation mechanisms observed in 
paramagnetic resonance (Bleaney and Stevens 1953). Here the stable sel 
nuclei in CF, molecules should produce a temperature-independent spin-spin 
relaxation time of 10-7 sec or less. Such an effect underlines the difficulty of 
obtaining free paramagnetic atoms in solids. Paramagnetic relaxation may 
also be responsible for the strong attenuations observed in the «-y angular 
correlation from 241Am in solids (Fraser and Milton 1954; Novey 1954). Here 
one expects the 237Np intermediate state to be in one of its paramagnetic oxidation 
states +4 to +6 (Wahl and Bonner 1951). There are other «-y correlations, in 
228, 230TH (Steffen 1955) and 224, 226Ra and ?38Pa (Milton and Fraser 1954) which 
are appreciably less attenuated in solids, and which would not be expected to 
have paramagnetic ions in the intermediate states. These seem to show 
quadrupole attenuations of the same order of magnitude as those to be discussed 
below. 

In the case of F nuclei recoiling in polycrystalline solids with ionic bonding 
the fact that attenuations are relatively weak leads one to guess that the inter- 
stitial atoms must be non-magnetic. Assuming the G,-values from Table 1 
for NaF and CaF,, we may use the theoretical estimate (Barker 1956 and personal 
communication) for the quadrupole moment of the 197 keV level of YF 
(Q=8 x10-27 cm?) to calculate the apparent field gradients at the #F nuclei at 
rest. The results are as follows : 


NaF Field gradient 0-9 x 1014 e.s.u. 
CaF, Field gradient 4-1x1014 e.s.u. 


The figure for CaF, is not very significant as the attenuation is nearer the “ hard 
core’, which corresponds to infinite field gradient, and we have no knowledge 
from a magnetic decoupling experiment, as we have for NaF (Treacy 1956) 
that magnetic effects are absent. 

The remaining case of MnF, quoted in Table 1, where G, is certainly less 
than the “ hard core ” value, is not amenable to any simple description similar 
to the idealized cases considered above. 


V. CONCLUSIONS 
It has been noted that, because of the usual magnetic interactions with 
stable nuclei, paramagnetic atoms suffer fast relaxation in solids. As was 
pointed out by Frauenfelder (1951) the ability of disturbed nuclei to exhibit 
strong angular correlations depends on their being non-paramagnetic. In one 
case, namely the «-y correlation in 241Am, the fast relaxation observed is probably 


due to magnetic interactions ; this could be verified by a magnetic decoupling 
experiment (Goertzel 1946). 


It is evident that for a proper description of the slowing-down of ions to 
thermal energies in solids, more experimental data on energy-loss cross sections 
are required. The problem is of importance in radiation damage studies, where 
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the effects of ionization should be important with recoil energies well below those 

at which it is usually neglected (Seitz 1949). Further studies are obviously 
needed of radiation damage effects on the microscopic, i.e. atomic, scale. The 
interesting experiments of Grace et al. (1955) on the effects of radiation damage 
on nuclear orientation, illustrate one possible approach to the problem. 
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IONOSPHERIC DRIFTS AT BRISBANE 
By M. J. Burxn* and I. 8. JENKINSON* 
[Manuscript received April 24, 1957] 


Summary 


Examination of fading of signals recorded at closely spaced receivers has been used 
to measure the velocity of horizontal drifts of ionization in the ionosphere. Systematic 
observations have been made for a period of 2 years, on a frequency of 2-28 Mc/s. 


The results show good agreement with the horizontal velocities of ionized 
irregularities in the H and F, regions of the ionosphere as determined by other methods 
at similar latitudes. The speeds are less than those observed at higher latitudes. 


The results for the H region have been analysed for 24, 12, and 8 hr solar harmonics. 
The 12 and 8 hr harmonics show large seasonal phase changes in the northward com- 
ponent. The phase for the 12 hr northward component is in fair agreement with the 
results at higher latitudes in summer only, whereas the phase for the eastward component 
is generally consistent with the results at higher latitudes for all seasons. 


The Ff region 12 hr harmonic has a larger seasonal phase change in the eastward 
component than in the northward component. 


I. INTRODUCTION 

From July 1952 to November 1954, systematic recordings have been taken 
at Brisbane of the fading of echoes from the ionosphere received at spaced aerials, 
using the technique described by Mitra (1949) and Phillips (1952). The frequency 
was 2°28 Mc/s with a pulse repetition frequency of 50 pulses per second. The 
aerials were spaced at three corners of a square of side 100m. The recording 
film speed was 2 in/min and records were taken for 5 min every half-hour on 
three days each month. 


Since 1954, automatic equipment has been used which has obviated the need 
for personnel to monitor H, and F echoes at night. This equipment will be 
described in a later paper. 


II. ANALYSIS OF THE RECORDS 
The film records were viewed by projection from an enlarger. These were 
examined for the time shift necessary to give the “ best fit’? between half-- 
minute sections of the records from each receiver. All sections of records with 


poor correlation were rejected and a limit of 5 pairs of time shifts was set for 
each 5 min record. 


The north-south, east-west component drift velocities computed from the 
time shifts were plotted against local time for each month and a smooth curve 
drawn through the scatter diagram. From July 1952 to June 1953, the 
component velocities from each pair of time shifts were used in the compilation 
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of results; after this period an average value for each 5 min record was used. 
This average value was obtained from a mean of the time shifts if these were 
consistent or a mean of the component velocities if the time shifts varied 
haphazardly. For convenience, these periods are referred to in the text as 
1952-53 and 1953-54 results. 


At the frequency of 2-28 Mc/s only # region echoes are recorded during the 
day ; at night both F and sporadic H echoes are recorded. In the analysis of 
the records no attempt was made to separate normal H and sporadic FH echoes, 
but H and F region results were dealt with separately. 


All wind speeds quoted are half ground speeds (Pawsey 1935) and directions 
are those towards which the motion takes place. 
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Fig. 1.—Speed distributions for the # region, 1952-53 and 1953-54. The mean is 
indicated by an arrow. 


III. RESULTS 

(a) Magnitudes 
Figures 1-3 show histograms of the distribution of speeds for the # and Ff 
regions for the two years. For Figure 2 each average value for 1953-54 has been 
weighted with the number of values used in obtaining it before adding to 1952-53 
results. In the histograms for the F region at night (Fig. 3), except for Figure 3 (9), 
all values of speeds obtained have been shown, neglecting the effect, if any, of 
the EF, region on the phase and amplitude of the echo reflected from the # region. 
Figure 3 (g) contains only those values obtained when #, was not recorded at 
2-28 Mc/s. (In agreement with the estimate of Thomas (1956), it was found that 
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E,, at night, records approximately 60 per cent. of the time. Thomas also found 
fairly uniform probability of occurrence throughout the night.) 

The more frequent occurrence of low speed values appearing in the 1953-54 
histograms is probably due to the slightly different method of analysis used for 
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Fig. 2.—Speed distributions for the H region day and night (1952-54). The mean is 
indicated by an arrow. 


that group (Section II above). If the drift velocity of the ground diffraction 
' pattern is uniform over the recording period, both methods should give the 
same value. If, however, changes in velocity occur during the recording period, 
the former method will produce a spread of values contributing fairly equally 
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Fig. 3.—Speed distributions for the F region at night. The mean is indicated by an 
arrow. 


to all ranges of speed, whereas the latter method tends to produce more speeds 
in the very low range with a mean speed somewhat less than with the former 


method. It is shown in Section IV (a) that the method of analysis for 1952-53 
is to be preferred. 
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Fig. 4.—Diurnal variation of north-south, east-west component drift velocities, of H and F 


; a 


regions for local time. 


x (1952-53), O (1953-54). 


The histograms of Figure 1 thus appear to indicate, in view of the above 
discussion, that the drift speed for the E region is most variable in winter, and 
least variable in summer, and that for the F region (Fig. 3) it shows more variation 
in winter and near the equinoxes than in summer. 
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Fig. 5.—24, 12, and 8 hr solar harmonics for seasonal north-south, east-west 
component drift velocities in the Z region. x (1952-53), O (1953-54). The 
mean is represented by a dot in the error ellipse of the mean. 
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It will be noted that the speed distribution for the H region (Fig. 2) peaks 
more strongly in summer than in winter both by day and by night, and that the 
peaking is more marked by day than at night. 


10 20 30 m/sec 


Fig. 6.—Steady component of seasonal drift 
velocity for the H region. x (1952-53), 
© (1953-54). 


(b) Seasonal Diurnal Variations 
The north-south and east-west component velocities for successive seasons 
for the EZ region are shown in Figure 4. The value for each hour is the arithmetic 
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Fig. 7.—Semi-diurnal solar harmonic for seasonal north-south, east-west component 
drift velocities in the F region at night. 


mean of all the component velocities centred about that hour cbtained in the 
three months. The 24, 12, and 8 hr harmonics, obtained by Fourier analysis 
of these diurnal distributions, are shown in Figure 5 with their respective mean 


D 
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value and error ellipse of the mean. The values for the steady component are 
shown in Figure 6. The agreement between the mean of the monthly harmonics 
(not shown) and the appropriate seasonal harmonic was very good. 


The F region results were averaged in seasons in a similar fashion to the 
procedure for the H region and the resultant plot is included in Figure 4. The 
12 hr harmonics obtained for each season by graphical analysis are shown in 
Figure 7. 


IV. DISCUSSION OF RESULTS 
(a) Magnitudes 

Briggs and Spencer (1954) have discussed the result of previous measurements 
of movements of ionization at comparatively high latitudes, particularly those 
values obtained by the spaced receiver technique. For the H and F regions 
they find a most frequent speed of about 80 m/sec, which is greater than the 
results observed at Brisbane. 

The most frequent day-time speed (50-60 m/sec) agrees well with that 
found by Harvey (1955) for #, clouds at Sydney by day.. Thomas and Burke 
(1956) found for #, clouds at night, a most frequent speed of 75 m/sec and a 
mean speed of 83 m/sec. They also found good agreement between the range- 
zenith angle method recording the velocity of the H, clouds and the spaced 
receiver technique. 

For the F region, McNicol, Webster, and Bowman (1956) found that 
irregularities associated with satellite echoes have an apparent horizontal motion 
of mean speed 63 m/sec, with a most frequent speed of 55-65 m/sec. The 
histograms shown in Figure 3 are not inconsistent with their results. If winter 
values had been weighted in the year total with the same weight as in McNicol, 
Webster, and Bowman’s curves, the mean speed obtained in 1952-53 would be 
comparable with their value. A few direct comparisons of the two systems of 
measurements have been obtained, with fair agreement. 


(b) Solar Harmonics for E Region Drifts 

In Table 1 the results for the diurnal and semi-diurnal harmonics obtained 
at Brisbane are shown for comparison with those obtained by the same method - 
at Cambridge and New Zealand (Briggs and Spencer 1954) and at Adelaide on 
meteor trails (Huxley 1956, p. 30). 

It will be noticed that for the semi-diurnal harmonic there is fair agreement 
in phase for the eastward component, but the northward component shows large 
seasonal phase change with best agreement in the summer months, if allowance 
is made for the phase reversal from northern to southern hemispheres. This 


large seasonal phase change is also apparent in the northward component of the 
8 hr harmonic (Fig. 5). 


From measurements on movement of spcradic H ionization, Harvey (1955). 
by day, and Thomas and Burke (1956) by night, have found a general tendency 
towards the north with a preference for the north-west quadrant. These results. 
may be compared with the steady component at Brisbane in Figure 6. 
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(c) F Region Drifts 
It may be noticed in Figure 7 that the eastward semi-diurnal harmonic 
shows a much larger seasonal phase change than the northward harmonic. 


Briggs and Spencer (1954) found that at night in the F, region the drifts 
are to the west in all seasons and the north-south component is small. The 
mean seasonal drifts over Brisbane at night (Fig. 4) are to the north in all seasons 
and to the west in all seasons except summer. This north-western tendency is 
consistent with the conclusions of McNicol, Webster, and Bowman (1956) from 
the study of night-time velocities of F, ionization irregularities, as deduced from 
observations of F’, ‘‘ satellite echoes ”’. 


TABLE | 
DIURNAL AND SEMI-DIURNAL HARMONICS FOR THE H REGION FOR BRISBANE, CAMBRIDGE, LOWER 
HUTT (NEW ZEALAND). AND ADELAIDE 
The amplitudes are in m/sec and the time of maximum northward and eastward respectively are 
given in parentheses 


Diurnal Harmonics 


| | 
Direction Brisbane Cambridge | New Zealand Adelaide 

ae | 
Northward bas 7 (2330) —- | — 27 (1730) 
Eastward 7 (1400) (1320) | 25 (0930) 

| 

Semi-diurnal Harmonics 
Northward, summer 10 (0930) 6 (0500) 31 (0000) 20 (0000) 
Northward, winter | 15 (0230) 40 (0100) 5 (0530) 
Eastward .. a 8 (0740) 31 (0600) | 29 (0800) 12 (0720) 


V. CONCLUSIONS 

The results show that there is a systematic movement of ionized irregularities 
in the # and Ff, regions of the ionosphere. The drift speeds are less than those 
observed at higher latitudes. The 12 and 8 hr harmonics for the # region show 
large seasonal phase changes in the northward component. The phase for the 
12 br northward component in summer is in fair agreement with the results at 
higher latitudes. 

The F region 12 hr harmonic has a larger seasonal phase change in the 
eastward component than in the northward component. 
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THE SOLAR DAILY VARIATION OF COSMIC RAY MESON 
INTENSITY AT 2=52°S. AND (=73°S8. 


By N. R. Parsons* 
[Manuscript received April 15, 1957] 


Summary 


Some preliminary results are given of an investigation of solar daily variations 
recorded by vertically directed meson telescopes at Hobart, Tasmania (geomagnetic 
latitude A=52 °S.) and at Mawson, Antarctica (A=73 °S.). Long-term trends in phase 
of the variation are found to be similar to those reported by observers in the northern 
hemisphere. However, a substantial and fairly consistent phase difference in local time 
is apparent between the two stations, and its origin is discussed. A brief discussion 
of pressure-correction procedures is also given. 


I. INTRODUCTION 

Investigations of the solar daily variation of cosmic ray meson intensity 
have been carried out over many years at stations in the northern hemisphere, 
but few comparable records are available from the southern hemisphere. Many 
of the characteristics of the daily variation, particularly of the observed short- 
and long-term changes in form, are assumed to be ‘“‘ world-wide ”’ in nature, 
and observations at southern stations should provide valuable information to 
assist in the interpretation of these phenomena. 

Continuous recording, using a vertically directed counter telescope of high 
counting rate, was commenced at Hobart, Tasmania (geographic coordinates 
42° 50'S., 147° 20’ E.; geomagnetic coordinates 52 °S., 224 °E.) in September 
1953. In April 1955 similar equipment was installed at the Australian National 
Antarctic Research Expedition station at Mawson, Antarctica (geographic 
coordinates 67° 36’S., 62°53’ H.; geomagnetic coordinates 73°S., 104 °H.). 
The purpose of this paper is to present some preliminary results obtained at these 
two stations. 

Records have also been obtained over the same period using telescopes 
inclined to the vertical, and these will be discussed in a subsequent paper. 


II. THE RECORDING TELESCOPES 
All results presented have been obtained with Geiger counter telescopes 
of identical design. A detailed description of the equipment, prepared together 
with operating instructions and other relevant material as an equipment manual, 
has been published elsewhere (Parsons 1957). Briefly, the telescopes consist 
of three equally spaced square trays of counters, each tray having a sensitive 
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area of 1 by 1m, the separation of extreme trays being 1-5m. Between the 
lower two trays is 10 cm of lead absorber. The Geiger tubes are of the external 
cathode type, 4cm in diameter and of 1m sensitive length. The associated 
electronic circuits record the threefold coincidence rate (approx. 85,000/hr) 
with a resolving time of 2-5 usec. Scale factors of 27 are employed, and hourly 
count totals are recorded on Post Office type electromechanical registers. 


At both stations the recorders are situated at an elevation of 15 m above 
sea-level. 


III. TREATMENT oF DATA 

The mean daily intensity variations have been calculated for successive 
bimonthly periods, and are represented by 12 bihourly intensity figures expressed 
as percentage deviations from the mean. These figures have been obtained 
after correction using a standard barometer coefficient of —2-31 per cent. per 
em Hg (see discussion in Appendix I) and after correction for residual secular 
change (assumed to be linear over the mean day). The final figures have been 
subjected to harmonic analysis by standard methods and the mean daily variation 
expressed as the sum of the 24- and 12-hr components of best fit. 


It is interesting to note that the mean daily pressure variation, although 
contributing substantially to the observed intensity variation at Hobart, is 
very small at Mawson, and correction in the latter case affects the original figures 
very little. Moreover, at Hobart the pressure variation is almost entirely 
semi-diurnal in character whereas the small variation at Mawson is largely diurnal. 


IV. SUMMARY OF RESULTS 
Table 1 summarizes the results of harmonic analysis of both the Hobart 
and Mawson data, taken in bimonthly groups. These results are plotted in 
Figures 1 and 2 to display the long-term changes in both amplitude and phase 
and to facilitate comparison of these changes at the two stations. 


In Figure 1 are also included some results from other stations to allow 
comparison of the observed phase changes. The Tokyo data include results 
up to December 1954 published by Miyazaki (1955) and these results have been 
extended up to December 1955 by an examination of pressure-corrected bihourly 
data kindly supplied by Maeda (1955-56). These records are from a Nishina 
type ionization chamber, under a 10 em lead shield and 40 cm concrete roof and 
situated near sea-level. The Manchester and London results are as published 
by Possener and van Heerden (1956) and refer to relatively wide-angle unshielded 
counter telescope measurements. Up to the end of June 1954 averages of 
simultaneous north and south measurements at 45° to the vertical are used. 
The authors show these to be comparable with the later vertical measurements 
made at London. The separate time groups to which the plotted average times 
of maximum refer are indicated in the diagram. The Hafelekar results are 
taken from Steinmaurer and Gheri (1955). They are from measurements at an 
elevation of 2300m with an ionization chamber under a 10cm lead shield. 
Quarter-yearly mean times of maximum are given. 
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The data from each of the three northern stations are corrected only for 
pressure variations, using experimentally determined total barometer coefficients. 
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Fig. 1—The 24-hr component of the daily variation of meson intensity, 
showing changes in mean amplitude and phase at Hobart and Mawson, 
and changes in phase observed at northern stations. 
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Fig. 2.—The 12-hr component of the daily variation of meson intensity, 
showing changes in amplitude and phase at Hobart and Mawson. 


V. DISCUSSION 
(a) Long-term Changes 
The main characteristic of the daily variation at both Hobart and Mawson 
is the occurrence of a single broad maximum. However, departures from a 
simple sinusoidal form are significant and, although the variations in most cases 
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can be fairly closely approximated by the sum of 24- and 12-hr sine waves, 
distinct physical significance cannot necessarily be attached to these. Never- 
theless, because of the predominantly diurnal character of the variation, the fitting 
of such curves does provide a convenient method of demonstrating long-term 
changes in phase and amplitude. 


A further point relevant to the interpretation of daily variations averaged 
over many days is that these are not characteristic of all days within the period 
considered. Standard errors of the harmonic coefficients may be estimated 
from the total number of particles counted for each bihourly period, on the 
assumption that departures of single corrected bihourly readings from the mean 
' fitted wave are due only to statistical fluctuations. By such a method, one 
finds in the present results that standard errors of the calculated bimonthly 
mean amplitudes vary between 0-01 and 0-02 per cent., depending on the 
available number of complete days’ records in each period. However, an 
examination of the variation on individual days indicates a degree of variability 
far in excess of that expected from Statistical fluctuations alone. Physical 
significance must therefore be attached to this variability, and the implication 
is that long-term changes apparent in the mean daily variation arise from the 
variable frequency of occurrence of different forms of individual daily variations. 
An examination of the day-to-day variability exhibited by the present records 
will be reported in a future paper. 


Figure 1 shows that significant changes have occurred since 1953 in both 
the amplitude and time of maximum of the mean diurnal (24-hr) component. 
During the period for which the Hobart and Mawson records overlap, the changes 
in phase at the two stations are closely parallel although the amplitudes are 
not well correlated. Further, the results from the three northern hemisphere 
stations show phase changes of a broadly similar nature. There is thus further 
evidence for the world-wide nature of this phenomenon and for its origin in the 
primary radiation. Similar evidence has been presented by several investigators 
from records prior to 1954, e.g. Sarabhai, Desai, and Venkatesan (1954), who 
show that the changes occur at the equatorial station Huancayo and must 
therefore involve primary particles of energies greater than 10%°eV. We would 
expect the phase changes observed at different stations to be not highly correlated 
because of statistical uncertainties, breaks in record continuity, different instru- 
mental arrangements, and the variability of unknown residual atmospheric 
effects in different localities and seasons. However, the degree of similarity 
which does exist in the phase changes suggests that the atmospheric com- 
ponents remaining after correction are not larger than the diurnal variation due 
to other causes. 

The fitted semi-diurnal components (Fig. 2) are in general smaller than the 
diurnal components, but there is some evidence here also for significant long-term 
changes in both amplitude and phase, and for some degree of similarity in 
behaviour at the two stations. 
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(b) Phase Difference in L.M.T. between Hobart and Mawson 

It is apparent from Figure 1 that a fairly consistent phase difference in local 
mean time, averaging some 3-4 hr, exists between the 24-hr components at 
Hobart and Mawson. A similar behaviour is evident in the 12-hr component. 
In both cases the time of maximum is later in the day at Mawson than at Hobart. 
It does not seem possible to attribute this to uncorrected atmospheric effects, 
and we discuss below possible sources of this phase difference. 

Brunberg and Dattner (1954) have suggested that the daily variation arises 
from an anisotropy of primary particles within the energy range 2-4 x10" eV 
entering the Earth’s field, the direction of the anisotropy lying roughly in the 
plane of the ecliptic. However, examination of particle trajectories in the field 
(Brunberg and Dattner 1953) seems to indicate that the anisotropy must involve 
particles from a wide range of asymptotic latitudes with no strong concentration 
near the equatorial belt if the observed lack of any marked change in amplitude 
with latitude is to be explained. 

We assume, then, that the daily variation results from such an anisotropy 
and that the Earth’s field is of dipole form, described at the Earth’s surface by 
the geomagnetic coordinate system in current use. Then the time of maximum 
intensity recorded at any station will be determined by the deflections suffered 
in this field by the incoming particles. We expect the maximum for a vertical 
telescope to be recorded when the initial approach direction of vertically incident 
particles makes its minimum angle with the direction of maximum primary 
intensity. 

The initial direction of approach of a particle of given energy may be read 
from the curves of Brunberg and Dattner (1953). It is specified by two angles : 
®, the angle which the direction makes with the geomagnetic equatorial plane, 
and ‘Y’,, a geomagnetic longitude angle measured eastwards from the geomagnetic 
meridian plane through the recording station. The difference in ‘VY, at two 
stations for particles of energy equal to the mean energy of those involved in 
the anisotropy has been assumed by several authors to give a measure of the 
expected phase difference in L.M.T. at the two stations. However, because the 
relationship between geomagnetic and geographic coordinates is not the same at 
different places on the Earth, this approximation is not good enough, particularly 
at high latitudes. 

If the origin of the daily variation is as suggested, we may calculate the 
expected phase difference as follows. We assume first a mean energy of 
2x10" eV for the particles involved. Then at Hobart (H) and Mawson (M ) 
for vertical incidence, we find 


® (H)=15 °S. W , (H)=42° 
O(M)=56 °S. W,(M)=29° 


We now imagine the Hobart station to be transposed Y p(H) eastwards 
in geomagnetic longitude and to a new geomagnetic latitude of @(H). A vertical 
telescope at this new position H’ (geomagnetic lat. 15 °S., geomagnetic long. 
226 °H.) would, in the absence of a field, record particles from a direction exactly 
parallel with the initial direction of field-influenced particles which arrive vertically 
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at Hobart. A maximum in the daily vertical intensity variation will thus be 
tecorded at Hobart when the Earth’s radius through H’ makes its minimum 
angle with the direction of maximum primary intensity, i.e. when this latter 
direction lies in the geographic meridian plane through H’. Suppose the Mawson 
Station is also appropriately transposed to a new position M’ (geomagnetic lat. 
56 °S., geomagnetic long. 133 °H.). The geographic coordinates of H’ and M’ 
are respectively (13 °S., 194 °K.) and (47 °S., 74°E.). We see then that the 
actual difference in recorded times of maximum in universal time should be 
given by the geographic longitude difference between H’ and M’, in this case 
120°. If we subtract from this the geographic longitude difference between 
Hobart and Mawson (84°) we obtain the expected phase difference in local 
mean time (36°=2hr 24min). The results of such calculations for several 
mean energies of the anisotropic primary particles are set out in Table 2. The 
geomagnetic-geographic coordinate transformations have been made according 
to MeNish (1936). Also included in the table for comparison are the corresponding 
simple differences in ’, between the two stations. 


TABLE 2 
EXPECTED PHASE DIFFERENCES BETWEEN DAILY VERTICAL INTENSITY VARIATIONS 
AT HOBART AND MAWSON 


Mean Energy of Expected Phase Lag | 
Anisotropic Primaries at Mawson / , (Hobart)—", (Mawson) 
(eV) (L.M.T.) 
| 
| 
1-5 x 101 2hr 40min (40°) | 15° 
ZO THe 2hr 24 min (36°) | (Ar 
3-0 x 10% 1 hr 44min (26°) | ie 
4-0 x 101 1 hr 16 min (19°) 5° 


It is clear from Table 2 that the error committed in assuming ‘Y’,, to represent 
a solar time displacement is quite large. 

Brunberg and Dattner (1954) have concluded that the mean energy of the 
primary particles responsible for the daily variation is in the region 2-4 x 10" eV. 
The assumption that lower energies are involved meets with serious difficulties 
(cf. Elliot and Rothwell 1956). We see then from Table 2 that the observed 
phase difference in L.M.T. of 3-4 hr between Hobart and Mawson is only partly 
explained by the different locations of the stations. 

The above discussion is based on the assumptions that the daily variation 
arises from an anisotropy outside the Harth’s field region, and that the particles 
suffer deflection in a dipole field described by the surface coordinates in current 
use. The evident discrepancies suggest that either of these assumptions may 
be incorrect. ; 

Considerable evidence has recently beén obtained (e.g. Simpson e¢ al. 1956) 
indicating that the magnetic field effective in determining trajectories of cosmic 
ray particles differs appreciably from the dipole field fitted to magnetic measure- 
ments made at the Earth’s surface. Distortions of the field pattern are expected 
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owing to the rotation of the inclined field with the Earth in the highly conducting 
interplanetary medium now known to exist, and to the orbital motion of the 
Earth through this medium. It seems then that use of the trajectory data of 
Brunberg and Dattner in conjunction with the previously accepted geomagnetic 
coordinates of observing stations, may give seriously misleading results. The 
errors may be sufficiently large to account for many reported discrepancies in 
daily variation results. It may not for instance be necessary to discount the 
existence of an external anisotropy as Elliot and Rothwell (1956) suggest. 

If we assume the effective field to be of inclined dipole form, but rotated 
westwards through about 45° as suggested by the results of Simpson et al. (1956), 
we find that in the new geomagnetic coordinate system Hobart is about 9° 
further north and Mawson 5° further south. We may make a new calculation 
of the expected phase difference between the two stations in the same manner as 
before, but using ® and Y’, values appropriate to the new geomagnetic latitudes. 
This calculation shows that the expected phase differences in L.M.T. listed in 
Table 2 are substantially increased. For particles of energy 1:5 x10 eV, 
the lag at Mawson becomes roughly 3 hr 40 min instead of 2 hr 40 min, and for 
particles of energy 2-0 10!eV it becomes 2 hr 48 min instead of 2 hr 24 min. 
At higher energies the expected lag is less, as before. We see then that, if 
relatively low energies are involved, the observed phase difference of 3—4 hr is 
not inconsistent with the interaction of an external anisotropy with an effective 
dipole field of the modified orientation. 

On the other hand, if as suggested by Elliot and Rothwell (1956) we are 
to envisage an origin of the daily variations purely in some modulation mechanism 
within the field region, it is possible that times of maximum should be related 
basically to the local geomagnetic time scale and not to solar time. If the time 
of maximum were to depend on local geomagnetic time, this alone could account 
for a phase lag in L.M.T. at Mawson of approximately 24 hr. If such a dependence 
could be substantiated by examining comparable results from many different 
stations, it would be difficult to avoid the conclusion that the daily variations. 
do indeed have their origin within the region. occupied by the Earth’s field. 

Whichever interpretation is correct, it seems reasonable to expect that 
the observed long- and short-term changes in the daily variation may be caused 
by density fluctuations of the interplanetary medium presumed responsible for 
field distortion and that the changes would thus be related indirectly to solar 
activity. 
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APPENDIX I 
Barometric Correction Procedure 

Some comment is required on the procedure referred to in Section III for 
barometric correction of the observed mean daily meson intensity variations. 
Accurate barometric pressure records are readily obtained but, unfortunately, 
at all recording stations insufficient knowledge of daily atmospheric temperature 
fluctuations is available to allow adequate correction for their effects. The 
practice of many investigators has been to ‘ correct ’’ for mean daily pressure 
variations by using a total barometer coefficient obtained by simple two-variable 
linear regression analysis of a set of daily mean intensity and pressure figures. 
Often such a coefficient obtained from a long series of data is adopted as a standard 
throughout, but sometimes different coefficients have been derived from, and 
applied to, separate time groups of data. It is well known that total barometer 
coefficients derived in this manner at different stations, or at the same station 
from different time groups of data, vary over a relatively wide range. A large 
part of this variability arises from the variable extent to which day-to-day 
barometric and temperature changes are correlated. Attempts are sometimes 
made to estimate the possible magnitude of temperature contributions to the 
residual ‘ corrected’ daily variations, but this is rendered more uncertain 
since an unknown and variable partial correction for temperature effects is 
already included in the barometric correction. 

Discussions of the complex atmospheric effects on cosmic ray meson intepsity 
have been given recently by Olbert (1953), Trefall (1955a, 1955b, 1955c), and 
_ others. In particular Trefall (1955c) has derived the theoretical total barometer 
coefficient for the vertical meson component as a function of recorder cut-off 
momentum under conditions of constant atmospheric temperature distribution. 
He has pointed out that total barometer coefficients calculated from experimental 
data over long periods approximate fairly closely to the theoretical values, 
indicating that the average correlation between day-to-day barometric and 
temperature changes over a long period is slight. 
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It is suggested here that Trefall’s work provides a basis for more uniforny 
‘and satisfactory correction procedures, at least in daily variation studies, and 
that the value of the theoretical total barometer coefficient appropriate to the 
particular recorder in use be taken from curve C of Figure 1 in Trefall’s paper 
(1955c). Such a procedure corrects for the total effects which would be produced 
by the known barometric changes only if the atmospheric temperature distribution 
remained constant. Nevertheless, it seems preferable to leave the effects of 
temperature changes present in full rather than include a poor, partial, unknown, 
and variable degree of correction by adopting experimentally determined total 
barometer coefficients. 

The cut-off momentum of the present recorders is 2-3 muc, and the corres- 
ponding theoretical coefficient for vertically incident radiation at sea-level is 
—2-31 per cent. percm Hg. Because of the finite opening angle of the telescopes, 
the inclusion of inclined radiation could render this coefficient inapplicable if 
the theoretical coefficient varied significantly with inclination to the vertical. 
Fenton (1952) has reviewed the available experimentally determined total 
barometer coefficients for vertical and inclined telescopes and finds no convincing 
evidence for a significant dependence on inclination. Concurrent with the 
present vertical telescope measurements, continuous records were also obtained 
at Mawson with a telescope of identical design inclined 45° to the vertical and 
rotating automatically to give successive hourly count totals in geographic 
north, east, south, and west headings. Calculations based on 6 months’ daily 
means at Mawson yield a total barometer coefficient of —2-31-L0-18 per cent. 
per cm Hg for the vertical telescope and —2-18+0-18, —2-19+0-18, 
—2-22+0-19, and —2-27-+0-19 per cent. per cm Hg for the inclined telescope 
at the various headings respectively. (The errors given are 95 per cent. fiducial 
limits.) The inclined values do not differ significantly from one another or 
from the vertical value, and none of the values differs significantly from Trefall’s 
theoretical value of —2-31 per cent. per cm Hg for vertically incident radiation. 
It thus seems that no serious error would be committed by considering this. 
value as applicable to the present vertical telescopes. 


Correction has therefore been made using this value throughout, and each 
observed bimonthly mean daily variation has been corrected to the mean pressure: 
for the bimonthly period. 


THE INCIDENCE OF METEOR PARTICLES UPON THE BARTH 
By A. A. WEIss* 
[Manuscript received May 10, 1957] 


Summary 


Radio echo rates for both shower and sporadic meteors, measured at Adelaide 
with the 27 Mc/s C.W. equipment, are applied to the calculation of the incident flux of 
meteors above limiting brightnesses in the range Mp<+7-5. On the hypothesis of a 
strongly velocity-dependent ionizing probability, reached after a critical evaluation 
of the observational material, the meteor flux above prescribed limiting meteor particle 
masses, and the space densities of meteor particles, are also calculated. These fluxes 
and densities agree reasonably well with independent evaluations from visual meteor 
rates. The amount of meteoric matter falling on the whole Earth per day within particle 
mass limits 10-1 to 10-4 g, for sporadic meteors and some showers, is also estimated. 


I. INTRODUCTION 
This paper is the third of a series dealing with meteor observations at Adelaide 
with the 27 Mc/s C.W. equipment. Paper I (Weiss 1957a@) discusses the sporadic 
background. Paper II (Weiss 1957b) is concerned with shower meteors and 
presents an overall picture of the meteor activity. The present paper, based on 
the data of the preceding two, deals with the influx of meteor particles over the 
whole surface of the Earth, and with their density in space. 


Meteors are counted by radio equipments in terms of the line density or the 
equivalent radio brightness—an equipment will detect in a given direction all 
meteors which satisfy the geometrical conditions for specular reflection and whose 
line densities exceed the threshold appropriate to the equipment. Similarly, 
visual observers record all meteors above the visual threshold brightness which 
fall within a prescribed field of view. These brightness counts are not necessarily 
simply related to the total influx of meteors above a prescribed radio brightness 
(because of the influence of aerial aperture and polar diagram, and trail aspect) 
or a prescribed visual brightness (visual aperture and subjective factors), nor to 
the total influx of meteors above a prescribed limiting mass. 


Several estimates have been made (Kaiser 1955, p. 119; Levin 1955 ; 
Hawkins 1956) ; Davies 1957) of the number of meteor particles, above a given 
limiting brightness, radio or visual, falling on the whole Earth. Meteor brightness 
_ ig directly measurable, and the above estimates of the numbers of incident 
particles and the flux found from the Adelaide counts are reasonably concordant. 
The extension of these results to the determination of the influx of meteors above 
a prescribed limiting mass, or of the density of meteor particles in space, can 
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only be made if the ionizing probability and the luminous efficiency, i.e. the 
efficiencies of production of free electrons and radiation, are known. This 
further analysis has been made for the visual counts by Levin, who concluded 
that the maximum particle densities in shower orbits are considerably lower 
than the density of sporadic meteors. Although the question of the dependence 
of ionizing probability upon meteor velocity is not fully resolved, there is a 
growing body of evidence which suggests that this parameter is strongly dependent 
on meteor velocity. Interpretation of the Adelaide radio counts on this basis 
leads to the conclusion already reached by Levin from the visual data: above 
the limiting mass corresponding to the visual threshold brightness for a meteor 
with a velocity of 60 km sec}, the sporadic meteor density is higher than that 
in the most dense portions of all the major day-time and night-time meteor 
streams. 

This agreement is, in itself, rather convincing evidence for the correctness 
of the forms of velocity dependence, weak for luminous efficiency and strong for 
ionizing probability, which emerge from the discussion of the relevant observa- 
tional material in Section V. 


Il. THE BRIGHTNESS AND MAss DISTRIBUTIONS 
The maximum value of the line density of electrons in the meteor trail is 


Cmax = (4/9 nH \mG(o} copy, Bee eee (1) 


where y is the zenith angle of the radiant, u the atomic weight of the (average) 
meteor atom, H the atmospheric scale height, and 8(v) the ionizing probability, 
i.e. the probability that a single evaporated meteor atom will produce a free 
electron. The analogous parameter in visual detection is the luminous intensity J. 
According to Levin (1955) the brightness estimated by a visual observer may 
characterize some average luminous intensity /0c(Imax.)", }<v<1. However, 
Browne e¢ al. (1956) find «~1 and it is sufficient to put#=1. Then the maximum 
value of the luminous intensity is 


Finax, == COMBE, DOVE T(E) "sic s wines ara ee (2) 


where 7(v) is the luminous efficiency, i.e. the fraction of the total energy dissipated 
which is emitted as visible radiation. The velocity-dependence of the parameters 
6 and 7 is examined in Section V. In the meantime, attention may be drawn 
to the factor v? which already appears in (2). 


The visual and radio brightnesses are now, as usual, taken to be 


M ,=const. —2-5 logioImax. 

M ,=const. —2 * 5 log iy Minas. 
The frequency distribution of both radio and visual magnitudes will be assumed 
to have the form 


Vg OCOD cw yal Oe Stee aa ene (3) 
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where v,dM is the incident flux of meteors with magnitudes between M and 
M-+daM. The corresponding flux of meteors with masses between m and 
m+dm is then assumed to be 

Pe Hae UH ay, ta tie hc re Os ere ba (4) 
where s=1-+2-5 log,a=1+y, if y=2-5 log, a. 

Detailed investigations of the structures of several showers by Browne et al. 
indicate that the distributions (3) and (4) do not hold exactly over extended 
ranges of brightness and mass. They do, however, form a useful first approxi- 
mation, and in the present paper mass distributions are, with one exception, 
discussed with s—constant over the range of interest. Values of s adopted for 
showers are listed in Table 1. For sporadic meteors s=2-0. 


III. SHowER METEOR FLUX ABOVE A PRESCRIBED RADIO BRIGHTNESS 

From equations (1) and (4), assuming 8 to be independent of the mass m, 
the incident flux of meteors, across unit area of a plane normal to the meteor 
paths, with zenithal line densities greater than «,=« 9/cos x, is 


O(a JAC e =I yaler. ihc hic sas (5) 


The zenithal line density is the maximum number of electrons per unit length 
which the meteor would produce if it travelled vertically downwards. «a is 
the minimum detectable line density in the direction 0, which is the direction 
of the reflection point of the meteor trail in the echo plane, following the geometry 
and notation of Kaiser (1955, p. 119). From (5) it follows that 


©(a9/Cos ~)= O(a 9/COs x) (o%9/ a9 )*—1, 


where «, is the minimum detectable line density on the axis of the aerial beam, 
which for the Adelaide equipment is directed to the zenith. 

Kaiser (loc. cit.) has given expressions for the total radio echo rate in terms 
of the equipment geometry and parameters, and the incident flux. Shower 
fluxes have been computed using these expressions and the radio counts at zenith 
angles y=70° given in paper II. At this zenith angle collection is confined to the 
major lobe; the limiting sensitivity contours are given in paper I. A horizontal 
collecting surface for meteors, at a height of 90 km, has been assumed ;_ this 
introduces an error of less than 1 per cent. The further approximation is made 
that only short, decay type echoes are observed («<2 x10" cm); this is true 
over most of the major lobe. 

With these approximations, the echo rate integrated over the whole 
aperture of the major lobe is 


N= OO Bo2 1079) AG0DL (eh, ol eter (6a) 
I(s)=(s—1-14)-3 i (%)/09)8-1 cos20 dO... (6b) 


major 
lobe 


The integral (6b) is illustrated in Figure 1. For a given flux © the echo rate is 
evidently quite sensitive to the mass distribution within the stream. 
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Using (6) and the average echo rates at maximum activity given in paper II, 
the following fluxes are obtained : 


Geminids O(a) 
June day-time showers 
and in general 


3:6 X102 «-°-? km-? gec-1 
2°4<1012q-1:5 


I 


g=1:5 O(a) =5 +3 x 10-8(10-12,)-% 57 km-2 gee-2 
2-0 =6:7 X10-8(10-124,)-1-0 
2-5 =6-1 X10-8(10-12q)-1:5N 


Zenithal line densities (the suffix ¢ has been dropped) are measured in 
electrons cm~. These figures may be compared with some reductions by Kaiser 
of radio counts made at Jodrell Bank with a wide-aperture aerial system. Small 


2:5 


2-0 


o°s 


15 2-0 2:5 
s 


Fig. 1—The dependence of the shower echo rate upon the mass- 
distribution parameter s, for the Adelaide 27'Mc/s equipment. 


corrections have been made to bring some of the parameters into agreement 
with those adopted for the reduction of the Adelaide counts. The amended 


fluxes are: 


Geminids ©(a)=1°9 X10? «7 km-? sec! 
Perseids sep el Ara oe 
June day-time showers ==1 O10 aR 


There appears to be a systematic difference between estimates of the same flux 
arrived at using the two different equipments. This is undoubtedly due to 
interaction of the approximations made upon the respective geometries, together 
with uncertainty in the absolute limiting sensitivities of the two equipments. 
Data relating to some of the more active showers are listed in Table 1. 
A division of the composite day-time activity between the Arietids and the 
¢-Perseids has been made on the basis of the Jodrell Bank echo rates obtained 
with the 72Mc/s radiant equipment. The values of the mass-distribution 
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parameters s for the last four showers are not known and several possible values 
are used. The Quadrantid flux has been estimated by comparing radio echo 
* yates (72 Me/s radiant equipment at Jodrell Bank) for Perseids and Quadrantids. 
The Perseid flux is known from Kaiser’s reductions, and the geometry for the 
two showers in the Jodrell Bank equipment will be almost identical, as the two 
radiants transit at the same elevation and the streams have very similar mass 
distributions. The Quadrantid flux is thus found to be 


©(a)=3 51 K108~—-® km pee. 


_ The fluxes ©(10') in Table 1 are estimates of the numbers of meteors 
(km-? sec-!) whose zenithal line densities exceed 10!* electrons cm, crossing 
a plane normal to the meteor paths. Fluxes calculated for the same shower 
from counts made with different equipments may differ by factors of 2 or so. 
This discrepancy is satisfactorily small. 

An examination of the effects of non-uniform s upon the calculated fluxes 
has been made for the Geminids, a typical stream for which s decreases from 2-3, 
for +2> M,>0, to 1-45 at M,p=7:-0. It appears that ©(1011) for this stream, 
if calculated from the constant value of s=1-7, will be overstated by about 
30 per cent., whereas ©(101") will be correct. For the Arietids, for which s 
appears to increase towards fainter radio brightnesses (decreasing «), the assump- 
tion of uniform s will of course result in ©(101!) being understated. Because of 
these errors it seems wise to confine the use of the flux expressions derived in 
this section to line densities above 1011, M,<+7°-5. 

Some visual data, as reduced by Levin (1955), are also given in Table 1. 
Comment on these is deferred until Section VI. 


IV. Sporapic MEeTEOR'FLUX ABOVE A PRESCRIBED RADIO BRIGHTNESS 
(a) Isotropic Distribution of Radiants 

Following Kaiser, denote by @(«,)dw the flux, across unit area of a plane 
normal to the meteor paths, of sporadic meteors with line densities greater 
than «,, whose radiants lie within an element of the celestial sphere of solid angle 
dw. This form for the sporadic flux, derived from (1) and (4), applies in the 
presence of an extended velocity distribution provided this distribution is 
independent of radio brightness, as it appears to be. The mean, taken over the 
whole Earth, of the sporadic meteor flux through a horizontal plane from above, 
is 

O,(a,)=t] O(a,)do, 
4 
and, if © is isotropic, 0,=70Q. 

Although sporadic radiants are known to be anisotropically distributed 
over the celestial sphere, it is convenient as a first step to derive from the Adelaide 
Sporadic echo rate a sporadic flux © on the assumption that © is isotropic. 
Using Kaiser’s expression for the total sporadic echo rate, assuming circular 
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symmetry for the aerial polar diagram (east-west traverse) and putting s—2-0, 
the total sporadic echo rate is found to be 


N =178000(a)(Zy,-+3Ln)s 


° major 
lobe 


LT i (%o/%») Cos? pF (p)dp=0 -053. 


- minor 
lobe 


g is the elevation of an element of the aerial beam and 
P(9)=(R/h)(R/R, +sin ) 
‘with R=slant range, h—mean height of reflection points=90 km, and R,=radius 
of the Earth. The factor 2 has been introduced to compensate for the departure 
of the minor lobe from the assumed circular symmetry. From paper ne 
N~10 hr-!, so that 
©(a)=1-2 105 «-tkm- sec-, 
Oe (reels WS dR ones: ge oe See Pacha eee RN Se (7) 
This sporadic flux agrees well with some values derived by Kaiser, also on the 
assumption of a uniform geocentric distribution of radiants. These are 1-4, 
3-6, and 4-2x10°5«-1 for @,. It is considerably smaller than the flux arrived 
at by Hawkins (1956b), 1-2 x10%«1, from the Jodrell Bank radio surveys. 
Hawkins uses an indirect method, based on echo durations, for the determination 
of the limiting sensitivity of the Jodrell Bank equipment and applies large 
corrections for radiants outside the sensitive sector of the aerial. In the case 
of the Adelaide equipment, with spaced transmitter and receivers and deliberate 
leakage of ground wave into the receivers, direct calibration of the 
minimum recorded echo power, which lies far above noise level, has been 
made ; and the correction for aerial aperture is much smaller. For these reasons 
and because of the good agreement with Kaiser’s values, the value of 
©,(«)=3-8 x105«-! km-? sec“! is used elsewhere in this paper for the sporadic 
flux. 
(b) Non-isotropie Distribution of Radiants 

One useful example of a non-isotropic geocentric distribution of sporadic 
radiants is easily discussed. Let the radiants be uniformly distributed within 
a narrow strip of the celestial sphere, of constant angular width ) and centred 
on a great circle (Fig. 2). Echoes from a radiant at any point & within this strip 
will be received from all angles 6 in the echo plane. The relative echo rate as a 
function of the zenith angle of the radiant has already been computed in paper I, 
and if this relative echo rate be denoted by Z,* the total echo rate from a strip 


at elevation 90—¢ is proportional to 


[frm 


strip 
_ * Expression (6) of paper I for the function Z(y) has been evaluated without regard to the 
actual height distribution of reflection points; this may be taken into account by division by 
(RIR, +sin o) under the integral sign in (6) of paper I. This correction is negligibly small in the 
applications of this function Z made here and in paper I. 
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Strip echo rates obtained in this way may be normalized to the absolute values 
of the preceding section by performing similar calculations for sectors bounded 
by great circles. The echo rate from such a sector is proportional to 


| Z cos Edddé, 


sector e 
and summation over all sectors, normalized to the isotropic flux (7), should 


reproduce the observed echo rate. 


ZENITH 


Fig. 2.—Geometry for assumed non-isotropic distribution of 
sporadic radiants. 
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Fig. 3.—Normalized average sporadic meteor fluxes 0, as 
a function of strip zenith angle Q. 


Values of ©, for two possible aerial patterns—major lobe alone, and major 
lobe-+-minor lobe II (see paper I)—normalized to ©, (isotropic) =1, are shown 
in Figure 3. Further averaging of the echo rates for narrow strips within the 
range 10° <@ <60° will lead to the value of ©, to be expected from a concentration 
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of sporadic radiants to the plane of the ecliptic, or to the apex of the Earth’s 
way, when averaged over the whole year. These normalized estimates of OF 
are: major lobe alone, 1-02; major lobe+minor lobe II, 1-05. The resultant 
flux is clearly insensitive to the finer detail of the aerial pattern. 


This conclusion, that the sporadic echo rate averaged over the whole year 
is almost independent of the source distribution and depends only on the average 
flux across unit horizontal surface averaged over the whole surface of the Earth, 
has been reached using the Adelaide equipment. It is expected to apply to 
any equipment with a wide-aperture aerial system directed not too far from the 
zenith. With this assurance, the value ©, (10!2)=38 x 10-8 km-? sec-1 may be 
adopted as the best estimate from all sources. Since the rate of incidence of 
meteors upon the whole surface of the Earth is proportional to R20 for showers 
and to 4xR20, for sporadics, the incidence upon the whole Earth of meteors 
brighter than M,=5 («=101) is approximately the same for shower meteors and 
for sporadic meteors, with sporadies perhaps slightly more numerous. 


V. Luminous EFFICIENCY AND IONIZING PROBABILITY 

A good deal of information bearing on the question of these parameters, 
respectively + and 6 as defined in Section II, is scattered throughout the literature. 
It is intended in this section merely to summarize the conclusions reached by a 
critical evaluation of this material. Several relevant articles appear in the 
report of the symposium on meteor physics held at Jodrell Bank (Kaiser 1955) ; 
other important references are Greenhow and Hawkins (1952), Millman (1956), 
and Hawkins (1956a). 

There is some measure of agreement on the dependence of t upon velocity, 
but its absolute value is not well known. Photographic results suggest that for 
bright meteors (M,<0) tocv, whilst for fainter meteors (M,>0) t is almost 
independent of v. Absolute values of t have usually been taken in the range 
0-001<1<0:01; photographic decelerations of 11 bright Perseid meteors 
(mean M,=-—3) give, with some scatter, t~0-01. These absolute values, 
and the influence of the mass of the meteor upon the velocity-dependence of 7, 
receive some theoretical support from Opik’s treatment, and the following 
expressions for the luminous efficiency have been adopted : 


t= 3° D x 1L0-%, sree tae ose sce 2 ah (8a) 
Be le ee aes BULL ye Uy. Sy ops orishd oki.» te se (8b) 
if v is in km sec}. 

Several estimates of the ionizing probability 6 for Perseid meteors have been 
made. These fall in the range 0-2<@6<1. With one exception, these estimates 
have been obtained by prior evaluation of the ratio 7/8. The exception is 
McKinley’s bright Perseid (M,~—3-5) which leads to the highest value, B~1. 
The dependence of 8 upon velocity has been estimated from radio-visual cor- 
relations for Perseid and Geminid meteors, independently by Hawkins and by 
Evans and Hall using different material. The two estimates are reasonably 
concordant, and may be averaged to give 


7/B=1-6 x105y-*, 
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which implies, with + appropriate to fainter meteors (expression (8b)) and 


: =f 
OE oases Ba=i <8 X10-*6t apie: ee (9) 


For Perseid meteors (v=60) this gives B=0-17, in satisfactory agreement with 
the estimates of 8 given above. Millman and Whipple advance other evidence, 
based respectively on echo durations and on the ratio of radio to photographic 
meteor counts, which supports the value 4 for the exponent in (9). It should, 
however, be mentioned that an indirect determination of this exponent, made 
by Evans and Hall and based on the theory of the height distribution of sporadic 
meteors, suggests that 8 should be, at most, weakly dependent upon velocity. 
This approach has been criticized by Whipple and by Hawkins (1956a), who 
consider that further study is necessary before this method can be considered 
reliable. 

In accepting (9) for the form of dependence of the ionizing probability upon 
velocity, two reservations must be made. Firstly, according to Millman 7/8 
is roughly constant for Perseid meteors in the range —5<M,<-+5. This, 
with the relations (8), implies a dependence of 8 upon the meteor mass which 
has not been taken into account in the formulation of (9). As the radio data 
are largely confined to fainter meteors, this reservation may not be serious. 
Of greater consequence is the limited velocity range upon which the derivation 
of (9) depends: the power law dependence of 8 upon v is assumed and the value 
of the exporient determined from two points only, v=60 (Perseids) and »=36 
(Geminids). For shower meteors, with 66>v>29, (9) should give a fair repre- 
sentation of 8; but a large extrapolation is involved in the application of this 
relation to sporadic meteors, for which 72>v>12. 


VI. METEOR FLUXES ABOVE A LIMITING MASS 
Before proceeding to an examination of the consequences of a velocity- 
dependent ionizing probability on the derived meteor flux, it is well to reiterate 
that the results of Sections III and IV dealing with directly measurable brightness 
limits are not influenced by the reservations imposed by the uncertainty in 
either the absolute value or the velocity-dependence of this probability. The 
only requirement is that the velocity distribution, amongst sporadic meteors or 
amongst the particles of a given stream, should be independent of the brightness. 
If it is accepted that luminous efficiency and ionizing probability are different 
functions of velocity, direct comparisons of visual and radio fluxes above corres- 
ponding limiting visual and radio brightnesses are precluded. The physically 
significant comparisons are those between visual and radio estimates of the. 
numbers of particles incident on the whole Earth, for different showers and for 
sporadic meteors, within definite ranges of mass, or above a prescribed limiting 
mass. 
(a) Shower Meteors 
_ Denote by m(«) the mass of a meteor, with datum velocity v=60 km sec-1, 
which produces a trail whose maximum line density is «; m(«) is termed the 
limiting mass. Then the flux of meteors, per unit area across a plane normal to 
the meteor paths, with masses exceeding m(«), is from (5) and (9), 


v(x} =O(a)(60/v)4O-D, eee cece ee (10) 
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The velocity appropriate to equation (10) is the observed geocentric velocity v, 
in the terminology of Lovell (1954, p. 90). Fluxes v(10!7) so obtained sare: 
enumerated in Table 1. 


For visual data, the expression analogous to (10) is 
v(M y)=O(M ,)(60/0)%, 


as adopted by Levin (1955) with + independent of v, in close agreement with 
(8b). For the data collected by Levin, M,—4-3 and rates are corrected to a 
radiant at the zenith; the datum velocity has been increased to 60 km sec-! 
to facilitate comparison with the radio data. Fluxes v(4-3) are also given in 
Table 1. 

With the exception of the Orionids, for which the Adelaide radio rates may 
be overstated, the visual fluxes are consistently higher than the radio fluxes, 
by factors of from 3 to 5. The disagreement is rather larger than the dispersion 
amongst the radio fluxes for a given shower. Moreover, it is usual to consider 
that «=—10” corresponds to M,—+5-0; on this basis v(4-3) should never 
exceed v(10!*) and the discrepancy is further increased. One simple way of 
resolving this discrepancy would be to increase the field of view proposed by 
Levin for the visual observations. For instance, a field 90° in diameter, at an 
altitude of 90 km, with an area of 25,000 km?, is not unreasonable and would go 
far towards bringing the visual and radio fluxes into agreement. 

The s-value for the 5-Aquarids is unknown. From a comparison of orbits 
and shower durations there is reason to believe that the 5-Aquarids and the 
day-time Arietids are two manifestations of the same meteor stream. It is. 
interesting to note that if the value of s=2-5 found for the Arietids is applied 
to the $-Aquarids, the fluxes v(«) for the two showers are identical. Measurement 
of the s-value for the 5-Aquarids should suffice to confirm the identity of these 
two streams. 


(b) Sporadic Meteors 

Following Levin, define by 5(«) the density on the celestial sphere of the true 
individual radiants of sporadic meteor particles with masses exceeding m/(«), 
i.e. the number of particles which are travelling in unit time onto unit area 
normal to the flux and stationary with respect to the Sun. As before, dw denotes 
an element of the geocentric celestial sphere at apparent elongation ¢ from the 
apex, and let dw, be the element of the heliocentric celestial sphere at true 
elongation <¢). V is the heliocentric velocity of the meteor, and v the observed 
velocity, which may be distributed. It is assumed that V is the same for all 
sporadic meteors ; the extension of the treatment to a distribution of velocities 
is readily made and involves no new principle. Then 


3(ax) =O(a)(dw/de,)(V/2). 
The apparent flux of sporadic meteors above the limiting mass m(«) passing 


through unit horizontal surface from above is 


v,(a)=4} O(a)(60/v)*@-Ydw. ..... Beier (11) 


4 
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Similarly, for visual meteors 


5 v,(M ,)=4 [ ©(M,)(60/v)8%dw. ......- 02 ae (12) 
J 4r 

For constant V, v is now a function of the apparent elongation < and therefore 
of , and (11) and (12) can only be applied to the measurements already discussed 
if the distribution of ©, i.e. the distribution of sporadic-radiants over the geo- 
centric celestial sphere, is known. 

For the radio data, two model distributions of © have been considered. 
In paper I it was shown that the Adelaide echo counts could be explained by 
two quite different distributions of ©, one a concentration to the plane of the 
ecliptic with an observed apex/antapex ratio of 4 (model E) and the other a 
much less extreme distribution over the whole of the celestial sphere (model U,,). 
Fluxes y,(1012) found for these two distributions of ©, with V=42 and 35 
respectively, are given in Table 2. For the visual data, the radiant distribution 


TABLE 2 


SPORADIC METEOR PARTICLE FLUX 


Flux x 108 (km~-? sees) 
Flux Function Type 

V=42 ! V=35 
©,(1012)* .. R 37 | 37 
@,(4:3)* .. Vv 86 | 86 
y,(10!2) Model Uys R 160 | 690 
v,(4°3) a Vv 604 1950 
y,(10!2) Model E R 800 . 3200 


* Not a function of velocity. 


used by Levin, after correction to the new datum velocity v=60 km sec-1, leads 
to the fluxes v,(4°3) also given in Table 2. The visual data do not appear to have 
been corrected to zenithal brightness, and no information is (or can be) available 
visually on radiants near the helion position. 


After correction for the systematic error discussed above in connexion with 
shower fluxes, which is justified if the correction is one for aperture, the visual 
model and the radio model U,, appear to be in reasonable agreement. But this 
agreement must not be overstressed. As mentioned above, agreement between 
the radio @(10!*) and visual ©(4-3) cannot be expected because of the different 
functional forms of + and 8. Even after allowance for this factor a strong 
disagreement in the vicinity of the apex remains between the radio and the 
adjusted visual estimates of @—see Figure 4 in which @(4-3) has been normalized 
80 that v,(10")=y,(4-3). The visual ©, although based on incomplete data and 
influenced by subjective factors, should be at least as acceptable as the radio 0, 
which is obtained by fitting an inadequate model to the radio counts, a model 


moreover which could be appreciably altered in the vicinity of the antapex without 
much effect on the echo rate. 
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All the distributions of © considered above imply a very large preponderance 
of direct orbits, with the consequence that meteors with apparent elongations 
€<90° produce a high proportion of the flux © observed above a limiting brightness, 
but only a very small fraction of the flux v,(«) above the limiting mass. This 
aspect, which considerably lowers the accuracy with which v, can be estimated, 
has been adequately discussed by Levin. The position is particularly acute in 

case of model E; for example, with V=35, 80 per cent. of the flux @(1022) 
proceeds from meteors with «<90°, whereas these same meteors contribute only 
7 per cent. of the flux v,(10""). For this reason the fluxes v,(102) obtained with 
model HK, which does not fairly represent the observed radiant distribution in 
the vicinity of the antapex, are certainly too high. 


in 


RADIO 9 BASED ON © CORRECTED VISUAL @, 
MODEL Uyg> V=42 


X CORRECTED VISUAL 6, 
V=35 


1077 


@(KM~2 SEC™') 


o° 30° 60° 90° 120° 150° 180° 
APPARENT ELONGATION, € 


Fig. 4.—Radio and visual sporadic fluxes ®. Visual © has been reduced to 
the same velocity-dependence as radio © for purposes of comparison. 


Because of lack of detailed knowledge of the sporadic radiant distribution, 
ofgthe distribution of velocities, and of the exact form of the dependence of 
luminous efficiency and ionizing probability upon the velocity, it is difficult to 
arrive at a reliable estimate of the flux v,(101!2) for sporadic meteors. The value 
vy, (1012) =10-5 km-? sec! has been adopted. 


(ec) Comparison of Shower and Sporadic Fluxes 
The total number of particles above the limiting mass m(«) falling on the 
‘arth’s surface per second is nR2y for showers and 4rR%v, for sporadics. 
These numbers are compared in Table 3, in which 4rR2y,(10!2) has been 
normalized to 100 sec-1. As an indication of the absolute values involved, 
4nR?y, (1012) ~5100 sec-!, Most probable values of s have been selected. 


Bearing in mind the uncertainty in the value of y,, it appears that the 
number of sporadic meteor particles, with masses exceeding m(10%), incident 
on the whole Earth, is at least as great as, and may well considerably exceed, 
the corresponding numbers for the daylight showers and the 5-Aquarids 
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at the times of maximum activity. The sporadic influx certainly far exceeds 
that due to the major night-time streams. On passing to a lower limiting 
mass, say m(101), the dominance of the sporadic influx relative to showers 
other than the day-time Arietids and possibly the 5-Aquarids, is still further 
enhanced. 

TABLE 3 


NUMBERS OF PARTICLES ABOVE LIMITING MASSES INCIDENT 
ON WHOLE EARTH 


No. of Particles* 
Type of Meteor 
m(10??) m(1074) 
Perseids Ae a 1:5 ; 6 
Geminids ae ae it 58 
Quadrantids .. aa 7 46 
Arietids 4 on 39 1200 
C-Perseids .. ae on 370 
$-Aquarids 41 1300 
n-Aquarids 1-4 14 
Orionids 1-6 52 
Sporadics 100 1000 


* Normalized to sporadic meteors m(101*)=100. 


VII. THE SPACE DENSITY OF METEOR PARTICLES 
The space density D(«) of sporadic meteors, defined as the density of sporadic 
meteors above the limiting mass m(«) moving in all directions within unit volume 
in heliocentric coordinates, is 


D(a) =| [O(a)/v](60/v)4dew. 


The analogous density for shower meteors is simply v(«)/v. 


- With the same reservations as applied to the estimate of y,(«) the space 
density D(10!*) is found to be 200-300 x 10-8 km~-? for sporadic meteors. This 
is to be compared with the densities within the major streams, listed in Table 1. 
The space density of sporadic meteors far exceeds the density within the major 
permanent streams, at least for the more massive particles with m(«)>m/(10!2). 


VIII. THe InctpENT MAss 

From the relative numbers of meteor particles incident on the whole Earth, 
as listed in Table 3, and the absolute value 4nR2y,(101)=5-1 x 104 sec, it is 
possible to calculate the total mass of the meteoric matter falling per day on the 
whole Earth. 

From (1), with y=0°, p=10-*g, H=7km, and 8 given by (9), 
m(10"!)~10-4 g. The mass falling on the Earth per day in different mass ranges 
is listed in Table 4 for sporadic meteors and two typical showers. Total masses 
within the mass range 10-1 to 10-4 g are respectively : sporadics, 3000 ; Arietids, 
1600; Perseids, 70 kg day. In this mass range, then, sporadic meteors bring 
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in at least as much mass per day, and probably much more, than the major 
showers at their times of maximum activity. Outside this mass range the 
incident mass becomes quite sensitive to the value of the mass-distribution 
parameter s. Extrapolation to lower mass limits is conjectural because of 
suggestions (Davies 1957) that there is an unexpected increase in numbers of 
sporadic meteors fainter than 9th-10th magnitude, and to higher mass limits 
because the manner of the cut-off of those streams with s<2 is unknown. 


TABLE 4 
MASS INCIDENT ON THE EARTH PER DAY 


Mass (kg day-1) 
Mass Range 
(g) Perseids Arietids Sporadics 

10! -10° 240 11 1000 
10° —10-1 94 36 1000 
10--10-2 46 110 1000 
10-2-10-3 15 360 1000 
10-3-10-4 | 6 1100 1000 


If the strong dependence of ionizing probability on velocity is accepted, 
it would appear reasonably certain that the permanent showers, with the exception 
of the Arietids and possibly the 3-Aquarids, seed into the atmosphere an amount 
of matter per day, averaged over their duration, which is rather less, and may be 
much less, than the matter per day brought in by sporadic meteors. In the 
event that the ionizing probability proves to be independent of, or at most weakly 
dependent upon, the meteor velocity, the major showers will rank about equally 
with sporadic meteors. 
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RELATION BETWEEN METEOR SHOWERS AND THE RAINFALL 
OF AUGUST, SEPTEMBER, AND OCTOBER 


By E. G. BowEn* 
[Manuscript received April 11, 1957] 


Summary 


The rainfall of approximately 300 stations over the globe during the 3 months 
August, September, and October show departures from the mean which are similar 
in character to those previously reported for the months November, December, and 
January. Peaks in the rainfall curve occur on the average 31 days after meteor showers, 
in good agreement with the value of 30 days arrived at for November, December, and 
January. 

One of the best known meteor showers of the whole year, namely the Perseids, 
occurs during the period examined. This is a long-enduring stream which maximizes 
from August 10 to 14. Commencing 31 days later is the most prominent rainfall peak 
of the whole year, extending from September 10 to 24. 


I. INTRODUCTION 

The present paper is the continuation of a series which deals with the possible 
connexion between meteor showers and heavy rainfall in different parts of the 
globe. Previous papers (Bowen 195€a, 19565) dealt with the rainfall of November, 
December, and January, and in the present paper it is proposed to examine 
the rainfall of August, September, and October. During these three months the 
meteor showers are not always as clearly defined and therefore not as well 
catalogued as for November, December, and January, but nevertheless the period 
is one of considerable interest as it contains some of the recently discovered 
daylight streams and the best known night-time meteor shower of the whole 
year, namely the August Perseids. 


The hypothesis that meteoritic dust might be affecting rainfall has proved 
unacceptable to most meteorologists and it has been severely criticized both in 
the literature and in private. However, the criticisms have usually arisen from 
an examination of very inadequate amounts of data. The present analysis is 
advanced in the belief that a comparable amount of data has not been collected 
together or analysed elsewhere. 

The stations used in the present investigation are the same as those given 
in a previous paper (Bowen 1956b) with the addition of the daily rainfall figures 
for 10 stations in South Africa chosen by officers of the South African Weather 
Bureau. A list of these is given in Appendix I. This provides a more complete 
sample of the southern hemisphere than was previously available and the records 
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now contain data from three of the four land masses in that hemisphere. The 
characteristics of world rainfall are best indicated by combining the whole of 
. the available data, and the curve which results is given in Figure 1. This has 
been prepared in the same way as Figure 8 of the previous paper (Bowen 1956) 
and shows the departure of the daily rainfall from the mean for approximately 
300 stations over a period averaging about 60 years. 


The curve shows characteristics which are broadly similar to those of 
November-December-January. There are either two or three major peaks per 
month, and the greatest departures from the mean are approximately +20 per 
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Fig. 1.—The mean daily rainfall of approximately 300 stations over the globe for the 
three months August, September, and October. 


cent. It is possible therefore that these features arise from a similar physical 
cause, namely the nucleating action of dust from ‘meteor showers which entered 
the top of the atmosphere about 30 days before the date of the rainfall peak. 
It is proposed to examine the rainfall month by month on this supposition. 


II. AuGustT RAINFALL 

If a peak is defined as one which has a numerical value at least 5 per cent. 
greater than the troughs on either side of it, there are three which come within 
this definition during the month of August. These occur on the 5th, 11th, 
and 29th respectively. The only shower meteors during the previous month 
with a long and consistent record of appearances are the 5-Aquarids, which have 
a sharp maximum on July 28. The rainfall peak on August 29 occurs 32 days 
after this meteor shower, in fair agreement with the hypothesis. 


The meteor activity during the early part of July is less well established, 
but Lovell (1954) has reported the 6-Taurids on July 2 and the v-Geminids on 
July 12, which are respectively 34 and 30 days before the rainfall peaks in the 
early part of August, again in fair agreement with the hypothesis. The dates on 
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which the rainfall peaks occur, together with a list of these meteor streams, are 


tabulated in the first part of Table 1. 


In the last column of this table is the 


time difference in days between the rainfall peaks and the date of the meteor 


showers. 
TABLE 1 
COMPARISON OF DATES OF METEOR STREAMS AND RAINFALL PEAKS 
Rainfall Meteor Date of Difference 
Peak Shower Authority Maximum (days) 
Aug. 5 6-Taurids Lovell July 2 34 
ll y-Geminids Lovell 12 30 
29 $-Aquarids 28 32 
Sept. 3 Not known —— — 
10-24 Perseids Aug. 10-14 — 
Oct. 8 Sculptorids Czech. Astro. Inst. | Sept. 9 29 
17 y-Pegasids B.A.A. V7; 30 
24 a-Aurigids B.A.A. 22 32 
Mean 31 days 


III. SEPTEMBER RAINFALL 
The September rainfall given in Figure 1 is characterized by a relatively 
sharp peak on September 3 and a broad maximum which extends from approxi- 
mately September 10 to 24. No meteor shower is known which might correspond 
to the peak on September 3. 


Considering the month as a whole, from September 10 to 24 inclusive there 
is a run of 15 successive values, all of which exceed the mean for the month. 
Calculation of the odds against this happening by chance give values which 
range 100,000:1 to 40:1, depending on the initial assumptions. Even the 
most pessimistic of these estimates indicates with a high degree of probability 
that this long consecutive series of high rainfall values is not a chance phenomenon 
and that it is due to a real physical cause. _ The broad peak between September 10 
and 24 is in fact unique among the rainfall records for the whole year in extending 
over such a long period. Thirty days earlier there occurs the best-known and 
longest enduring meteor stream of the whole year, namely the Perseids. This 
stream has been recorded since earliest times, it endures for approximately 20 
days and reaches its maximum between August 10 and 14. It is also known 
(Zacharov 1952) that it is accompanied by sufficient dust to influence the trans- 
parency of the atmosphere at this time of year. The fact that an unusually 
long run of high rainfall values follows an unusually extended period of meteor 
activity, and that the time interval between them is again approximately 30 
days, provides. good reason for associating the broad peak in the September 
rainfall with the Perseids meteor shower. 


It should be noted that in any one area or in any one year, the period 
September 10-24 does not necessarily correspond to a long period of continuous 
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rain and the broad peak exhibited in Figure 1 does not appear as such in the 
records of individual stations or groups of stations. It only appears in that 
form when data are integrated over large areas and over long periods of time. 


IV. OcTOBER RAINFALL 
The October rainfall given in Figure 1 shows peaks on the 8th, 17th, and 
24th. There are few references to meteor showers during the previous month ; 
in fact, the only records of meteor activity of any magnitude which can be found 
in the literature are: 


(a) A southern hemisphere shower on September 9 reported recently by the 
Czechoslovakian Astronomical Institute (1956, 1957) and referred to 
earlier by Hoffmeister (1948). Weiss (1955) has also reported minor 
shower activity, possibly of different origin, on September 7. 

(b) The y-Pegasids on September 17 reported by the British Astronomical 
Association (1924). 

(ec) The a-Aurigids on September 22 also reported by the British 
Astronomical Association. 


These occur 29, 30, and 32 days respectively before the rainfall peaks, in good 
agreement with the hypothesis. These showers, like those of early July, must 
be treated with some reserve until they have been further investigated, but they 
are listed in Table 1 and tentatively associated with the rainfall peaks. 


V. THE VARIATIONS IN INTENSITY OF THE PERSEIDS 

The Perseids are a long-established meteor stream which has shown some 
variations in intensity from year to year. The variations are not sufficiently 
well defined to allow the orbital period to be determined, but, from measurements 
of the velocity cf individual meteors, Whipple (1938) and others have shown 
that the orbital period is about 110 years. 

The Perseids are a northern shower, being incident at a declinaticn angle 
of 58°. Their effects would therefore be expected to occur predominantly 
in the northern hemisphere, and the rainfall of this region will now be examined 
to see if any long-term variations have occurred which might be related to the 
Perseids. The only region in the northern hemisphere for which the raw data, 
broken down by days and years, are available to the author is that of the U.S.A. 
The rainfall peak thought to correspond to the Perseids extends from September 
10 to 24, and the rainfall over this period has therefore been integrated for the 
48 stations in the U.S.A., for each successive 10 years, from 1870 to 1950. The 
totals so obtained are plotted in Figure 2. It shows a steady decline in rainfall 
from 1870 to the 1910-1920 period, followed by a steady increase. Unfortunately 
the records do not cover a sufficient number of years for a period to be determined, 
but, assuming a 110-year period, the sine curve of best fit determined by the 
method of least squares is given in the dotted line in Figure 2. The minimum 
occurs in 1912. 

The records of the Perseid meteors are not sufficiently complete for a 
corresponding curve of meteor intensity to be drawn, but it is known that there 
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was a pronounced minimum in 1911 and 1912. The activity was then so low 
that Denning (1912) suggested that the stream had disappeared ; but it has 
since reappeared with increasing activity. Without being conclusive, it can 
therefore be said that the variations in the rainfall of the U.S.A. over the period 
September 10-24 are consistent with the behavicur of the Perseid meteor shower. 
If the hypothesis connecting meteor showers with rainfall is correct, the rainfall 
of these particular two weeks will continue to increase and pass through a 
maximum about the year 1967. 


TOTAL RAINFALL SEPT. 10 - 24 (IN.) 


BZ 


1870 1890 1910 1930 1950 


Fig. 2.—The rainfall of 48 stations in the U.S.A. integrated 

over the period September 10—24 for each 10-year interval 

from 1870 to 1950, shown by —O O—. 

The sine curve of best fit, assuming a periodicity of 110 
years, is shown by ---A ---A---. 


VI. CONCLUSION 

In spite of the uncertain nature of several of the meteor showers during the 
period under review, the peaks in world rainfall during the three months August 
September, and October tend to occur approximately one month after Bia 
meteor showers. The time difference between them has a mean of 31 days 
with a greatest departure from this value of 3 days, as compared with a value of 
30+2 days derived from a study of the November-December-January data. 

As indicated in a previous paper (Bowen 1956d), it is unlikely that a broad 
association between meteor showers and rainfall of the type attempted in this 
paper will be convincing to meteorologists. Definite knowledge of the effect 
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of meteoritic dust on rainfall is more likely to come from physical measurements 
of the entry of the particles into the top of the atmosphere, their fall through the 
middle atmosphere, and their behaviour as rain-forming nuclei in the lower 
atmosphere. One purpose of the present paper is to give a comprehensive 
set of world rainfall figures against which such measurements can be compared. 
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APPENDIX I 
List of 10 rainfall stations in South Africa which have been added to those given in 
previous publications 


Durban ats oy .. 1900-1950 
Pretoria ae és .. 1906-1950 
Capetown a? Bie .. 1906-1953 
George ae rc .. 1878-1950 
Estcourt ae 3 .- 1895-1950 
Windhoek a ie .. 1918-1950 
Wellwood ad es .. 1875-1950 
Pietersburg .. ea .. 1905-1950 
Tsumeb a Pe .. 1913-1950 


Pt. Elizabeth “2 .. 1867-1950 


SHORT COMMUNICATIONS 


THE RESOLUTION OF THE CLOCK PARADOX* 
By. H. DINGLET 


In a recent paper (Builder 1957) Dr. G. Builder discusses the well-known 
“clock paradox’ on the basis of the restricted theory of relativity. The 
problem considered, to quote his own description, arises from the following 
hypothetical experiment: ‘‘ It is supposed that two observers & and M, equipped 
with identical synchronized clocks, are initially at rest together, e.g. at the 
origin of an inertial reference system 8. The observer M is sent on a journey 
along the x-axis of S, travelling away from & with uniform speed » for a time T, 
coming to rest for a time t, and then returning with the same speed v to rejoin R 
after a total time 27'+7 as read on F’s clock. It will, in the first instance, be 
supposed that the times required to accelerate, or decelerate, M are so small 
that they can be neglected without appreciable error.” 

The last sentence means in effect that we may take t=0, and the claim 
that the restricted theory of relativity is sufficient for the solution of the problem 
means that we may suppose that M starts instantaneously with velocity v, 
reverses to velocity —v also instantaneously, and (though this supposition is 
immaterial) finally comes to rest instantaneously on reaching R with velocity —v. 
‘The statement is somewhat indefinite since we are not told whether the time 7, 
during which M recedes from R, is obtained from M’s clock or is R’s coordinate 
time for that journey, and the statement that M rejoins R after a total time 27 
as read on &’s clock contains a presupposition that R’s clock at this event will 
in fact show twice the time 7’, whatever T is intended to represent. However, 
the context indicates that 7 stands for R’s coordinate time for M’s outward 
journey, and in that case it is a false assumption, as I hope to show, that R’s 
clock will read 27: when M returns. 

The paradox, of course, arises from the following consideration. According 
to the restricted theory of relativity, a moving clock runs slow as compared 
with a stationary one, Hence, if we regard M as moving, his clock will be 
behind #’s when they reunite. But the principle of relativity allows us with 
equal justification to suppose that R is moving and M stationary, and in that 
case M’s clock will be ahead of R’s when they reunite. These results cannot 
both be true. Which, then, if either, is right ? 

The answer, as I think is obvious, is that neither is right: the two clocks 
will agree on reunion. That this must be so follows immediately from the 
symmetry of the situation and the principle of relativity of motion. There igs 
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clearly nothing whatever to distinguish R from M in this problem, so we may 
attach the label M to whichever we like. And since, according to the principle 
of relativity, the result of the experiment must be the same whichever choice 
we make, the only possible relation between the clock readings on reunion is 
equality, if the readings were the same when the motion began. Dr. Builder, 
however, finds that when M rejoins RF his clock will be relatively retarded by an 
amount 27(1—«), where «—(1—v?/c?)#.* All we have to do, therefore, is to 
locate the point where Dr. Builder introduces an asymmetry into the problem, 
and to consider its significance. 

He has himself indicated this point for us. He defines events, E,, Eo, 
£3, and FE, as respectively the beginning of M’s journey, the end of M’s outward 
journey, the beginning of M’s return journey, and the end of M’s return journey. 
Since 7 is being neglected, H, and #, are effectively the same event. He then 
‘points out that M is present at all these events, but R is present only at FZ, 
and H,. Hence there is ‘‘ an essential asymmetry in the relations of the events 
E, and BL, to the systems S and S’ and, similarly, in the relations of the events 
E, and HE, to the systems S and S””’. (S8’ and 8” are the coordinate systems 
in which WM is successively at rest during the two parts of his journey.) 


This, of course, is perfectly true, but clearly that is because Dr. Builder has. 
selected the events with that end in view. If, instead of the events H, and E£,, 
we select events H; and £3, which mark respectively the end of R’s outward 
journey and the beginning of #’s return journey, then we shall have four events, 
at all of which # is present while M is present at only two of them. We may 
then repeat Dr. Builder’s argument and deduce, with precisely the same degree 
of validity, whatever that may be, that it is R’s clock instead of M’s that is 
retarded on reunion. 

Dr. Builder’s choice of Hz, and E3 instead of H and H3 is apparently made 
from the consideration given in the following sentence: ‘‘ Because M is the 
accelerated observer, i.e. the one to whom something happens, the identifiable 
events E,, E,, E,, EH, are all coincident with M.” But in what sense is M 
accelerated rather than R? Dr. Builder does not use the general theory of 
relativity, but he gives us no reason to suppose that he regards it as essentially 
wrong. We must assume, therefore, that he does not believe that there are 
absolute accelerations, especially as he has not attempted to justify the ascription 
of such a thing to M rather than to R, so the acceleration of M must be relative 
to something. If, therefore, in spite of having decided to ignore the accelera- 
tions we reintroduce them for ulterior reasons, we must regard M as accelerated 
with respect to R, for there is nothing else in the problem to which to relate it. 
But if M is accelerated with respect to R, then R must be accelerated with 
respect to M; any other possibility is inconceivable. Hence the statement 
that ‘‘ M is the accelerated observer ”’ is meaningless. It can acquire a meaning 
only if we decide to take into account the “ something ”’ that has ‘‘ happened ”” 
to M; for example, if M is projected by an explosion or a gravitational field or 


* Dr. Builder’s symbol for this quantity is y~1, but since, in previous papers on this subject, 
Thave used the symbol «, I will keep to it here to save confusion in possible future cross-references. 
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something like that, then that, it is true, enables one to distinguish M from R, 
but it does not allow one to distinguish the motion of M from the motion of R. 
And if it is this physical cause of the acceleration that is supposed to produce 
the final difference of readings of the clocks, then Dr. Builder must show how it 
does so: itis a purely arbitrary statement that, because this unspecified physical 
process is applied to M and not to R, it will invariably produce the very precise 
retardation given. If M has red hair and #& black, then they will again be 
distinguishable, and in the absence of a proved relation between the distin- 
guishing characteristic and the behaviour of the clocks, this difference establishes 
an asymmetry quite as well as the explosion or whatever it may be. 

When we consider the character of the effect supposed to be produced, 
the matter becomes still more mysterious. The amount of the relative retarda- 
tion of M’s clock is determined by the factor «, which is a function of velocity 
irrespective of how the velocity is produced. Hence, if-there were no asymmetry 
between M and R they would both have to suffer equal retardations with respect 
to a ‘stationary ” clock in relation to which their velocities were equal and 
opposite. In the actual case, then, the difference of readings must be produced 
not by the “ explosion’ putting the « factor into operation, for it operates 
without that calamity, but by stopping its operation in the clock which shows 
the greater passage of time. That is to say, the effect of doing “‘ something ”’ 
to M is not to affect M but to change the behaviour of R. This is so hard to 
believe that we might reasonably expect Dr. Builder to offer some elucidation 
of it, but he gives none. 

The fact is that Dr. Builder has quite correctly identified the reason why 
he gets a retardation, but he has not realized the significance of that reason. 
There is one fundamental distinction in relativity theory, namely, that between 
observed times (or distances) and coordinate times (or distances). An observed 
time is the time of an event according to a clock which is present at the event ; 
a coordinate time is the time of an event according to a clock which is not present 
at the event. Observed times are absolute: coordinate times vary with the 
coordinate system used, i.e. they vary according to the state of motion which 
one ascribes to the clock in question. Consequently, M’s times for the events . 
E,, Ey, E3, and E,, being all observed times, are the same for all assumed motions 
of M, and the total time of the journey is the difference between the readings 
of M’s clock at the events H, and H,. R’s clock is present at H, and E,, but not 
at H, and H;. The difference between the readings of R’s clock at H, and H, 
is therefore absolute and must agree with that of M’s ;* but it is quite wrong 
to calculate that difference by taking the difference between R’s reading at FE, 
and his coordinate time at H, and doubling it, because the coordinate time at E, 
is derived by a convention which makes it vary with motion. As I have already 
shown in discussing a somewhat similar problem (Dingle 1956), when the motion 
is reversed there is a sudden change of this coordinate time ; i.e. the coordinate 


* We are here dealing with the restricted theory. I am aware that the lengths of two 
different geodesics joining the same points are not necessarily the same in the relativity theory of 
gravitation, but the difference in any actual case is extremely small, and is neglected here with 
the accelerations. 
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time of F; is different from that of Z,, being, in fact, as much behind M’s actual 
reading at these events as the coordinate time at H, is ahead of it. The result 
is that when M gets back to R he finds R’s clock reading exactly the same as 
his own. 

To make the matter quite clear I would like here to consider the outward 
half of the journey alone in somewhat more detail, and so get the same result 
without having to introduce this abrupt change of coordinate times. If we can 
understand clearly what happens in each half of the journey, we can depend 
less on coordinates and keep closer to actual observed times. This can be 
done by using to the full the requirements of special relativity that a ‘“‘ moving ” 
clock runs slow, and a ‘“ moving” rod is shortened, by the factor «. These 
requirements are well known to be equivalent to the Lorentz transformation, 
. but they are less dependent on the conventionality of coordinates. They do 
not, of course, entirely eliminate that conventionality, for the “ retardation ” 
and ‘‘ contraction ’’ are necessarily as conventional as the “ motion ” ascribed 
to the body that is said to experience them, but they eliminate reference to 
arbitrary zero points in space and time, and so, when they can be used without 
undue labour, are to be preferred to formal coordinate systems as giving greater 
insight.into the nature of the problem. For this purpose I will give the problem 
a slightly more picturesque setting, which, it will easily be perceived, does not 
alter it in principle. 

Let A and B be two railway stations connected by a straight railway line 
of length Z when regarded as at rest. M, on an engine, travels from A to B 
at velocity v, and R stays at A. Let each clock, when at rest, tick n times a 
second. How many times will each clock tick while M goes from A to B? 

Consider M first. He can regard himself as moving along the stationary 
line from A to B, or as remaining at rest while the line and stations move in 
the opposite direction. In the former case he will say that the distance he 
travels is LZ, but his moving clock ticks n« times a second. The time of the 
journey is L/v seconds, so the number of ticks is Ina/v. If, on the other hand, 
he regards himself as at rest, the distance the stations travel is La, and the time 
they take is La/v ; but his stationary clock ticks n times a second, so the number 
of ticks is again Ina/v. Hence relativity is satisfied, and M’s number of ticks 
for the journey is unambiguously Lna/v. 

Now consider R. He also can regard himself as at rest or, with the line 
and stations, as moving. Suppose he regards himself as at ‘rest. Then the 
distance MV travels is L, and the time of the journey is Z/v. During this time f’s 
stationary clock ticks n times a second, so it ticks Ln/v times during the journey. 
This is Dr. Builder’s 7’, and it is clearly 1/« times M’s value, as he says. From 
this he concludes that this is an actual physical difference, which will be pre- 
served, and in fact repeated, during the return journey. 

We can easily see, however, that there is something wrong. Suppose that 
R regards himself as moving. Then the distance between the moving stations 
is La, and the time of the journey La/v seconds. His moving clock ticks na 
times a second, so its total number of ticks during the journey is Lna?/v. Hence 
R’s time for the journey is either Zn/v or Lna?/v, according to his caprice : 
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he can have which value he likes by choosing the appropriate state of motion. 
This is contrary to relativity. Hence there must be something wrong in the 
argument. 

The explanation is that R’s duration of L/v or La/v for the journey is only 
a coordinate value, and therefore varies with the coordinate system (ie. the 
standard of rest) adopted. R’s clock is present at the beginning of the journey, 
but not at the end. Hence his estimate of the duration of the journey must 
necessarily remain a coordinate having no unique value. M, on the other hand, 
is present at both ends of the journey, so the difference of readings of his clock 
has a unique value. His estimates of the unrecorded space-interval and time- 
interval, which combine to give the absolute number of ticks which his clock 
dial records, will vary according to his choice of a standard of rest, but they will 
necessarily yield the same value, Lna/v, for the number of ticks. 


When the engine returns to A, both M’s and R’s clocks are present, so 
the total time of the double journey can be determined uniquely from either of 
them, no matter what assumption is made about which one is at rest. That. 
unique time can be found immediately from M’s clock, by simply doubling 
its time for the outward journey, for that time is independent of coordinates. 
The time for the total journey is thus seen to be 2Ina/v. But how can we get 
this from F’s readings? There are two ways. The first I have already indicated 
as having been done in my Physical Society paper (Dingle 1956). Choose 
formal coordinate systems in which R and M respectively are at rest and separate 
at the common time ¢=0. Then #’s coordinate time for the end of M’s outward 
journey is In/v. On reversal this coordinate. time undergoes an abrupt change, 
and instead of being In(1—«)/v ahead of M’s reading, it becomes this same 
amount behind it. (This, of course, does not mean that an abrupt change 
occurs in either clock. Coordinate readings are purely ideal, and change when 
one changes one’s mind about the state of motion of the clock.) The result is 
that during the return journey this difference is gradually diminished until, 
when WM arrives at R, it is exactly cancelled out and R’s clock is seen to read 
2Ina/v in agreement with M’s. 


The second way is to give R the same opportunity as M of being present 
at the end of the outward journey. To do this, let M’s engine be provided 
with a train which, when it is standing at rest on the line, is exactly equal in 
length to L, the distance between the stations 4 and B. We may then regard 
the outward journey as ending when the guard’s van, @, at the rear of this train, 
arrives at A. Let us now consider this half of the journey from R’s point of 
view, on the same two suppositions as before, namely, first that he is at rest, and 
second that he is moving while the train remains at rest. 


In the first case, the length of the moving train is Za, and the time of the 
journey therefore La/v. R’s stationary clock ticks n times a second, so it ticks 
In«/o times during this journey. In the second case, the stationary train has 
length L, but R’s moving clock ticks na times a second. Hence again the time 
of the journey is Ina/v. Hence relativity is again satisfied, and the time of 
the journey by R’s clock is unambiguously Ina/v. The time of the double 
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journey by R’s clock is therefore 2Ina/v, exactly the same as the time shown 
by M’s clock. 

It is almost superfluous to show that if we consider the arrival of G at A 
from M’s point of view we shall get the same ambiguity as that which arose 
when we considered the arrival of M at B from R’s point of view. For the sake 
of completeness, however, let it be done. If M regards himself and the train 
as moving, and the line and stations as at rest, he will consider the length of 
the train to be Le and the number of ticks of his moving clock to be na a second. 
The total number of ticks for the journey will therefore be Ina?/v. On the 
other hand, if he regards himself and the train as at rest, the length of the train 
will be L and his clock will tick n times a second. The total number of ticks 
for the journey will therefore then be In/v. This is precisely the same difference 
as in the former case. 

Now the problem itself merely concerns the separation and reunion at 
A of M and Rk. Whether we introduce a distant station B, or a distant guard’s. 
van G, aS an intermediary in solving it is quite immaterial: we have exactly 
the same title to use one as the other. If we choose the former and make the 
mistake of regarding coordinate times as observed times, we shall get Dr. 
Builder’s result. If we choose the latter, and make the same mistake, we shall 
get the opposite result, namely, that M’s clock is ahead of k’s when they reunite. 
That is an inescapable proof that Dr. Builder’s result must be wrong. 


It should be clear now that the asymmetry that Dr. Builder has introduced 
into the problem is not the fact that “‘ M is the accelerated observer, i.e. the 
one to whom something happens’. WM is the one to whom something happens, 
no matter whether we use the station B or the guard’s van G as an auxiliary (i.e. 
whether we consider the intermediate events H#,, H, or H2, H3), but the relative 
readings of the clocks, resulting from Dr. Builder’s line of argument, are opposite 
in the two cases. The asymmetry is simply that Dr. Builder has forced R, 
and not M, to use coordinate times, and has then mistakenly treated those 
times as though they were observed. I hope that he will now be able to perceive 
that all this. analysis is really redundant. The principle of relativity—i.e. 
the principle that nature allows of no criterion for deciding which of two relatively 
moving bodies is the ‘‘ moving’? one—necessarily requires that the clocks in 
question shall agree on reunion: otherwise the prohibited criterion would have 


been found. 
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_ THE CLOCK-RETARDATION PROBLEM* 
By G. BUILDERT 


In his paper above (Dingle 1957) Professor Dingle attempts to show that 
my treatment of the problem of.relative clock retardations (Builder 1957) is 
completely incorrect and that such retardations cannot occur. 

It need hardly be said that. my treatment is, in its essentials, that originally 
given by Einstein (1905) in his first paper on relativity, of which Professor Dingle 
has written elsewhere (1956a)—“ That paper contains a most regrettable error, 
in a statement that a clock moving in a closed curve will be found, on returning 
to its starting point, to be behind a stationary clock ”’. 

This treatment still seems to be accepted generally by physicists and previous 
efforts by Professor Dingle (1956a, 1956b, 1956c) to prove that it is wrong have 
been trenchantly critized by McCrea (1956a, 1956b), Crawford (1957), and 
Singer (1957). These criticisms are generally applicable to the arguments in his 
present paper. 

Professor Dingle’s forthright condemnation of my paper is based entirely 
on his proposition that it-is impossible to distinguish an unaccelerated observer R 
(whom I supposed to be at rest in an inertial reference system) from an accelerated 
observer M (whom I supposed to travel away from R and then return to him). 
He claims that the ‘ principle of relativity ’ allows us with equal justification to 
regard F as accelerated and M as stationary. He maintains that the situation 
is completely symmetrical, and that only the relative motion of M and R can 
have any physical significance. 

Were this proposition tenable there would be nothing that could be said to 
refute Professor Dingle’s main argument. In such case we would, of course, 
have to discard the restricted theory of relativity, because we could no longer 
identify the class of inertial reference systems to which this theory refers, 
i.e. those systems, in a region of the universe free of gravitational fields, which are 
unaccelerated. . 

Professor Dingle obviously bases his proposition on what may be called the 
“* principle of relativity of accelerated motion ”, according to which the absolute 
measurement of acceleration is said to be impossible. In his present paper, 
presuming that I do not think the general theory of relativity to be wrong, he 
infers that I ‘“‘ do not believe there are absolute accelerations ’’ and that I.must 
therefore accept his further proposition that the statement “that M is the 
accelerated observer ”’ is meaningless. 

It does indeed seem to be widely supposed that this ‘“ Eeeean of the 
relativity of accelerated motion ” is an inescapable consequence of the principle 


* Manuscript received July 8, 1957. 
+ School of Physics, University of Sydney. 
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of equivalence of the general theory. According to the principle of equivalence, 
the description of phenomena in terms of the coordinates of an accelerated 
system of reference is indistinguishable from the description of the same 
phenomena in terms of the coordinates of a reference sytem at rest in an 
equivalent gravitational field. It is inferred from this that an observer, who is at 
rest in a system of reference, and who finds that the equations of mechanics 
do not hold in that system, will be unable to ascertain, by experiments or 
measurements within his system, whether it is in fact being accelerated in a 
region of the universe free of gravitational fields or whether it is in fact at rest in 
a gravitational field. If this is true, his measurement of the acceleration of a 
body can only be relative, i.e. relative to his own particular system of reference. 
This is the ‘‘ principle of relativity of accelerated motion ’’. It is also applicable 
to the case of a physical system falling freely in a gravitational field. Such a 
System will satisfy the definition (Hinstein 1905) of an inertial reference system, 
since observers at rest in it would find the equations of mechanics valid for 
phenomena occurring within the system. Such observers would be unable to 
ascertain, by analysis of such phenomena, or by means of any experiments carried 
out within the system, whether the system is inertial because it is at rest, or in 
uniform motion, in a field-free region, or because it is falling freely in a 
gravitational field. On this basis (however artificial this basis may seem) their 
measurements of acceleration could only be relative to their own system. 


This ‘‘ principle of the relativity of accelerated motion ” will be assumed 
to be valid for the purposes of the present discussion* and its relevance to the 
clock retardation problem will be investigated. To this end, it is necessary 
first to make clear the context of that problem. 


While it is true that all the clock-retardation experiments discussed by 
various authors are spoken of as being hypothetical, they are all regarded as 
being, at least in principle, physically possible. 

This means that, in the description of these experiments, it is invariably 
implied that they would be carried out in the physical universe we know, and not 
in some abstract conceptual space unrelated to it. Otherwise, their discussion 
would fall outside the domain of physical enquiry. 

Professor Dingle must, I think, agree with this. His own papers on 
‘Relativity and space travel’ bear it out; for he envisages a human being 
leaving the Earth and travelling through vast spaces of this universe before 
returning to the Earth. 

- Furthermore, it is always implied, if there is no specific statement to 
the contrary, that the experiment is to be performed in a region, of this physical 
universe, that is free of appreciable gravitational fields, i.e. in an inertial region 


* T will show elsewhere that it is not a valid inference from the general theory. The fallacy 
in the inference lies in the identification of the coordinates of an accelerated reference system 
with the data accessible to an observer at rest in that system by means of his own perceptions 
and measurements. In my paper on “The resolution of the clock paradox ” (Builder 1957) I 
have already shown that, in general, an observer at rest in such a system cannot, even in principle, 
measure the system coordinates of distant events. 
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in which the equations of Newtonian mechanics hold approximately and in 
which the restricted theory of relativity, and all the laws and equations of physics. 
consistent with it, are applicable. 

In this context we can, in company with Newton and all physicists, and in 
accordance with common-sense knowledge, indubitably distinguish between a 
body which is accelerated and one which is not, and we can indubitably determine 
whether a particular body is accelerated or not. Thus, in this context, the 
statements that ‘‘ VM is the accelerated observer” and that ‘‘ Ris not accelerated ’” 
have very definite and unambiguous meanings. 

Furthermore, in this context, we can indubitably say that ‘ something 
happens to M ”’ when his motion suddenly changes (e.g. at the events H, and EF; 
defined in my paper), even though we may not know or perceive any physical 
cause of this change. Equally, we can say with certainty that nothing 
corresponding to this has happened to F# if his motion continues unchanged, 
i.e. if he remains at rest or in a state of uniform motion. 

These statements are, of course, statements about accelerations relative to 
the physical universe. They are, nevertheless, appropriate statements in the 
specification of any physical problem, because the whole of our physical knowledge 
relates to this universe, and to it alone. 

It is true that, when we consider the quantitative measures of the 
accelerations of bodies, in a field-free region of the universe, we are limited to 
measurements made in inertial reference systems. The quantitative measures so 
obtained of the acceleration of a particular body will differ from one such reference 
system to another and are in this sense relative ; but all such measurements will 
agree as to whether the body is accelerated or not. Nor do the differences in measure 
disturb us; for the restricted theory of relativity has shown us that the same 
physical equations are valid, in each such inertial reference system, as relations. 
between all physical quantities measured in that system. Moreover, if we know 
the measures of these quantities in any one such system, we can utilize the Lorenz 
transformations to calculate their measures in any other such system.* 


In the specification of any physical experiment, to be carried out in a region 
of this universe free of gravitational fields, it is therefore sufficient to specify 
the motions of the various bodies and any other relevant data, in terms of the 
measures of any one arbitrarily selected inertial reference system in that region. 
This specification is quite definite, and the result of the experiment may be 
properly calculated using the laws and equations of physics known to hold in 
every such system. In general, it will be necessary to utilize the Lorentz trans- 
formation if it is desired to express these calculated results in terms of the 
measures of another inertial reference system; but this is unnecessary if the 
calculated quantity is the relative retardation of two clocks during the interval between 
their successive coincidences ; for this quantity is an.invariant for all systems of 
reference and for all observers. 


* All this could be expressed more succinctly and elegantly in four-dimensional language. 
In particular, the invariant four-acceleration of a body is finite if the body is accelerated and is 
zero if it is not. 


SHORT COMMUNICATIONS 427 


Thus the explicit statement of the context of the clock retardation problem 
results in a clear and indisputable definition of the various terms involved and 
leads to a definite prescription of the methods of calculation that must be used 
in the investigation of the problem. 

What then of the ‘ principle of relativity of accelerated motion’?? The 
context shows that it is quite irrelevant to the problem, and the reasons for this 
are fairly obvious. 


The “ principle’ cannot be relevant to experiments which are, by their 
specification, to be carried out in regions of the physical universe free from 
gravitational fields. The observers who are to conduct the experiments must 
first verify that this condition is satisfied. All our experience and knowledge of 
the universe leads us to believe that this verification is feasible and that, once it is 
complete, the observers can then ascertain whether any particular body is 
accelerated or not. 

Are we deluding ourselves in this?, It has been pointed out above that the 
“ principle ’’ would make it impossible for observers to ascertain, by experiments 
carried out within their own physical system, whether the space of this system is 
inertial sui generis or because the system is falling freely in a gravitational field. 
Could it then be that vast regions of our universe are not inertial sui generis, 
but only because our universe is falling freely in an even vaster gravitational 
field? If we admit this possibility, are we then to infer that a body which we 
know to be unaccelerated relative to our universe may in fact: be accelerated in 
some wider abstract sense of the ‘“‘ absolute”? 


Obviously such questions and speculations are meaningless. Even if they 
were not, they would remain irrelevant to the present discussion because we are 
here concerned only with the accelerations, relative to our physical universe, 
which enter into the equations of physics. Whether we call these accelerations 
‘¢ absolute ”’, or not, is immaterial. 


Thus the ‘ principle ’’ gives us no grounds for supposing that we are deluded 
in believing that the observers can verify that the regions of the universe in 
which they are to experiment are in fact free of gravitational fields. 


Under these circumstances the “principle” is wholly irrelevant. Indeed it 
is applicable only in a situation in which the observers making measurements of 
acceleration are unable to ascertain the relation of their own system of reference 
to the rest of the universe ; otherwise they could detect the acceleration of a 
body “absolutely ”’, i.e. relative to. the universe. Indeed, it is clear that the 
‘‘ principle ”, even if it is valid, is essentially artificial in that it presupposes that 
the observers measuring the acceleration of a body are so restricted in their 
inspection of the universe, or are so limited in physical knowledge, that they are 
unable to ascertain their relation to the rest of the universe. In this respect, it 
contrasts strongly with the principle of relativity of uniform motion which has, 
ever since its statement by Newton, survived all the most ingenious, and quite 
unrestricted, attempts to find an exception to it. 

Thus there is no trace of justification for Professor Dingle’s contention that the 
general theory of relativity renders meaningless any concept of acceleration other 
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than that of the acceleration of one body relative to another. Nor is there any 
reason for supposing that only such accelerations, of one body relative to another, 
can have physical significance. 

His proposition, that the statement ‘‘ that M is the accelerated observer 3 
is meaningless, arises only because of his abstraction of the problem from its 
physical context and his consequent application of a“ principle ” which is 
wholly irrelevant in that context. 

No one would dispute that, if we postulated an observer M located in an 
abstract conceptual space unrelated to the physical universe, we could not 
attach any meaning to the statement that 4M is accelerated ; but such abstract 
hypothetical cases lie outside the realm of physics. 

His objections to my treatment of the clock retardation problem are therefore 
based on propositions which, even if they have any meaning at all, are irrelevant 
to the physical problem. 

An examination of Professor Dingle’s present paper shows that his detailed 
arguments are entirely dependent on these defective propositions. There is 
therefore nothing to be gained by discussion of these arguments. In any case 
they differ little from those, presented in his earlier papers, which have been 
effectively analysed and criticized by McCrea (1956a, 1956b) and Crawford (1957). 


I would like to remark only on two points of detail. The first is that I 
agree with Professor Dingle that there is a distinction between ‘‘ coordinate 
time’ in general, and what he calls ‘ observed time”; the latter is always 
referred to by physicists as the ‘“‘ proper time ”’ and this term was used in my 
paper, particularly in Section V. The second point is that I cannot agree that 
the expression ‘‘a moving clock runs slow” is a proper or precise statement 
of what we can infer from the restricted theory ; nor can I agree that, in this form, 
‘“‘it is equivalent to the Lorentz transformation”. Sections III and IV of my 
paper show clearly that it was just such looseness of statement and definition that 
gave rise to the ambiguity which resulted in the ‘ clock paradox ”’. 
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A NEW ABSOLUTE METHOD OF HYGROMETRY 
Il. THE PROPERTIES OF POTASSIUM CHLORIDE CRYSTAL ELEMENTS 
By R. G. Wyie* 
[Manuscript received May 3, 1957] 


Summary 


A new type of hygrometer, which has been termed the electrolytic condensation 
hhygrometer, was described in the first of the present two papers. Its capabilities and 
limitations depend mainly on the characteristics of the conducting liquid layer formed 
on the surface of the crystal element used; these characteristics depend in turn on 
those of the surface of the crystal. A detailed experimental investigation has been 
made of the relevant properties of potassium chloride crystal elements. An explanation 
of these properties in terms of the structure of the crystal surface is given. This may 
be used as a basis for predicting the behaviour to be expected of the hygrometer for a 
wide range of conditions. It has been concluded that at ordinary temperatures the 
method is capable of an absolute accuracy in the equilibrium temperature (or corres- 
ponding dew-point) of 0-01 °C, is capable of detecting changes in that temperature of 
0-002 °C, and is capable of a time-constant of as little as a second. 


In addition to providing direct information on the behaviour of the hygrometer 
the experiments have revealed fundamental effects of some interest. The most significant 
of these demonstrate the existence of free energy barriers to crystal growth and crystal 
dissolution. Evidence has been obtained that the vapour pressure of a layer of saturated 
solution only 80 A thick does not differ from that of the bulk liquid by more than 
0-15 per cent. 


I. INTRODUCTION 

This is the second of two papers dealing with the physics of a new method 
of hygrometry. The previous paper (Wylie 1957) was concerned with the 
essentials of the method, with its relationship to conventional methods, and with 
its general theoretical aspects. A general outline of the behaviour of the crystal 
element was given, based on experience with several crystal substances. At 
ordinary temperatures and to an accuracy of 0-1 °C in the equilibrium temperature 
(or corresponding dew-point), the behaviour of the crystal element is found to 
follow the theoretical ideal within a wide resistance range, but at higher accuracies 
secondary effects may be observed. As these effects, which arise entirely from 
the crystal element, largely determine the ultimate capabilities and limitations 
of the method, it is desirable to study them in some detail. 

The emphasis in the present paper is, therefore, on the equilibrium between 
the crystal, the conducting liquid layer, and the surrounding gas. To understand 
the detailed behaviour of the crystal element a study must be made of the nature 
and properties of the liquid layer and in particular the extent to which that layer 
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may be regarded as a quiescent plane sheet of the ordinary saturated solution. 
The present paper gives an account of such a study. 

In the experiments to be described the number of variables was kept to a 
minimum by using a single crystal substance, namely potassium chloride, and 
by working at practically a single temperature. From the results it has been 
possible to deduce the relevant properties of the liquid layer and hence those of 
the crystal element. 

Some of the results show in a more or less direct way the behaviour to be 
expected of hygrometers employing potassium chloride crystal elements, but, 
what is more important, when interpreted theoretically in terms of the detailed 
structure of the crystal surface they lead to a general understanding of the 
phenomena associated with the liquid layer. On the basis of this the character- 
istics of the hygrometer may be predicted, at least in a general way, for a wide 
range of conditions of use. In particular, the characteristics of crystal elements 
of different substances may be expected to differ in degree rather than in kind ; 
experience indicates that this is so and that the observed differences, which are 
generally not large, correlate as expected with differences in the properties of 
the respective saturated solutions. 

The use of an electrical method to detect the liquid layer and of an isothermal 
enclosure to house the crystal element has made the attainment of a very high 
sensitivity a relatively simple matter. The temperature sensitivity achieved 
(about 0-001 °C) has revealed effects which are of interest in themselves and 
some of which have not previously been observed. For example, what is believed 
to be the first experimental evidence that a crystal surface can present free energy 
barriers to dissolution has been obtained. - 

From the experimental results it can be concluded that at ordinary temper- 
atures the method is capable of an absolute accuracy in the equilibrium 
temperature (or in the corresponding dew-point) of 0-01 °C, can detect changes 
in that temperature of 0-002 °C or smaller, and can at the same time respond to 
humidity changes in as little as 1 sec. The observed sensitivity is in satisfactory 
agreement with the theoretical sensitivity derived in the previous paper. 


Il. APPARATUS 
The experiments were performed by operating crystal elements in a hygro- 
meter constructed specifically for investigational purposes and consisting of 
thermal and electronic units which will be described elsewhere. The thermal 
unit was of the form illustrated in Figure 2 (a) of the previous paper. The crystal 
enclosure was of silver and was cooled by the expansion of carbon dioxide. 
The electronic unit provided wholly automatic operation. 


The electronic unit contained, in effect, an A.C. resistance bridge, one arm 
of which was provided by the crystal element, and a second bridge in which one 
arm was a resistance thermometer wound on the metal enclosure. In ordinary 
operation the out-of-balance voltages of both bridges played a role in governing 
the heat supplied to the thermal unit to maintain the equilibrium temperature. 
However, the arrangement had the property that, when a fixed resistor was 
substituted for the crystal element, the temperature of the crystal enclosure 
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could be maintained at any desired value by setting one arm of the resistance 
thermometer bridge appropriately. The power exchanged between the heater 
and the cooling system was only 0-16 W. 

The temperature of the enclosure was indicated by a meter associated with 
the circuit of the second bridge. The meter covered a range of 1 °C, which 
could be adjusted to any desired temperature. Its response was closely linear. 
In addition, the temperature could be recorded continuously on a General Electric 
Company photoelectric recorder (Type 320120). Its sensitivity was such that 
changes of 0-002 °C could be satisfactorily recorded. The bridge assembly 
was calibrated at 0 °C and at 20 °C, special attention being given to the former 
calibration point since most work was done at an equilibrium temperature of 
approximately 1-7 °C. The calibration at 0 °C was effected by controlling the 
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Fig. 1.—Conditioning system which equilibrates gas with ice at 0°C. The tower 

T, which contains rods of ice R, is surrounded by the ice-water niixture B. 

G, copper gauze; S, pressure regulator ; C, capillary constriction to stabilize rate 

of flow ; D, Dewar vessel; EH, heat exchanger ; J, insulation ; P, flexible polythene 
tubing ; M, manometer. 


temperature of the crystal enclosure at each of a succession of temperatures 
differing by only a few thousandths of a centigrade degree and observing the 
setting of the resistance thermometer bridge at which a group of small ice crystals 
placed in the crystal cavity melted. 

An important part of the apparatus was the system in which gas was con- 
ditioned for use in tests on the hygrometer. It was found that it was easy to 
obtain a vapour pressure constant to 1 per cent. by passing the gas (oxygen 
from a commercial cylinder) through crushed ice which was not waterlogged, 
put that great care was necessary to improve this accuracy by a factor of 10, as 
was required. rs 

Complete success in this respect was achieved by pre-conditioning the gas 
in a tower containing crushed ice and then passing it through the apparatus 
shown diagrammatically in Figure 1, a tower T containing seven rods of ice R. 
These rods, which were about 6 in. long, were prepared by compacting crushed 
distilled-water ice in a tube and were assembled as shown in the figure. The 
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tower was fully immersed in an ice-water mixture B and could be kept in good 
condition for a week or more without renewal of the rods. Precautions were 
taken to eliminate initial condensation inside the outlet tube of the second tower. 
The gas from the pre-conditioning tower, which was also immersed in an ice-water 
mush, was always found to be more moist than would be expected. A simple 
pressure regulator S permitted the flow of gas in the conditioning system to be 
varied independently of that in the hygrometer. The partial pressure of the 
water vapour in the gas issuing from this device was found to be constant and 
independent of the rate of flow of gas in the system, at least up to a flow rate of 
25 cm3/sec. Although the pressure drop required to produce the desired flow of 
about 2-5 cm3/sec through the hygrometer (corresponding to a mean gas velocity 
in the crystal cavity of 9 cm/sec) was only about 2mm of water gauge, the 
overall drop was increased to 10:5mm of water gauge at this flow rate by 
inserting the capillary tube C. The pressure drop was indicated by the mano- 
meter M, which contained dibutyl phthalate, and served as a measure of the 
flow. A small correction was applied for the difference in total pressure between 
the inside of the ice-rod tower and the crystal cavity of the hygrometer. Since 
the pressure in the crystal cavity differed negligibly from atmospheric pressure, 
this pressure difference was simply that indicated by the manometer ; a reading 
of 10:5 mm of water gauge corresponded to a reduction of 0-10 per cent. in vapour 
pressure. 

Interconnecting tubing of polythene was used where some flexibility was 
desirable and is shown by the letter P in Figure 1. Rigid connections were of 
glass or metal. Experience has shown that rubber tubing is quite unsuitable 
for the conveyance of gas which has been accurately humidity conditioned. 


III. ‘THe CRYSTAL ELEMENT 

Potassium chloride was selected for the crystal substance because it is 
readily available in a pure state, can easily be cleaved into blocks of accurately 
rectangular shape bounded by habit faces, and is very stable chemically. More- 
over, this substance is very suitable for routine hygrometric measurements ; 
probably its only disadvantage is that it cannot be used when the dew-point 
temperature is below about —11-5 °C. 

The crystal elements used, which were about 2-5 mm square in section 
and 3mm long in the direction of electrical conduction, were prepared by the 
method outlined in the previous paper. The crystal faces approximated (100) 
and similar planes. The elements were end-coated with gold by vacuum evapora- 
tion, the gold coating extending onto three conduction faces. It is believed 
that, for the range of electrical conductance of significance here, very little 
contribution to the conductance of the element is made by the face onto which 
the gold does not extend. To ensure the greatest cleanliness, each completed 
crystal element was washed, before use, in pure ethyl alcohol, in which potassium 
chloride is practically insoluble, although the properties of elements prepared 
with reasonable care were found to be unchanged by this procedure. 


Potassium chloride surfaces which have been freshly prepared by cleavage 
or freshly washed in pure methyl or ethyl alcohol have been found to exhibit 
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some remarkable properties with respect to water. In Appendix I, where these 
properties are described, it is explained that the peculiarities disappear after a 
period of standing and that thereafter the surface exhibits unchanging properties 
which are favourable for the application of the crystal in hygrometry. All the 
experiments were performed with crystal elements which had been “ seasoned ”” 
by standing and had been then subjected to operation in the automatic hygro- 
meter with repeated changes in the resistance of operation. 


IV. THE EXPERIMENTS 

The properties of the liquid layer which must be known in order to under- 
stand the behaviour of the crystal element are those which determine its real or 
apparent vapour pressure. The vapour pressure may differ from that of the 
bulk saturated solution on account of curvature of the free surface of the layer 
and, if the layer is thin enough, on account of its small thickness. Also, an 
apparent change in vapour pressure may be observed if a continuous change 
occurs in the layer, as may happen, for example, when the liquid flows under the 
influence of surface tension forces. It is, therefore, desirable to obtain informa- 
tion concerning the structure of the layer. 


It is probably impracticable to measure the vapour pressure of the layer by 
conventional means after establishing the desired resistance and temperature. 
However, the dependence of the vapour pressure on resistance, for example, 
can be determined indirectly by operating the crystal element in the hygrometer 
using gas of accurately constant water vapour pressure and observing the 
temperature at which the resistance becomes constant for each of a succession 
of resistance values. Such an experiment is greatly facilitated by automatic 
operation of the hygrometer, the temperature being brought automatically to 
the value at which the resistance, set by the observer, remains constant. By 
this means changes of temperature rather than changes of vapour pressure are 
observed, the relation between them being easily derived from data given in 
Table 1 of the previous paper. 

Typical results for an experiment of this type, in which the temperature 
was allowed to come to a steady value at each of a succession of different resistance 
values, are given below. In the interpretation which will be given, the transient 
effects observed are attributed to the flow of the liquid layer to or from steps 
which exist on the crystal surface. This implies that they represent apparent 
rather than real changes in vapour pressure. Such differences as exist between 
the steady temperatures reached at different resistance values will be attributed 
to a real vapour pressure lowering due to a general small-scale concavity of the 
liquid surface which increases with the resistance. 


Other experiments test the linearity of the increase in conductance of the 
crystal element with the time integral of the deviation of the temperature from 
the equilibrium value. In addition to showing that the integrating property is 
followed with remarkable precision except at high resistances and providing 
experimental values for the sensitivity, the results reveal effects due to the 
existence of free energy barriers to crystal growth and crystal dissolution and 
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exhibit features which can be related quantitatively to the same surface steps 
as give rise to the transients referred to above. 


The effects of the presence of a soluble contaminant on the crystal surface 
and also of an oily contaminant are examined. The results for the former 
provide valuable information concerning the true thickness of the liquid layer. 
The several experiments will be described in turn and will then be considered 
theoretically. Except where otherwise specified the crystal elements were 
end-coated with gold, the equilibrium temperature was approximately 1-7 °C, 
and the mean velocity of the gas passing over the crystal element was approxi- 
mately 9 cm/sec (corresponding to a flow of 2-4 em*/sec), 
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Fig. 2.—Recorded temperature transients representing sudden large 
reductions of the resistance set on the control unit. 


(a) The Approach to Equilibrium 

When a hygrometer of the present type is operated automatically the 
resistance of the crystal element remains practically constant while the temper- 
ature varies in such a manner as to maintain that resistance. Variations in 
temperature occur, of course, if changes occur in the humidity of the gas passing 
over the crystal element, but even when the humidity is constant they may occur 
a8 a result of more or less spontaneous changes in the structure of the surface 
layer of saturated solution. Changes of the latter type occur transiently following 
the resetting of the resistance of operation to a markedly different value and a 
study has been made of the associated temperature variations. 


When the resistance selector was reset to an appreciably different value 
the first temperature changes which occurred were those necessary to build up 
or reduce the liquid layer to the new thickness. Only the subsequent changes, 
which occurred after the new resistance value had been established, represent 
the properties of the crystal element which were being investigated. In order to - 
show the form of the whole temperature transient associated with such a resistance 
transition and the relationship of the subsequent temperature drift to the initial 
part of the transient, an example recorded at a fast chart speed is given in Figure 2. 


The point D marks the resetting of the selector from 2-0 to 1-1MQ. After one 
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or two seconds the temperature is falling rapidly and at E the rate of fall is very 
closely that to be expected on the basis of the power level and the calculated 
thermal capacity of the crystal enclosure. This constant rate of fall gives way 
to a rise as the heater power swings from zero to a value of about 0-3 W and then 
returns to its initial value of 0-16 W. This initial phase of the transient, which 
is characterized by considerable changes in the actual resistance of the crystal 
element, is governed by the dynamics of the whole system and the level of heating 
(or cooling) power ; it pertains more to the thermal properties of the hygrometer 
unit than to the characteristics of the crystal element and will be discussed in a 
subsequent paper in conjunction with a description of the electronic control unit. 
The initial phase is effectively complete at the point G where the resistance of the 
crystal element has attained a value of 1-1 MQ and the thickness of the con- 


0-4 
Fortin Ccy [0-3 


| (RELATIVE TO ARBITRARY ZERO) 
0-2 
7 O-1 
10M2 4.9 on + 
2-0. 4-9M2 
(Gane) TIME |—-_|o ML haem 
L 


L = 
lo-53 0-22] oa0mal0-22 | 0-53 11 | 20 
ne 4 


oes 


Fig. 3.—Recorded temperature changes for a succession of changes in the 
resistance of the crystal element. 


ducting layer has been approximately doubled. The subsequent change, 
extending from G to H and perhaps far beyond, is characterized by a constant 
resistance of the crystal element and a comparatively slow approach of the 
temperature to a steady value and is the result of secondary effects occurring 
on the crystal surface. The curve ABC, given in Figure 2, represents a preceding 
resistance step and shows a complete transient when recorded at the slow chart 
speed used in all following experiments. 


The way in which the transient and the steady temperature attained depend 
on the resistance and the direction in which that resistance is approached is 
shown in Figure 3 for a succession of resistance steps, each involving an approxi- 
mately twofold change in resistance. Curves such as these reproduce reasonably 
well in successive experiments on one individual crystal element but differ 
significantly, although not markedly, in experiments on different, nominally 
identical elements. 
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The general features of such a set of resistance-transition curves have 
been found to be as follows. A change in the character of the curves for down- 
ward resistance steps occurs at about the 1-0-5 MQ step. The transition curves. 
for higher resistances show an initial and sometimes very rapid recovery to 
higher temperatures followed by either a very slow downward drift or else an 
apparently steady temperature which decreases with decreasing resistance. 
The curves corresponding to steps below the 1-0-5 MQ step show a considerably 
slower recovery which is always to higher temperatures and which usually becomes 
yet slower as one goes to lower resistances. The curves for upward resistance 
steps are somewhat different in character to those for downward steps; the 
rate of approach to equilibrium is, in general, less. 

The true thermodynamic equilibrium temperature, 7T,, can be deduced 
with high precision from such a set of transition curves. In Figure 3 the 
temperature 7’, lies at approximately 0-01 °C below the arbitrary zero. It is 
usually found that the curve for the 1-0-5 MQ transition approaches this value 
closely and rapidly. When, after reaching a resistance of 0-1 MQ, the first 
upward resistance step is made, to a value of 0-2 MQ, it is usually found, also, 
that a rapid and close approach is made to 7,. In the following successive 
upward steps there is a tendency for recovery towards 7’, to occur over a longer 
period than in the corresponding steps of the downward progression. The 
results of numerous experiments suggest that, at least in respect of resistances 
of 0-1 and 0:2 MQ, the approach to the equilibrium temperature continues while 
a measurable temperature difference remains. The temperature 7, can be 
determined with an accuracy of --0-01 °C or better from any individual transition 
curve for a resistance of from 0-1 to 1-0 MQ. 

With a few crystal elements the observed steady temperatures were found 
to be the same within 0-01 °C up to rather higher resistances (e.g. 10 MQ)- 
These crystals possessed visually perfect surfaces, but others, which also possessed 
such surfaces, gave a more typical performance approximating that of Figure 3. 


Crystals end-coated with graphite instead of gold are found to possess 
characteristics similar to those described above, but to vary more in their 
behaviour from element to element. The increase in recorded steady 
temperatures obtained on returning to. high resistances is sometimes several 
hundredths of a degree greater than for crystals with gold electrodes. It is found 
that this effect can usually be eliminated by carefully washing the crystal 
elements in ethyl alcohol. 


It should be noted that the time associated with the quite large resistance 


transitions involved in the present type of experiment bears little relation to 


the response time of the hygrometer for changes in humidity; this will be 
established below. 


(b) The Dependence of Apparent Equilibrium Temperature on Resistance 

The way in which the apparently steady temperatures attained in experi- 
ments such as those just described depend on the resistance is shown in Figure 4, 
where graph (a) represents the data of Figure 3 and graph (b) represents similar 
data obtained with another crystalelement. The data plotted in (c) were obtained 
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with the crystal element of (b) after it had been contaminated by painting with 
a 1 per cent. solution of sodium thiosulphate (which, as will be shown below, 
greatly changed its properties) and then reconditioned by washing it in ethyl 
alcohol. Because in some cases the approach to a steady temperature was very 
protracted, each of the temperatures plotted in the graphs of Figure 4 is the 
value relating to a time 30 min after the change in resistance setting was made. 


EQUILIBRIUM TEMPERATURE (°C) 
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ie a 5 6 dé 8 J 10 
(-) enyatKe RESISTANCE (M22) 


Fig. 4.—Plots of the apparently steady temperatures reached in a succession of 
resistance changes. (a) and (b) Different crystal elements. (c) Element of (6) 
after contamination and reconditioning. 


Had it been practicable to await the attainment of really steady temperatures the 
“ hysteresis loops? apparent at low resistances in the figure would have been 
much smaller if not completely absent. 

In principle, accurate values of T, can be deduced by extrapolating the 
graphs of Figure 4 to zero resistance, but comparison of Figures 3 and 4 shows 
that the approach curves of the former figure give a more accurate indication 
of the true value of 7, than can be obtained by such an extrapolation. However, 
if the crystal is significantly contaminated with soluble matter the extrapolation 
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procedure can be used to good advantage, as will be shown below. The curves 
given are believed to represent the behaviour of crystal elements which are free 
of soluble contaminants. A comparison of curves (b) and (¢) shows how 
thoroughly some forms of contamination can be removed by washing the elements 
in ethyl alcohol. 
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Fig. 5.—Equilibrium temperature as a function of gas flow rate. 

The full line shows the expected effect due to the pressure. The 

agreement between the plotted points and the line shows that no 

significant effect results from changing the rate of flow of gas over 
the crystal element. 


(c) The Effect of the Rate of Flow of the Gas 
Experiments were performed to determine whether the observed equilibrium 
temperature depends on the rate of flow of gas in the hygrometer. The results 
are plotted in Figure 5. To obtain these results the relative accuracy of the 
apparatus was taxed to the limit, the recorder deflection being estimated to 
one-twentieth of a division (0-001 °C) and corrections being applied for small 
drifts which occurred during the measurements. 


The straight line drawn in the figure is the locus expected theoretically on 
the basis of the expansion of the gas from the excess pressure indicated by the 
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manometer shown in Figure 1. The agreement is good and indicates the absence 
of any significant intrinsic effect of the rate of flow on the observed equilibrium 
temperature. 


(d) The Observed Sensitivity 

To determine experimentally the relationship between the rate of change 
of the crystal conductance and the deviation of the temperature from the 
equilibrium value the apparatus was modified so that the temperature of the 
crystal enclosure could be controlled closely without regard to the crystal 
conductance. The apparatus was so arranged that the temperature could first 
be brought automatically to the equilibrium value in the usual way and then, 
by throwing a switch, could suddenly be changed to a steady value differing 


CONDUCTANCE CHANGE (%) 
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TEMPERATURE 
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TEMPERATURE 
DEVIATION (°C) 
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Fig. 6.—Recorded conductance-drift curves for small deviations of the temperature from the 

equilibrium value. Nominal resistance 1 MQ. (a) shows the repeatability and reversibility 

of the drift rate for very small temperature deviations. (b) shows that, at 1 MQ, slow drifts 
are little affected by rapid drifts which immediately precede them. 


from the equilibrium value by any desired amount. Simultaneously the con- 
ductance of the crystal was recorded on a high-speed potentiometric recorder. 
The displacement of the temperature could be effected in about 1 sec. 

Figure 6 shows, as a function of time, the temperature deviations imposed 
on two crystal elements and the resulting conductance changes; the nominal 
resistance in each case was 1 MQ. The crystals used were end-coated with gold. 
The figure shows that a departure from the equilibrium temperature of as little 
as 0-002 °C produces a definite and approximately uniform drift in conductance. 
The irregularly marked X is probably due to an extraneous disturbance, although 
such discontinuous changes have sometimes been found to arise from the crystal 
element, especially with crystals held between separate electrodes as described 
earlier (Wylie 1955). 

When the equilibrium temperature is re-established following a rapid drift 
to higher resistances at a nominal resistance of 2 MQ, a counter-drift to lower 
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resistances, which dies away after some seconds, is often observed. The effect 
is hardly perceptible for changes of the opposite sense. Rapid drifts to higher 
resistances usually diminish in rate as the resistance change progresses although 
in an initial period of the order of half a minute the rate of drift is constant. At 
progressively higher resistances above 2 MQ, the recovery effect and especially 
the falling away in drift rate increase in prominence and the effects are soon 
observed for changes of the opposite sense. At these resistances the sensitivity 
increases more and more slowly with resistance as the resistance is increased. 
At a resistance of 10 MQ no part of a recorded drift curve is a straight line. 


By recording the drift in conductance for each of a series of temperature 
deviations data were obtained from which curves such as those of Figure 7 could 
be plotted. The figure relates to two different crystals end-coated with gold. 
The broken reference line associated with each curve is a straight line through 
the origin possessing the general slope of the curve. Curves (a) and (b), unlike 
(c) and (d) which relate to the second crystal element, are derived from drift 
curves which alternate with constant resistance traces obtained at the equilibrium 
temperature. Thus any recovery effect which followed the drift corresponding 
to a particular point plotted in (c) or (d) has been superimposed on the drift 
curve represented by another point plotted on the same curve. For this reason 
it is desirable to state the order in which the data were obtained, which was, in 
terms of the plotted points, from the origin outwards and alternating in sign. 
Plots (¢) and (d), therefore, indicate in a particularly direct way the behaviour to 
be expected of the crystal element during automatic operation of the hygrometer, 
when small variations in temperature occur continuously. 


Figures 6 and 7 are of considerable significance for the performance of the 
hygrometer and especially its speed of response. The four curves of Figure 7 
reveal that the rate of drift is correlated with the temperature with an accuracy 
of about 0-001 °C. The continuity of the curves at the origin and the fact, 
apparent in all of them, that the sensitivity does not diminish markedly as the 
temperature deviation approaches zero, are important features. At the same 
time, the curves provide examples of a resistance to crystal growth, probably 
the first examples of a resistance to crystal dissolution, an example of an abrupt 
change in the growth regime, and examples in which the growth rate does not 
appear to return to the expected law at high rates. They also show that a 
measurable dissolution resistance does not necessarily occur. These aspects will 
be considered in detail below. 


(e) The Effect of a Soluble Contaminant 

If a soluble contaminant is present on the crystal surface it affects the 
composition and hence the equilibrium vapour pressure of the conducting layer. 
In the simplest view the amount of contaminant in the layer remains constant 
as the layer thickness is varied and the concentration of the contaminant, assumed 
to be wholly dissolved, varies inversely as the thickness. If, while the layer 
remains in equilibrium with the crystal, the vapour pressure is a linear function 
of the concentration of contaminant, then, for small degrees of contamination, 
the observed equilibrium temperature is a linear function of the electrical 
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resistance. In any case, as the resistance approaches zero the resistance- 
temperature curve should extrapolate to the thermodynamic equilibrium 
temperature for a clean crystal. 

To test the validity of the extrapolation procedure potassium chloride 
crystals were contaminated deliberately by ‘“ painting” them lightly with a 
1 per cent. solution of sodium thiosulphate. A typical example of the resulting 
resistance-temperature curve together with the curve for the same crystal after 
washing in pure ethyl alcohol is shown in Figure 8. The branch of the curve 
for downward resistance steps, which is quite distinct from that for upward 
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Fig. 8.—Plots of equilibrium temperature against resistance 

for a crystal element deliberately contaminated with sodium 

thiosulphate and for the same element after washing in ethyl 
alcohol. 


steps, is approximately linear except above about 4MQ. The two branches 
and the curve for the washed crystal have, very nearly, a common point of 
intersection. The fact that this point is not quite on the temperature axis is 
probably due’ to the neglect of long-term recovery effects, as in Figure 4, and 
the lapse of 3 days between the experiment with the contaminated crystal and 
that performed after washing. 

The results point to the fact, confirmed in other experiments, that, in order 
to obtain a continuous plot of temperature against resistance with a contaminated 
crystal, the resistance steps must be made in a regular sequence. The temperature 
derived by extrapolating data obtained with a heavily contaminated crystal is 
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not as accurate as may be derived from results obtained with a clean crystal 
but is much more accurate than the measured equilibrium temperature at, say, 
2MQ. The degree of contamination represented by Figure 8 is not likely to 
be acquired accidentally. It is found that crystal elements prepared with 
ordinary care, which give a performance such as that represented by the curve 
for the washed crystal, show no evidence of change in behaviour after the hygro- 
meter has been operated for some days on room air. 


(f) The Effect of Oleic Acid 

To determine the effect of a contaminant which is able to spread on the 
surface of the saturated solution, experiments were performed in which crystal 
elements were contaminated with oleic acid. Even at temperatures well below 
its melting point (about 14 °C) oleic acid spreads strongly on a saturated solution 
of potassium chloride. Visible globules of the oil, which does not wet the 
apparently dry crystal surface, were applied to the (four) bare faces of crystals 
end-coated with gold. To ensure the formation of a monolayer of oil over the 
whole of each such face, the faces were then breathed on in turn to produce a 
visible liquid layer. 

The approach curves for resistance transitions and the resulting resistance- 
temperature plots were found to be the same as for crystals to which no oil had 
been applied. Nor was there any appreciable difference in sensitivity, that is, 
in the rate of change of layer thickness, as compared with a nominally clean 
crystal. 


V. CONSIDERATION OF THE RESULTS 
(a) Quantitative Comparisons 
Before considering the various effects which the experiments have revealed, 
the observed equilibrium temperature will be compared with a value calculated 
from the known relative vapour pressure of saturated potassium chloride solution 
and the theoretical sensitivity compared with that observed. 


The first comparison is hampered by the accumulation of uncertainties in 
the factors involved. The best estimate which can be made at present of the 
relative vapour pressure of the saturated solution at approximately 1-7 °C is 
0:885-+0-002. Allowing for the expansion of the gas from the ice tower to the 
hygrometer, the dew-point is —0-014°C. The equilibrium temperature can 
be computed from these values once it is known how the vapour pressure of 
water varies with temperature. Using data tabulated in the Smithsonian 
Meteorological Tables (Smithsonian Institution 1951), based on the work of 
Goff and Gratch (1946), the resulting equilibrium temperature is 1-68 +.0-03 °C. 
For the experimental value the mean of three values obtained from the data 
represented by Figure 4 may be used. The result is 1-67+0-02 °C in which 
the uncertainty arises mainly from some instability of the temperature indication. 


The slopes of the curves of Figure 7, as defined by the broken lines, provide 
experimental values for the sensitivity, which may be expressed as the percentage 
rate of change of conductance per 0-1 °C temperature deviation. These values 
are given in Table 1, where they may be compared with the theoretical values 
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derived from the appropriate value of J given in Table 1 of the previous paper. 
When account is taken of the many factors involved in deducing the theoretical 
values and the uncertainties which some of those factors introduce, the agreement 
must be considered satisfactory. 


TABLE 1 
PERCENTAGE RATE OF CHANGE OF CONDUCTANCE PER SECOND, PER 0-1 °C 
DEVIATION 
| 
Resistance Layer Observed Theoretical 
(MQ) Thickness Sensitivity Sensitivity 
(A) | 
0-47 320 1-4 2-2 
1-1 140 3°1 5-2 
1-1 140 3°9 5-2 
2-2 70 5:2 10-4 


(b) The Explanation of the Results 

Any explanation of the behaviour of the crystal element must involve the 
detailed geometry of the crystal surface. The cleft surface occasionally possesses 
steps visible to the naked eye, but even when apparently perfect it must be 
considered rough on a molecular scale, deviating from a (100)-like plane at least 
as dictated by the dislocation structure of the parent crystal. The structure 
of cleft surfaces of sodium chloride has been investigated by Amelinckx (1951), 
who observed steps ranging in height from some hundreds to some thousands of 
angstrém units. These were not necessarily parallel to an axis of the crystal 
and ranged in spacing from 10-3 to 10-2cm. He also observed evidence of a 
fine structure involving changes of level of up to 200 A. 


Preliminary operation of the crystals in the automatic hygrometer at various 
resistances must have modified their surface structure. Also, the prolonged 
operation at a single resistance which preceded some experiments (notably 
those of Figs. 5, 6, and 7) would have resulted in any small features which 
protruded from the (100)-like surface dissolving even in the just-saturated 
solution. This fact, although strictly thermodynamic in origin, may be regarded 
as following from the theory of crystal growth, which will be involved in some 
of the discussion below. 

Crystals usually grow from solution by the mechanism first proposed by 
Frank (1949). In the Frank mechanism crystal substance deposits at steps 
which terminate on dislocation axes and so are inevitably present. Such a 
step, since it is in general curved and possesses a line free energy, is associated 
with an elevation or lowering of equilibrium concentration in the solution. It 
is, therefore, analogous to a very small crystal, the equilibrium vapour pressure 
(or in a solution, concentration) of which is elevated on account of its surface free 
energy. It was necessary to propose this mechanism because, as is deducible 
from the work of Becker and Doring (1935), nucleation of a new plate of molecules 
on a flawless crystal surface as substrate cannot possibly occur at supersaturations 


A NEW ABSOLUTE METHOD OF HYGROMETRY. II 445 


of only a few per cent., while the possibility of the mechanism depends, in the 
first instance, on the fact, deducible from the same work (their equation (20)), 
that nucleation of a new row of molecules at a straight step is very easy. The 
basic theory, along with some related matters, has been treated in detail by 
Burton, Cabrera, and Frank (1951). Although the theory is valid strictly only 
for crystals the elementary units of which are bound by short-range forces, it 
will be assumed here that the essential conclusions are valid also for ionic crystals, 
as is generally believed. 

Repeated dissolution and regrowth, in the present circumstances, would 
have tended to level the original fine structure by transferring material from the 
crests to the troughs where it could deposit, beginning at the bottom of each step. 
Surface features of even many thousands of angstrém units extent in the plane 
of the surface would be expected to dissolve in the just-saturated solution in a 
time much shorter than the periods of stabilization which preceded the experi- 
ments of Figures 5, 6, and 7. Elimination of the fine structure in these ways 
would lead to a surface of minimum roughness, the form of which would depend 
on the strength and number of the dislocations present. 

In experiments like that of Figure 3 the rapid growth and dissolution 
associated with rapid large resistance changes would be expected to produce 
respectively growth spirals and pits which, when the resistance became constant, 
would tend slowly to disappear. The tendency of the features to ‘ run back ”’ 
after a rapid movement must have made some contribution to the slow recovery 
effects exemplified in Figure 3. However, since on changing from 0°53 to 
0-22 MQ an effect of magnitude 0-2 °C, which would correspond to a deviation 
from saturation of about 10 per cent., decays with a time-constant of about 
10 min, it is clear that this contribution provides only a very small part of the 
effect. Of even a large growth or dissolution feature, only a central part of 
about 100 A radius could provide such a large effect and this part would very 
quickly disappear. The slow recovery effect of Figure 3 is due to the accretion 
of the liquid, in the form of fillets, at the bases of high steps. 

If the surface is regarded as possessing a coarse step structure, as observed 
by Amelinckx (1951), and the fine structure considered above, the phenomena 
of Figure 3 may be explained in a general way as follows. The whole resistance 
range may be divided into three parts, namely, below about 0:5 MQ, from about 
0:5 to 2 MQ, and above about 2MQ. Not much can be said concerning the 
highest range, in which the resistance yields unreliable information concerning 
the amount of liquid present on the surface. The significance of the value 
2, MQ is shown by the fact that, generally, above this value a contamination plot 
_ (Fig. 8) becomes non-linear, a rate-of-drift experiment becomes markedly affected 
by inconstancy of the drift rate and by counter-drift effects, and the observed 
sensitivity (as given for lower resistances in Table 1) deviates more and more 
markedly from the theoretical value. 

It is considered that, in this range, the liquid does not cover the whole 
surface but is in the form of fillets which are largely interconnected by intersection, 
and between which there exists only the inevitable adsorption layer consisting 
of a thin sheet of modified solution. The experiments provide no basis for 
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determining above what resistance the conduction in the adsorption layer 
preponderates over that in the system of fillets. The total curvature of the free 
surface of the liquid fillets is, for this range, constant over the crystal surface, 
corresponding to a uniform vapour pressure lowering given approximately by the 
following equation, which is little different from the Kelvin-Poynting equation : 


kT In {(p+Ap)/p}=oyv, . Saceeeeeeeees (1) 


where p is the vapour pressure over a plane surface of the saturated solution, 
Ap is the vapour pressure difference, y is the surface tension, v is the partial 
molecular volume of water in the solution, o is the total curvature, and k is 
Boltzmann’s constant. Equation (1) neglects a smaller effect due to the simul- 
taneous application of the excess internal pressure of the liquid to both the 
liquid itself and the underlying crystal. The vapour pressure lowering corres- 
ponds to the slightly elevated steady temperatures observed in the high resistance 
range (Fig. 3). The equilibrium between the solution, the adjacent gas, and 
the adsorption layer is a true one; steady conditions are reached quickly, the 
liquid then being quiescent. 

The resistance range of roughly 2 to 0-5 MQ is characterized generally by 
a linear contamination plot, which extrapolates to the true equilibrium temper- 
ature at zero resistance (Fig. 8), by a well-defined linear relationship between 
rate-of-drift and temperature deviation (apart from small effects) (Figs. 6 and 7), 
and by an observed sensitivity in good agreement with the theoretical value ; 
such lack of agreement as exists apparently does not depend noticeably on the 
layer thickness (Table 1). The steady temperatures reached are still slightly 
elevated. An obvious deduction is that in this range the crystal surface is 
completely covered by the liquid. The elevation of the observed steady temper- 
atures can be explained by assuming the surface fine structure to be higher than 
the liquid layer, which, in reaching up to the crests, must present a surface 
consisting of numerous concave areas. Since, as Figure 3 shows, the temperature 
elevation has disappeared when the resistance has been reduced to 0-5 MQ, 
the height of the fine structure would be about 200 A, a value which must relate 
to the minimum structure, maintained by dislocations. The temperature 
elevation of 0-02 °C at 2MQ (Fig. 3) would, in accordance with equation (1), 
require a mean separation of the crests of the order of 4000 A. Such a structure 
would represent a preponderance of dislocations of one sign (dislocations being 
weighted in proportion to their strength) of about 30 elementary distances in 
regions averaging 1:6X10-°cm? in area. The necessary concentration of 
dislocations seems high, but there appears to be no alternative postulate which 
can provide a satisfactory alternative to this fine structure, on the basis of 
which all the observed phenomena are explainable. 

The average layer thickness derived from the resistance is subject to some 
uncertainty on account of the existence of high steps. However, a geometrical 
factor of less than 2 would be sufficient to produce virtually complete agreement 
between the observed and calculated sensitivities given in Table 1. Also, 
Figure 8 shows that the geometrical factor must be constant for resistances 
lower than about 2MQ; it can hardly differ much from unity. It may be 
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thought that Table 1 provides a comparison of theoretical and observed percentage 
rates of change which are derived quite independently. However, the theoretical 
percentage rate involves a layer thickness derived from the electrical resistance. 
Actually, the table represents a comparison of absolute rates of growth (or 
dissolution) of the surface layer. The only experiment which gives accurate 
information on percentage changes in the amount of liquid on the surface is that 
of Figure 8, which is of some importance on this account. 


In the range below about 0-5 MQ, the liquid completely submerges the fine 
structure and hence presents an almost plane surface. Its thickness and mobility 
are such, however, that fillets form at an appreciable rate at the coarse steps. 
Until these fillets grow to such a size as to present only a very small surface 
curvature, the liquid which they absorb must continually be replaced, through 
the maintenance of a temperature below the true equilibrium value. This 
explains the slow approach phenomena of Figure 3. The reverse process explains 
the slow approaches on returning to high resistances. Since the resistance to 
flow in the layer varies as the cube of layer thickness, a large fillet formed at a 
low resistance tends to be “ frozen-in ” if two or more upwards resistance steps 
are subsequently made in a short time. For the resistance sequence of Figures 
3 and 8 the fillets will survive at higher resistances than those at which they 
were formed. This explains the difference between the downward and upward 
branches of the curve of Figure 8. The contaminant is spread again over the 
surface only to a small extent until the layer is thinned below the height of the 
fine structure. 

The total amount of liquid on the surface can be estimated from the areas 
under curves such as those of Figures 2 and 3, making use of a mean observed 
rate of deposition obtained from the figures of Table 1 (4-4 A of layer per second 
per 0-1 °C deviation). The area DEFG in Figure 2, formed by joining G and D 
by a straight line, corresponds to an addition of 90 A to the layer, which compares 
with a theoretical value of 60 A. It will be noticed that roughly as much liquid 
again is formed only to be absorbed by the fillets. In the step from 0-53 to 
0:22 MQ in Figure 3 the increase in layer thickness to produce the resistance 
change is again approximately as expected, but, as may be derived from the 
figure, about twice as much liquid is taken up by the fillets. The slow approach 
effects in this figure provide a basis for the estimation of the mean separation 
of the fillets. On account of a thinning of the layer in the proximity of each fillet, 
even an approximate calculation is, however, very difficult. On the doubtful 
assumption that the thinning may be neglected, a separation of the order of 
6 x10-3 em is obtained. 

The experiments throw some light on the fundamental question of the extent 
to which the vapour pressure of a very thin sheet of saturated solution on the 
surface differs from that of the bulk liquid. The temperature elevation at the 
higher resistances in Figure 3 cannot be regarded as being wholly a fundamental 
effect due to the thinness of the layer, because, as mentioned above, a few crystals 
showed very little temperature elevation even at a resistance of 10MQ. The 
elevation shown in the figure has, in fact, already been attributed to general 
surface curvature. Figure 3 alone, in which the temperature elevation at 2 MQ 
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does not exceed 0-02 °C, leads to the conclusion that the vapour pressure deficit 
of a layer approximately 80 A thick cannot exceed 0-15 per cent. Results 
less typical than those given in the figures indicate that even for a layer thickness 
of 40 A the intrinsic deficit is less than this amount. 

Figures 6 and 7 show that even for a temperature deviation of 0-002 °C 
a well-defined conductance drift occurs. The extreme sensitivity of the technique 
is apparent when it is realized that the rate of crystal growth or dissolution 
involved is one ionic layer per 5 min, corresponding to 1mm in 30 years! 
Figure 7 also shows effects due to the necessity of establishing a definite super- 
saturation to obtain crystal growth on some regions of the surface and, indeed, 
effects representing an undersaturation necessary to obtain crystal dissolution 
in some regions. The growth resistance, at least, is only to be expected in view 
of Frank’s (1949) mechanism of crystal growth. 

If the large straight steps, present on the surface, are not parallel to a 
principal axis of the crystal, or if their faces are not perpendicular to the basal 
surface, they can support very easy crystal growth and dissolution at their faces, 
but in any case easy growth can occur at the bottom of each such step and 
easy dissolution at the top. In addition, growth can occur for a sufficient 
supersaturation, and dissolution for a sufficient undersaturation, at the steps 
which constitute the minimum fine structure, which is dislocation bound. The 
supersaturation at which the dislocation structure of any crystal can support 
prolonged growth depends on the number and distribution of dislocations which 
intercept the crystal surface; for crystals growing under ordinary conditions 
this may be regarded as being of the order of 0-1-1 per cent. It is, therefore, 
not surprising that secondary phenomena are revealed in Figure 7 ; the greatest 
supersaturation or undersaturation which could possibly have been produced at a 
given temperature deviation in. those experiments is that which would have 
developed had the crystal failed entirely to grow (or dissolve), which is only 
about 2 per cent. for even the largest temperature deviations established (0-04 °C). 
This value must be considerably larger than those which actually occurred. 
For a deviation from saturation in the solution of 1 per cent. the dislocation- 
anchored steps would, when straight, have to be no greater in length than about 
2000 A and for a deviation of 0-1 per cent. no greater than 20,000 A. An 
estimated value of 4000 A for the spacing of the crests of the fine structure has 
already been given above. The behaviour for crystal growth would be expected 
to be as follows. 

When a small temperature rise is imposed on the system the layer of solution 
will remain saturated in the neighbourhood of the high straight steps where it 
will consequently lose water to the vapour. If it is assumed that the steps are 
sufficiently widely spaced, the solution in regions between them will tend to 
become concentrated and to come into static equilibrium with the vapour. This 
tendency will be opposed by the diffusion of salt through the layer and by the 
viscous flow of the liquid under the influence of surface tension forces brought 
into effect by changes in the curvature of the free surface. On the other hand 
the layer will tend to become non-uniform in thickness on account of the direct 
effect of surface tension differences which result from the small differences in 
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salt concentration. Liquid will tend to accumulate where the surface tension 
(and salt concentration) is greater. The author is indebted to Professor F. Gs 
Frank (personal communication) for pointing out that the effect of such surface 
tension differences, even though in the experiments of Figure 7 they could not 
have exceeded about 1 part in 104, would not be negligible on a clean surface. 
Frank has also pointed out that a contaminant which had spread on the surface 
of the saturated solution would resist the surface tension effect, not so much by 
reducing the surface tension as by constraining surface movement, and has 
thereby shed some light on the phenomenon of “ seasoning’ described in 
Appendix I. It will be argued below that the effect of surface tension differences . 
may be neglected for ‘‘ seasoned”? crystal elements. In curves such as those 
of Figure 7 the rate of change of conductance will increase at first more or less 
linearly with temperature deviation, while remaining less than that corres- 
ponding to the reference line on aceount of the resistance mechanisms of diffusion 
and viscous flow. As the temperature deviation is further increased and new 
nucleation sites become active, the curve will bend back towards the reference 
line and, in accordance with the theory of crystal growth, will eventually become 
coincident with that line. A corresponding behaviour would be expected for 
erystal dissolution. 

Generally speaking, the curves in Figure 7 show this behaviour but possess 
individual features. They all show the effect of a growth resistance, but, except 
for case (ce), the growth branches do not appear to return to the reference line at 
high rates, but become parallel to that line. Presumably they would have 
returned had it been feasible to extend the experiments to higher rates and to 
allow protracted growth to occur. Curves (b) and (d) plainly show effects due 
to a dissolution resistance, while curve (a) shows only a small effect. In this 
curve and in curve (c), where no dissolution resistance is in evidence, the slope 
of the curve approximates that of the reference line as the origin is approached. 
This indicates that, in these cases, the initial fine structure contained features 
unable to resist dissolution and unable to resist a small.amount of growth. In 
the growth branch of (a), as the temperature deviation increases from zero, 
the rate increases more and more slowly with deviation until, at about 10-? °C 
deviation, a new mechanism abruptly comes in. The diminishing slope pre- 
sumably indicates that features which initially supported easy growth at sites 
between the high steps were being progressively exhausted as the experiment 
continued. 

Even in curves (5) and (d) continuity of slope exists at the origin. This is 
consistent with easy growth and easy dissolution occurring at the same places ; 
it at least requires the average separation of the sites of easy growth to be the 
same as that of the sites of easy dissolution. The average separation can be 
estimated from the difference of the slopes of curves (b) and (d) and the corres- 
ponding reference lines at the origin. Calculations in which the preponderating 
mechanism is assumed to be salt diffusion on the one hand, and viscous flow due 
to local differences in surface curvature on the other, give values for the mean 
separation respectively of the order of 10-? and 10-°cm. If an analogous 
calculation is made for viscous flow under the influence of surface tension 
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differences a distance is obtained which is about double that obtained from the 
calculation based on salt diffusion. The effect will not predominate, however, 
because the crystal elements were ‘“ seasoned”? and the experiments of 
Appendix I must be interpreted as showing that seasoning greatly reduces the 
role played by surface tension differences ; the effect may justifiably be neglected. 
The principal transport mechanism is, therefore, that of.salt diffusion and the 
derived separation of 10-2 cm is seen to compare favourably with the tentative 
estimate given earlier for the separation of the large liquid fillets, and the spacing 
of the steps observed by Amelinckx (1951). 


The small counter-drift effect, which in some circumstances follows a rapid 
drift in conductance and which has been described above, may be explained as 
arising from the tendency of the step structure to ‘‘ run back ”’, eliminating any 
marked curvature which has been developed ; some contribution to the effect, 
however, may be made by the influence of the liquid fillets. 


(c) The Significance of the Results for the Hygrometer 
When the automatic hygrometer is operated in a normal manner the crystal 
resistance is maintained at an almost constant value. The performance obtained 
depends on the closeness with which the balance temperature 7 approaches the 
equilibrium temperature 7’, and the way in which the resistance changes ee 
small deviations of the temperature occur. 


It has been seen that the temperatures T and 7, agree within 0-01 °C for 
resistances from 0-1 to 1 or 2 MQ and that towards the upper end of this range 
this accuracy of agreement is attained very rapidly, even when a considerable 
change in the resistance is made. With some individual crystals close agreement 
extends to rather higher resistances. 


The results show that an automatic hygrometer can measure a change in 
humidity with an accuracy of 0-002 °C or better in the equilibrium temperature 
(or in the dew-point). This is proved in a direct way by Figure 5. Also, it is 
clear that there is no effective fundamental limit to the speed of response attain- 
able with the automatic form of the hygrometer. In practice the speed is limited 
by aspects of heat flow. However, if the humidity is varying more rapidly than 
the apparatus can accommodate, and the resistance of the crystal element is 
changing markedly, memory effects become significant and transient errors other 
than those due directly to the finite response time of the control system occur. 
These errors are unlikely to exceed 0-1 °C. In ‘practice, the rate of change of 
humidity of the incoming gas can easily be limited to a level with which any 
particular system can cope simply by inserting in the gas line a dead volume of 
suitable magnitude within which mixing can occur. The overall response time 
may still be only a few seconds. 


The equilibrium temperature has been shown to be independent of the rate 
of flow of the gas over a considerable range. It should be noted, however, that 
extremely low rates of flow are objectionable for several reasons and that, of 


course, there exists an upper limit beyond which the inlet heat exchanger becomes 
inefficient. 
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The ideal of a linear relationship between the rate of change of conductance 
and the temperature deviation is approached closely with crystals the surfaces of 
which have been formed by cleavage, as has been shown. The deviations from 
linearity which are apparent in Figure 7 are of little practical importance for 
the hygrometer. Probably, with the use of crystals the surfaces of which are 
formed deliberately at a small angle to the (100)-like planes, the rate curves 
can be made quite straight. Of the fine and coarse structures of the surfaces, 
the former must be regarded as fundamental, although conditions of manufacture 
can probably be found which minimize the initial height of that structure. There 
is no reason, on the other hand, why the coarse structure should not be practically 
levelled by a suitable technique. However, to gain the full potential advantage 
of doing so, the electrode edges would have to be feathered or rendered unwettable 
by the solution. Feathering of gold electrodes could easily be accomplished by 
spacing the mask from the surface during vacuum evaporation. These refine- 
ments may be worth while for some research applications of the technique. 


As Figure 8 illustrates, the resistance-temperature plot in the presence of 
soluble contamination is approximately linear except at high resistances and the 
line extrapolates closely to the temperature 7, at zero resistance. The fact that 
the plots for downward and for upward resistance steps are different means 
that a regular resistance sequence is necessary when extrapolation is contem- 
plated. A downward resistance sequence is to be preferred. In practice 
contamination is not a serious problem under ordinary conditions. The almost 
complete lack of effect of an oily contaminant is a striking feature. Clearly, a 
monolayer of oleic acid offers little additional resistance to the transfer of water 
vapour. The vapour diffuses through the monolayer and dissolves the crystal 
reversibly at its true surface, ‘ floating ” the monolayer off. It should be pointed 
out that, even if a surface contaminant were to offer a considerable diffusion 
barrier, there would be no consequent limitation on either the accuracy or speed 
of response of the hygrometer, since the effect is wholly compensated if the gain in 
the control system is increased sufficiently, the water-storage capacity of the 
monolayer being negligible. In fact, if the evaporation process is hindered 
appreciably, the design of the control system is facilitated, as will be shown 
elsewhere. : 

The effect of temperature on the detailed properties of the crystal element 
has not yet been specifically investigated. It is inherent in the above theory 
that the effect will be due mainly to the influence of temperature on the sensitivity 
factor J, tabulated in the previous paper, and on the viscosity of the saturated 
solution. The effect of temperature on surface tension is relatively quite small. 
The slow recovery effects exemplified in Figure 3 are the net result of the 
competing effects of surface flow, which is governed by surface tension and 
viscosity, and of the continuous transfer of water vapour to or from the surface, 
which, as far as the consequent temperature errors at constant resistance are 
concerned, is governed by J. The magnitude of this slow transient may, 
therefore, be expected to be a function of the product of J and the viscosity. 
However, the temperature dependence of J is considerably larger than that of 
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the viscosity so that for a rise of equilibrium temperature of, say 10 °C, a consider- 
able reduction of the slow transient may be expected. General experience 
indicates that such is the case. 


VI. CONCLUSION 
It has been shown that potassium chloride crystal elements, end-coated 
as described, possess sharply defined properties with respect to water vapour. 
These properties are favourable for hygrometric purposes. 


The secondary effects evident in Figure 3 and the energy barrier phenomena 
evident in Figure 7 are deserving of a more complete quantitative analysis 
than has yet been made. However, to be really useful such an analysis must be 
based on a knowledge of the actual structure of the surface of the crystal. The 
coarse structure can probably be determined by multiple-beam interferometry 
or phase contrast techniques but the fine structure may be beyond the reach of 
such methods. Also, the difficult problem of determining the transient viscous 
flow which occurs in a very thin liquid layer under the influence of surface tension 
forces requires detailed investigation. 


In future work it is hoped to extend the experiments to other crystal 
substances and temperatures and to attempt a correlation of the surface structure, 


as determined by direct means, with the observed behaviour of the crystal 
elements. 
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APPENDIX I 
Observations made with potassium chloride crystals of analytical reagent 
purity reveal some interesting and easily observed properties of the freshly 
prepared surface with respect to water. The following experiments were 
performed in an air-conditioned room at a temperature of 20 °C and a relative 
humidity of approximately 50 per cent. 


If a surface freshly formed by cleavage is breathed on lightly through a 
short length of tube the surface becomes covered by a large number of tiny 
droplets which presumably consist of saturated solution. If the droplets are 
allowed to evaporate and the experiment immediately repeated the result is the 
same. A sustained breath gives rise to large droplets of liquid, perhaps 0-1 mm 
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in diameter. These not only do not spread on the surface but may be moved 
bodily over it. The contact angle is relatively large. If a droplet is forcibly 
spread to cover an appreciably increased area, its edge retracts when the deforming 
force is removed and roughly the original form is resumed. If a freshly cleft 
surface is completely flooded two or three times using the breath copiously, a 
Subsequent light breath produces film-wise dissolution of the surface and inter- 
ference colours are observed. 


Thereafter only film-wise dissolution is observed even if a monolayer of 
oleic acid is laid down on the crystal surface. In fact, using a microscope, no 
difference in behaviour is observed between “ seasoned ” surfaces which do and 
those which do not possess an oleic acid layer. Oleic acid is easily shown to 
spread strongly on the saturated solution. 

The ease with which a cleft surface can be flooded and induced to form 
surface films depends on its age. Surfaces which have been exposed to the 
atmosphere for several hours are already practically “‘ seasoned ”’, being flooded 
readily by a light breath. Seasoning of the surface by dissolution and regrowth 
is also desirable after washing away a marginal layer of the crystal in pure 
methanol and drying with filter paper, the freshly washed surface behaving in 
much the same way as one freshly produced by cleavage. 


Droplets of the saturated solution applied to a clean, dry crystal surface 
have never been observed to spread spontaneously over the whole surface but 
settle down with at least a small but easily observed angle of contact. However, 
provided the surface is not freshly prepared, the liquid, if pushed over the surface, 
shows no tendency to retract at its edge. Also, if a discrete drop is present on 
the surface and a continuous layer is formed on the remainder of the surface by 
breathing on it, the drop spreads over the surface. 

Following on suggestions by Frank (personal communication) that the 
effects of surface tension differences are significant, and that seasoning consists 
in the acquisition of minute quantities of surface-active material from the 
atmosphere, some experiments were performed in which it was found that a 
crystal behaves alternately as a seasoned and as an unseasoned crystal when 
washed alternately in methanol containing about 0-1 per cent. of oleic acid and 
in pure methanol. Also a droplet of saturated solution on a fresh surface, if 
touched with a fibre coated with oleic acid, spreads over the surface at a light 
breath and the surface is then found to be in the seasoned state. 

There is little doubt, therefore, that seasoning represents the acquisition of 
traces of a surface-active substance. It is proposed to investigate these 
phenomena systematically at a later date. 


LATTICE THERMAL CONDUCTIVITY OF SOME COPPER ALLOYS 
By W. R. G. Kemp,* P. G. KiemMeEns,* and R. J. TAINSH* 
[Manuscript received July 3, 1957] 


Summary 


The thermal and electrical conductivities of three copper-zine alloys annealed at 
high temperatures, and of two copper-gold alloys, were measured over a wide range 
of low temperatures, and their lattice component of thermal conductivity was deduced 
in the range 2-90°K. It appears that the high lattice thermal resistance at liquid 
helium temperatures previously found in copper-zine alloys is a function of solute 
content rather than of concentration of conduction electrons and that this resistance 
can be reduced by high-temperature annealing. This extra resistance is thus due to 
dislocations locked in stable arrays by the presence of solute atoms, and not due to 
changes in the electronic band structure on alloying. 


The lattice thermal conductivity of copper-gold alloys at liquid oxygen temperatures 
is limited by the scattering of phonons at the gold atoms, which are much heavier than 
the copper atoms. The magnitude of the thermal resistance is consistent with the ~ 
theory of isotope scattering in dielectric solids. 


I. INTRODUCTION 
It has previously been found that the thermal conductivity at liquid helium 
temperatures of a number of silver alloys (Kemp et al. 1954, 1956) and some 
copper alloys (White and Woods 1955; Kemp ef al. 1957) can be expressed in 
the form 
ao Ae Yb eer AR 5. 2, (1) 


This is in accord with theory (Klemens 1954, 1956). The first term describes the 
electronic thermal conductivity, limited at these temperatures because of the 
scattering of the conduction electrons by lattice imperfections (in these alloys 
mainly by solute atoms), and is related to the residual electrical resistivity 99 by 


AsL loge in ee (2) 


where L=2-4, «10-8 WQ/deg? is the Sommerfeld value of the Lorenz number. 
The second term describes the lattice thermal conductivity, limited at these 
temperatures because of the scattering of phonons by the conduction electrons 
and by dislocations. These give rise to lattice thermal resistivities W, and W, 
respectively, both of which vary as 7-2, so that 


Wi=WetW, ee eee (3) 


Observations of the lattice thermal conductivity at lowest temperatures 
thus yield a measure of W,+Wp. It is generally observed that W, increases 
on plastic deformation (Estermann and Zimmerman 1952; Kemp et al. 1956 ; 
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Kemp et al. 1957), and this increase can be ascribed to the introduction of 
dislocations on deformation. It does not follow, however, that W, is negligible 
for annealed specimens. 

In Figure 1 values of 1/B=(W,+W,)7? are plotted as a function of solute 
concentration (and thus of the concentration of conduction electrons) for various 
silver and copper alloys. These alloys had been deformed and then annealed 
above the recrystallization temperature. Also shown are the theoretical values 
of W,, for pure silver and copper, as well as 1/B for a very dilute alloy of iron in 
copper (White and Woods 1955). 

If one were to assume that these annealed specimens are appreciably free 

from dislocations, one would have to ascribe the variation in 1/B to a variation 
in W,. One would expect W, to vary with electron concentration (Klemens 
1954), though this variation cannot be predicted, since reliable information 
about the electronic band structure is lacking. One would, however, not have 
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Fig. 1—vValues of 1/B for various annealed alloys: x, Ag-Pd and Ag-Cd (Kemp e¢ al. 

1956) ; ©, Cu-Ni (Estermann and Zimmerman 1952); A, Cu-Fe (White and Woods 1955) ; 

[-], Cu-Zn (Kemp et al. 1957); %, Cu-Zn (present work) ; @, theoretical values for W,,7 
(Klemens 1954). 


expected to find such a strong variation with electron concentration, nor the 
cusp-like minimum at the electron concentration of the pure metal. It appears 
that 1/B does not depend on electron concentration, but rather on the number of 
impurity atoms, irrespective of their valency. 

This suggests that the variation of 1/B is due not only to a variation of W,, 
but mainly to an increase of W, with increasing impurity content. This would 
imply that a number of dislocations are locked by the impurity atoms, and cannot 
be removed by normal annealing just above the recrystallization temperature. 
The number of dislocations thus locked in a stable configuration seem to depend 
mainly on the impurity content, with some dependence on the nature of the 
impurity. 

This supposition was tested as follows : 

(a) When the impurity is another monovalent metal, the concentration of 
conduction electrons is not affected by alloying, so that W,, should have the same 
value as for the pure metal. Any increase in the value of 1/B over that for an 
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alloy of similar electron concentration but smaller number of impurity atoms must 
thus be ascribed to locked dislocations. Two copper-gold alloys (7-5 and 16-5 
per cent. Au per atom*) were measured, and their values of 1/B were indeed found 
to be comparable to those of copper-zine alloys of similar solute content, rather 
than to alloys of similar electron concentration. 

(b) An attempt was made to remove some of these locked dislocations by 
annealing as close as practicable to the melting point. Three copper-zine alloys 
(2, 5, and 10 per cent. Zn) were annealed at 850 °C, some 150 °C below the melting 
point, with due precaution to prevent loss of zinc by evaporation. It was found 
that there was a change in B, so that this annealing treatment apparently did 
remove some dislocations. However, the new value of W, still exceeds the 
theoretical value of W,, as well as the value of W, found by White and Woods © 
for their very dilute alloy, so that it is concluded that this annealing treatment 
removed only a fraction of the dislocations. 


II. CoppER-GOLD ALLOYS 
Two specimens of copper-gold alloys (7-5 and 16-5 per cent. Au respectively) 
were prepared by Messrs. Garrett, Davidson, and Matthey in the form of rods, 
8cm long, 0-5¢em in diameter, annealed at 750°C for 1hr. Their thermal 
and electrical conductivities were measured and their lattice thermal con- 
ductivities were deduced from (1) and (2) in a manner previously described 
(Kemp et al. 1956; Kemp et al. 1957). The electrical resistivities and low 
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Fig. 2.—Thermal conductivity x and lattice thermal conductivity x, as a function of 
temperature for Cu-7-5% Au (curve A) and Cu-16-5% Au (curve B). 


temperature electronic thermal conductivities are given in Table 1, together 
with Apo, the observed Lorenz number. The total thermal conductivities and 
lattice thermal conductivities are shown in Figure 2. 

The electrical resistivities are in general accord with earlier measurements 
(e.g. Johansson and Linde 1936). At these low concentrations of gold, the alloy 
is a random solid solution; the higher concentration of gold (16-5 per cent.) 
was chosen so as just to avoid possible complications due to long-range ordering. 


* All compositions are stated in atomic percentages. 
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The lattice conductivities are shown in Figure 2 (b). 


mechanisms are clearly discernible. 
resistance is thus due to electrons and dislocations. 
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Two resistance 
At low temperatures x,ocZ?, and the 
This resistance will be 


discussed in Section IV. At high temperatures x,oJ'-!, indicating that the 
lattice waves are scattered by point imperfections. 


TABLE 1 
ELECTRONIC CONDUCTION DATA 
Alloy Po P20—Po P293—Po A Apo 
(u Q em) (W em™ deg~*) |. (W Q deg-?) 
Theoretical — == —_ — 2-45 x 10-8 
Pure copper -- 0-28 1-67 — — 
Cu- 7°-5% Au 3-53 0-38 1-84 6-81 x 10-3 2-40 x 10-8 
Cu-16-5% Au 7-04 0-34 1-85 3-58 x 10-3 2-52 x 10-8 
Cu- 2% Zn 0-56, 0-31 Loyal 4-25 x 10-2 2°39 xX LOse 
Cu- 5% Zn 1-20 0-33 1-80 1-98 10-2 2231 X10-8 
Cu-10% Zn 1-94 0:37 1-95 1-24 10-2 2°42 x 10-8 
The most numerous point imperfections are the gold atoms. These are 


much heavier than the copper atoms. There is also a difference in ionic radii, 
but it can be shown from the theoretical expressions for the phonon scattering 
cross section (Klemens 1955) that in this case the mass difference is the major 
source of scattering. 

The thermal resistance due to foreign atoms, differing from the atoms of 
the parent material only with respect to their mass, is given by 


_ wa (AM "aT 
~~ 0:-9hv?\ M t 


a'.@:ce 6, 6) le) 6 | \@ 0) 0) Xe 161.0 0) 


where a? is the atomic volume, v the phonon velocity, h Planck’s constant, 
nm the impurity concentration, M the mass of a parent atom, and M+AM the 
mass of an impurity atom. If the concentration of impurity atoms becomes 


TABLE 2 
IMPURITY LATTICE RESISTANCE IN COPPER-GOLD ALLOYS 
(W/T )caic. (W/T obs. 
"aered : (W-1! cm) (W-? cm) 
Cu- 7°5% Au 0-200 0-68 0:4 
Cu-16:5% Au 0-331 1-12 0°5 


larger, so that the average atomic mass is appreciably affected by them, the 
quantity n(AM/M)? in (4) should be replaced by Soe (M,—M)?/M?, where 


M=>n,M,, the summation being over all atomic Roecion 
a 


Values of W/Z calculated from the above theory are compared in Table 2 
with values of the point imperfection resistance derived from that section of 
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the curve of x, versus 7’ where x,«<T™, that is, from the values of x, at liquid 
oxygen temperatures. The observed values of W/T' are smaller than the 
calculated ones by a factor which increases with increasing gold content. 


This discrepancy is to be expected if it is remembered that the perturbation 
treatment must fail when the perturbation becomes too strong. The quantity 
< is a convenient parameter describing the strength of the perturbation. The 
present theory was derived on the assumption «<1, which is not so in the present 
case. The next order of perturbation would lead to a term in the resistance 
proportional to <2. One may still expect the perturbation treatment to converge, 
since e<1. The term in ¢? would have a different temperature dependence 
from that in « (W would vary between 7 and 7%). 

The present experiments are not of sufficient accuracy to test such deviations 
from linear temperature dependence of W. If one thus puts empirically 


W [Ve ae pets a. ge eee eae (5) 


and determines a and b from the data of Table 2, then the coefficient a should 
agree with the predictions of equation (4). 

From the present data, one obtains a=3, b=5, while from equation (4) 
a=0-68/0:200=3-4. Thus, considering the inaccuracy of the deduced values 
of x, at these higher temperatures, and the nature of the extrapolation of W/T 
to small values of <, the agreement between theory and observation is quite 
satisfactory. 

This may be contrasted with the disagreement between theory and observa- 
tions in respect to values of W/Z due to the scattering of phonons by atoms of 
different isotopic mass. Slack (1957) has used (4) to calculate W/T due to 
isotopic scattering for a number of dielectric solids, and compared them with 
measured values of the point imperfection resistance. The measured resistances 
exceeded the calculated values in all cases ; in one case (germanium) by a factor 3, 
in other cases by even larger factors. In many cases there are, undoubtedly, 
other point imperfections which are important as phonon scatterers, but Slack 
concluded from his collected data that (4) probably underestimates the isotopic 
scattering by a factor of order 3. Since the present results, without extrapolation, 
yield a discrepancy in the opposite sense, and after extrapolating according to 
(5) give fairly good agreement with theory, it is unlikely that the theory should 
underestimate the isotope scattering by such a large factor. It seems more likely 
that the isotopic variation is not the principal source of point scattering of phonons 
in any of the materials studied so far. This, of course, raises the question of 
what type of point defect could be present in germanium to account for the 
thermal resistance but which does not influence the electrical conduction 
properties. 


IIT. CoprpEr-ZiInc ALLOYS * 
Three specimens of copper-zine alloys (containing 2, 5, and 10 per cent. 
Zn respectively) were prepared by Messrs. Garrett, Davidson, and Matthey in 
the form of rods, 8 cm long, 0-5 cm in diameter. After drawing, the specimens 
were annealed at 850 °C for 4 hr. In order to prevent loss of zine by evaporation 
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during annealing, the specimens were enclosed in closely fitting sheaths of the 
same material. 

As in the case of the copper-gold alloys, the thermal and electrical con- 
ductivities were measured and the lattice thermal conductivities deduced. 
Electrical resistivities, low temperature electronic thermal conductivities, and 
Lorenz numbers are given in Table 1. The thermal conductivities and lattice 
thermal conductivities are displayed in Figure 3. 

The lattice conductivities of these three alloys are higher, both in the low 
temperature (x,ocT?) and the high temperature (x, cI) regions, than those 
of similar alloys annealed. at 500 °C and measured by Kemp et al. (1957). It 
is not possible to compare directly the high temperature (point imperfection) 
resistances, as there was some difference in zinc content, and a corresponding 
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Fig. 3.—Thermal conductivity x and lattice thermal conductivity x g Os functions of 
temperature for Cu-Zn alloys annealed at 850 °C ; numbers denote percentage zinc content. 


difference in p). However, in the case of the 5 and 10 per cent. alloys it is possible 
to compare the ratios W,/o)7', where W,ocT is the lattice thermal resistance 
due to point imperfections. If W, and o, are due only to the scattering of 
phonons and electrons by zinc atoms, this ratio should be constant. In fact, 
it had been noted in the case of the previous specimens that W y/o decreased 
with increasing zinc content. It is now observed that W p/eof is significantly 
lower in the highly annealed specimens than in the old specimens. Whether 
this is due to the removal by high temperature annealing of point imperfections 
with a higher value of W,/o)7’ than the value for zinc atoms, or due to some 
rearrangement of the zinc atoms themselves, cannot be decided at present. 


IV. Low TEMPERATURE LATTICE THERMAL RESISTANCE 
Values of 1/B=(W,+W>)Z? measured for the copper-gold alloys and the 
three highly annealed copper-zine alloys are given in Table 3, together with the 
values of the other copper alloys previously measured (see also Fig. 1 (b)). 
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It can be seen from these results that the addition of monovalent gold to 
copper, though it should not alter the concentration of conduction electrons, 
does in fact increase the resistance to a value comparable to that for alloys 
containing from 10 to 30 per cent. zinc. The extra resistance is thus probably 
due to dislocations, the dislocation density being governed by the number of 
impurity atoms, irrespective of their valency. 

It is also seen that a high-temperature anneal can remove some of these 
dislocations. Thus in a 2 per cent. Zn alloy, W, is reduced from a value of 
4-6 X10? to 1-3-2-8x102 (depending on whether one chooses for W, the 
theoretical value 7102, or White and Woods’ observed value of 5-5 x10?). 
Similar reductions are obtained in the alloys of higher zinc content: from 
7 x10? to 5 x10? for 5 per cent. Zn and from 13 x 10? to 7 x 10 for 10 per cent. Zn. 


TABLE 3 

LATTICE THERMAL RESISTANCE AT LOW TEMPERATURES 

Alloy Annealed at (We+ W,)T? 

(W ecm deg’) 

Cu- 1:63% Zn Ea 500 °C Li” < 10? 
Cilia PRA AEE ae fs 850 °C 8-3 x 10? 
Cu-)5°496 Zn ius 500 °C | 14 x10? 
Cu- 5% Zn chs i 850 °C 12 x10? 
Cu-10% Zn ane at 500 °C 20 x10? 
Cu-10% Zn = =n 850 °C 14 x10? 
Cu-20% Zn oe ais 500 °C 20 x10? 
Cu-30% Zn on 2% 500 °C 20° x 102 
Cu- 7:5% Au = 750 °C 18 3102 
* Cu-16-5% Au aris 750 °C 22 x<102 
Cu- 0:06% 'Fe a 530 °C 5:5 x 10? 

Cu-theoretical value for 

Wr — if edie 


An estimate of the number of dislocations removed by high-temperature 
annealing and remaining after annealing can be made from their lattice resistivity, 
using theoretical values (Klemens 1955) for the scattering of phonons by disloca- 
tions. For copper 

Wplt=3°2 x10 NW Wom der =... eee (6) 


where NV is the number of dislocation lines per cm? Thus, for example, a 
2 per cent. alloy, having a lattice resistance of W,7?~2 102 remaining after 
annealing, has a residual dislocation density of N~5 x10" em-2. 

However, there is considerable uncertainty in the absolute values of disloca- 
tion densities thus deduced. Estimates of the densities of additional dislocations 
in cold-worked materials (e.g. Kemp et al. 1957) seem excessively high compared 
with what is known about these densities from other sources, such as stored 
energy and X-ray line shape, though other methods of determining dislocation 
densities are also not very reliable. Relative values of dislocation densities 
obtained from their thermal resistance should be more reliable. It thus appears 


LATTICE THERMAL CONDUCTIVITY OF SOME COPPER ALLOYS 461 


that many alloys, except the most dilute, always contain a large number of 
dislocations, even after annealing. For example, in a cold-worked specimen 
of Cu-1-6 per cent. Zn, WT? is decreased by 9 x10? W-1 cm deg? on annealing 
at 500°C. A further reduction of 310? is effected by annealing at 850 °C, 
but there probably still remains a resistance of similar magnitude. Thus, the 
number of dislocations is reduced only by a factor 3 on annealing at 500 °C, 
and by a further factor from 2 to 3 on annealing at 900 °C, leaving perhaps 
15 per cent. of the original number of dislocations still in the material. It thus 
appears that the behaviour of alloys on plastic deformation must be substantially 
different from that of pure metals. 
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DIRECTIONAL MEASUREMENTS OF THE DAILY VARIATION 
OF COSMIC RAY MESON INTENSITY AT 4=73 °S. 


By N. R. PAarsons* 
[Manuscript received June 6, 1957] 


Summary 


Measurements are reported of the daily variations of meson intensity at Mawson, 
Antarctica (A=73 °S.), recorded by counter telescopes inclined at 45° to the vertical 
in each of north, east, south, and west directions. The results, together with those 
from a vertical telescope, are examined and found to be inconsistent with an assumed 
common origin of the different directional variations in the interaction of an anisotropic 
primary radiation with the Earth’s dipole field. 


I. INTRODUCTION 

Directional measurements of daily variations in cosmic ray intensity have 
been made in recent years by several observers using counter telescopes at stations 
in the northern hemisphere, e.g. Malmfors (1949), Elliot and Dolbear (1951), 
Elliot and Rothwell (1956). These measurements have shown that the form of 
the observed daily variation depends on the direction of arrival of the recorded 
particles. The nature of the experiments precludes an explanation of this in 
terms of atmospheric influences, and the experiments thus establish the existence 
of daily variations in the intensity of primary particles entering the atmosphere. 

Attempts have been made to relate the daily variations to the entry of an 
assumed anisotropic primary radiation into the region occupied by the Earth’s 
magnetic field. The form of the variation observed would then depend on the 
deflections suffered by the particles in traversing the field and thus on the direc- 
tional properties of the recorder (cf. Brunberg and Dattner 1954). However, 
it has been found very difficult to explain on this basis recent directional measure- 
ments made at London (Elliot and Rothwell 1956). Elliot and Rothwell conclude 
that the interpretation in terms of a primary anisotropy outside the field region 
may be wrong, and that some intensity-modulating mechanism inside the field 
region is probably responsible for the observed effects. 

Directional counter telescope measurements have been carried out during 
the period May 1955 to February 1956 at the Australian National Antarctic 
Research Expedition’s station at Mawson, Antarctica (A=73 °S.; geographic 
coordinates 67° 36’ S., 62° 53’ H.). Records are available for the four directions, 
geographic north, east, south, and west, with the telescope axis inclined 45° 
to the vertical. Simultaneous records from a vertical telescope are also available 
for comparison. We shall examine whether these results are consistent with the 
interpretation mentioned above. 


* Antarctic Division, Department of External Affairs, Melbourne ; present address ; Physics 
Department, University of Tasmania, Hobart. 
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II. THE EXPERIMENTAL ARRANGEMENT 

For the inclined measurements, a single telescope of high counting rate was 
used. It was supported, with its axis at 45° to the vertical, on a turntable: 
adapted from a naval-type Bofors gun base. Chronometer-controlled drive 
and switching mechanisms allowed automatic change of telescope azimuth 
at the end of each hour of the Greenwich day, the actual recording period at 
each azimuth setting being 59min. The sequence geographic north, east, 
south, west, north, . . . , commencing at a north heading during hour 01 G.M.T., 
was maintained throughout the 10-month period May 1955 to February 1956. 

The design of the telescope itself and of the associated electronic circuits is 
identical with that of the vertical telescope operated concurrently (Parsons 
1957a). A detailed description has been published elsewhere (Parsons 1957)). 
Briefly the telescope consists of three counter trays of sensitive area 1 by 1m, 
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Fig. 1—Curve A, variation with zenith angle of the relative 

sensitivity of a telescope of dimensions (1 by 1) by 1-5 m inclined 

45° to the vertical. Curve B, cumulative sensitivity curve for the 
same telescope. 


the separation of extreme trays being 1:5m. A lead absorber, 10 cm thick, 
is situated between the lower two trays. Threefold coincidences are recorded 
with a resolving time of 2-5 usec. A scale factor of 27 is employed and hourly 
count totals are recorded on electromechanical registers. The average counting 
rates with the telescope axis vertical and inclined 45° are approximately 85,000 
and 45,000 particles per hour respectively. 

An accurate determination of the zenith angle sensitivity of the inclined 
telescope has been carried out assuming that the meson intensity falls off with 
increasing zenith angle @ as cos*?0 (Parsons 1957c). The sensitivity diagram is repro- 
duced in Figure 1, curve A. The direction of maximum sensitivity is at 0=42-5°. 
The “ cumulative sensitivity ” diagram (Fig. 1, curve B) indicates that the mean 
inclination of all radiation recorded is 40-3° and that 50 per cent. of the recorded 
radiation is incident from zenith angles within approximately 8-5° of this mean 


value. 
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III. ANALYSIS OF RECORDS 

Six equally spaced hourly readings were obtained each day for each azimuth 
setting of the inclined telescope. In all, records from 274 complete days have 
been used, and discussion will be restricted to the mean daily variations over the 
full period. 

The mean vertical and inclined directional variations have been corrected 
for the mean daily barometric pressure variation using a single barometer 
coefficient of —2-31 per cent. per cm Hg. This correction procedure has been 
discussed in a previous paper (Parsons 1957a).. The mean daily pressure variation 
at Mawson is predominantly diurnal in character but its amplitude is quite small. 
The elimination of its effects produces little change in the intensity variation 
actually observed. Corrections to the intensity variations for small residual 
secular changes have also been made, assuming these to be linear over the mean 
day. 

TABLE 1 


AMPLITUDES AND TIMES OF MAXIMUM OF FITTED 24- AND 12-HR COMPONENTS OF THE MEAN DAILY 
VARIATIONS, MAY 1955—-FEBRUARY 1956 


24-Hr Component 12-Hr Component 
Direction Time of Time of Ist 

Amplitude Maximum Amplitude Maximum 

(%)+S.E. (L.M.T.) (%)+S8.E. (L.M.T.) 
North .. 0-081 -+0-016 1450+ 45 min 0-039-+0-016 0440 
East 0-060-+0-016 1320+ 60 min 0-057-+0-016 0130 
South .. 0-014+0-016 1350 +260 min 0-023-+0-016 1100 
West 0-064-+40-016 1610+ 55 min 0-027-+0-016 0550 
Vertical 0-079 -+0-006 1345+ 15 min 0-031-+0-006 0230 


Because of the relatively wide acceptance angle of the inclined telescope 
(see Fig. 1), and since continuous records from the vertical telescope show a 
smooth daily variation without sharp peaks, it is reasonable to assume that the 
mean variation for each azimuth, represented by six equally spaced hourly figures, 
should also be smooth. Consequently the figures have been subjected to harmonic 
analysis by standard methods and the variations represented by the sum of 
fitted 24- and 12-hr components. 

The results of the harmonic analysis, giving amplitudes and times of 
maximum of the two components, are set out in Table 1. Standard errors quoted 
are calculated on the assumption that departures of individual hourly readings 
on single days from the mean fitted waves are due only to statistical fluctuations. 
. The fitted waves together with the observational points are shown in Figure 2. 


IV. DISCUSSION - 

The most striking feature of the results is the absence of a significant mean 
daily variation in the south direction. The north, east, and west variations are 
not greatly different in form and amplitude from the vertical variation, but phase 
differences are apparent. 
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The differences in the directional variations show that, in part at least 
they must originate outside the atmosphere. Further, the absence of a siguivieant 
variation in the south direction suggests that residual atmospheric contributions 
may be quite small. This conclusion has been drawn previously (Parsons 1957a) 


PERCENTAGE DEVIATION FROM MEAN 


VERTICAL 


Fig. 2.—The solar daily variations in meson intensity 

observed with directional telescopes at Mawson, averaged 

over the period May 1955—February 1956. Standard errors 
are indicated with the observational points. 


from the correlation between long-term phase changes apparent in results from 
stations in both the northern and the southern hemisphere. The times of 
maxima in the diurnal directional intensity waves (see Table 1) occur during 
the early afternoon hours. Any contributions arising from atmospheric temper- 
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ature effects would almost certainly be in the form of simple 24-hr waves, the 
two major contributions being associated with the height of the mean level of 
meson production and with the temperature in the production region. If the 
results quoted by Dolbear and Elliot (1951) following an examination of upper 
air measurements over England can be regarded as typical of most localities, 
the two contributions mentioned would be almost directly opposite in phase, 
the first producing a daily intensity maximum shortly after midnight and the 
second a maximum shortly after noon. Each may have an amplitude as large 
as 0-2 per cent. but they may very nearly cancel. Even if a significant resultant 
exists, it would be either nearly in phase or 180° out of phase with the observed 
intensity variations, and therefore unlikely to affect to any appreciable extent 
the relative phases of the observed directional 24-hr intensity waves. It thus 
seems reasonable to assume that both the relative amplitudes and phases of the 
pressure-corrected directional variations are not greatly influenced by residual 
atmospheric effects. 


If as envisaged by Brunberg and Dattner (see Section I) the daily variations 
arise from an anisotropic distribution of the primary radiation entering the 
Earth’s field, then we should be able to determine approximately an initial 
direction of approach of the excess radiation and a mean energy for the particles 
involved, which together will be consistent with the several observed directional 
daily variations. We shall examine the plausibility of this interpretation, 
using the trajectory data of Brunberg and Dattner. (1953), i.e. assuming that the 
effective Earth’s field is of dipole form described at the Earth’s surface by the 
system of geomagnetic coordinates in current use (McNish 1936). 


For a particular arrival direction at Mawson (geomagnetic coordinates 
73 °S., 104 °E.) and for a chosen primary particle energy, we may find the initial 
approach direction. It is specified by two angles; ®, the asymptotic latitude 
(inclination of trajectory to the geomagnetic equatorial plane), and YW, a 
geomagnetic longitude angle measured eastwards from the geomagnetic meridian 
plane containing the Mawson station. We shall assume a mean arrival direction 
of 40° from the vertical for particles recorded by the inclined telescope (see 
Fig. 1 and Section IJ). 

The azimuth headings of the telescope were respectively geographic north, 
east, south, and west, and since geomagnetic north is 30° west of true north at 
Mawson, estimates of ® and ¥’, appropriate to the geographic arrival directions 
are based on considerable interpolation from the Brunberg and Dattner curves 
and must be regarded in most cases as rough approximations only. However, 
the estimates are considered sufficiently accurate for the present purpose. 


Estimated values of ® and ’, for the various arrival directions and for 
several values of primary particle energy are set out in Table 2. The energy 
range covered includes that within which Brunberg and Dattner suggest that 
the mean energy of the anisotropic primaries lies. Elliot and Rothwell (1956) 
have shown that the assumption of a lower mean energy leads to serious difficulties. 


For a particular primary particle energy and arrival direction at Mawson, 
® and ‘Y’, may be regarded as specifying a point P on the Earth’s surface through 
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which the Earth’s radius points in a direction parallel to the initial approach 
direction of the particles. Various such points P may be found corresponding 
to different arrival directions and primary particle energies. Their geographic 
coordinates may be found from the curves of McNish (1936). Now we expect 
the maximum in the daily intensity variation to be recorded by a particular 
telescope when the Earth’s radius through the appropriate point P makes its 
minimum angle with the direction of maximum primary intensity outside the 


TABLE 2 


ESTIMATED VALUES OF ®; AND Ve FOR PARTICLES OF VARIOUS ENERGIES ARRIVING AT MAWSON 
FROM PARTICULAR DIRECTIONS 


1-5x 10" eV | 2-0x10"% eV | 3-0 10% eV | 4:0 x 10 eV | 5-0 10189 eV 
Direction 

Dery Pye Pie. De Ve hcOs) ol Oe Vs 
40°N. (geographic) .. 58° he 54° —9° 43° —8° 37° —83° 35° Oe 
40 °E. (geographic) A 47° 16° Sipe 24° aon 42° 34° 55° ie 64° 
40°S. (geographic) ..| 51° 32° | 50° 53° | 57° 89° | 59° 133° | 59° 151° 
40 °W. (geographic) de 61° 30° 67° 39° “ple 732 62°—101° 60° —82° 
Vertical .. Ar 54° 26° 56° 29° 62° 322 65° 31° 68° 28° 


field region. Relative times of maximum for the different arrival directions 
will thus be determined by the geographic longitude differences between the 
appropriate points P. Similarly, as the Earth rotates, the differently directed 
telescopes will sweep out celestial latitude belts given by the geographic latitudes 
of the appropriate points P, and relative amplitudes of the observed variations 
should thus contain information concerning the form of the anisotropy. 


TABLE 3 


GEOGRAPHIC COORDINATES OF POINTS P (SEE TEXT) APPROPRIATE TO THE VARIOUS 
ARRIVAL DIRECTIONS AT MAWSON 


1-5x10"eV 2-0x 10” eV 4-0x 10" eV 
je et Se a 
Lat. (S.) Long. (E.)} Lat. (S.) Long. (E.) | Lat. (S.) Long. (E.) 
Py 53° 58° 52° 42° 33° 41° 
P, 40° 60° 29° 64° 23° 92° 
Ps; 43° 75° 39° 92° 51° 155° 
Py 52° hig 57° 86° 73° 294° 
Py 45° ie 47° 74° 57° 79° 


Table 3 lists the geographic coordinates of points P appropriate to the various 
arrival directions at Mawson. 

Figure 3 (a) indicates schematically the celestial latitudes scanned by the 
telescopes at three values of primary particle energy. Figure 3 (b) shows the 
relative positions of the points P in geographic longitude, again for three values 
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of primary particle energy. Obviously the times of maximum recorded intensity 
should occur in the order of decreasing east longitude. 


From Figure 3 (a), we see that middle asymptotic latitudes are involved 
for the arrival directions and range of primary energies considered. Further, 
at each of the energies considered the south-pointing telescope scans a celestial 
latitude belt close to and intermediate between those scanned by the other 
telescopes. It is therefore very difficult to explain the virtual absence of a daily 
variation in the south records when for each of the other directions significant 
and broadly similar variations are observed. 
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Fig. 3 (a).—Schematic representation of the geographic south latitudes 
of the points P (refer text) appropriate to each direction of particle 
arrival at Mawson, and to three values of primary particle energy. 


The diagram indicates the celestial latitudes scanned by the directional 
telescopes. 


Fig. 3 (b).—Schematic representation of the geographic east longitudes 

of the points P. The expected order of occurrence of maxima in the 

daily variations is that of decreasing east longitude, with phase differences 
as indicated. 


Again, comparison of Figure 3 (b) with the observed times of maximum 
(Fig. 2) shows that the observed order of occurrence of maxima and time intervals 
between them are not similar to those predicted at the energies considered. 


It is clear then that the observed directional daily variations cannot be 
satisfactorily explained on the assumption of a fixed external anisotropy 
interacting with a dipole field described by the geomagnetic coordinate system 
in current use. The possibility exists that the observations may be more 
consistent with such an interpretation if, as suggested by Simpson et al. (1956), 
the geomagnetic field is rotated westward through about 45° while remaining 
substantially of dipole form. Consequently the calculations described above 
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have been repeated using the new system of geomagnetic coordinates. Figure 4 
for this case may be compared with Figure 3 and with the observed daily varia- 
tions of Figure 2. It is clear that the situation is not improved by the suggested. 
change of geomagnetic coordinates. 
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Figs. 4 (a) and 4 (6).—As in Figure 3, but calculated by assuming a 45° 
westward rotation of the Earth’s dipole field. 


V. CONCLUSIONS 

No satisfactory explanation of the observed directional daily variations 
has been found in terms of an anisotropic primary radiation outside the region 
of the Earth’s field and its interaction with this field, if the latter is assumed to be 
of simple dipole configuration. 

The assumption of anisotropies of a variable character offers an attractive 
explanation of many cosmic ray variational phenomena, but, unless the Earth’s 
field deviates significantly from the dipole form assumed in the calculations of 
the foregoing section, then the difficulties revealed by the present study and 
those reported by Elliot and Rothwell remain. If we continue to assume that 
external anisotropies are responsible for the daily variations, then it seems 
difficult to avoid the conclusion that the field is sufficiently distorted to render 
deductions from the published trajectory data open to serious error. 

Ii the observations cannot be reasonably well explained in the above manner, 
then we must conclude, with Elliot and Rothwell, that the daily variations are 
probably produced locally by intensity-modulating mechanisms operating within 
the region occupied by the Earth’s field. 
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METEOR RADIANT DETERMINATION FROM HIGH ECHO-RATE 
OBSERVATIONS 


By ©. 8. L. Knay* 
[Manuscript received June 10, 1957] 


Summary 


A simplified analysis is given of the Clegg method for delineating meteor radiants 
from radar observations. A further analysis reveals a new and faster method of inter- 
preting the data contained in meteor echo records. This method is applicable when 
sensitive equipment is employed and the resulting echo rate is very high. 


I. INTRODUCTION 

When an appreciable increase is made in the sensitivity of radar apparatus 
used for the detection of meteors a large increase in the total number of echoes 
is recorded. If meteors fainter than magnitude +6 are detectable this increase 
in numbers makes record analysis extremely difficult and much too prolonged. 
It has recently been shown that sporadic meteors appearing at low sensitivity 
are resolved into radiant type groupings at higher sensitivity (Ellyett and Keay 
1956), making it essential to be able to look for radiants in high rate activity. 


This problem became acute during a survey of meteoric activity that was 
made early in 1956, at Christchurch, New Zealand, using equipment with a 
limiting magnitude exceeding +7-5. The fundamental method for determining 
the radiant coordinates of meteor streams (Right Ascension «, declination $) 
was that due to Clegg (1948a, 1948b) which possesses the great advantage of 
requiring only a single observing station. However, Clegg’s method of analysis 
and his technique of using range-time envelopes in the reduction of the meteor 
plots became unsuitable when the meteor rates were high. Whenever the 
average rate of detection exceeded about 50 echoes per hour from a single aerial 
array the amount of data in the daily film records was too great to handle by 
Clegg’s analytical techniques. With such high average rates it is still practicable 
to draw diurnal rate curves for successive days, from which a reasonable amount 
of information on shower activity can be found, but the resolution of separate 
showers is very poor, as may be expected. 

In this paper a new approach is presented, whereby the fundamental Clegg 
method may be made very much easier to analyse. A simple extension of the 
analysis shows that it is possible to make rate curves for a narrow range band 
(which will be called partial rate curves) yield complete radiant coordinates. 
As a result it becomes practicable to reduce records containing even a8 many as 
500 echoes per hour. 


* Physics Department, Canterbury University College, Christchurch, New Zealand. 
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II. ASSESSMENT OF CLEGG’S METHOD 

Clegg’s method for determining meteor radiants by radio echo techniques 
uses the directive properties of an aerial array to discriminate between meteors 
which arrive from different radiant points. This is made possible by the fact 
that most meteor trails are markedly aspect sensitive at the radio frequencies 
used (72 Mc/s for Clegg and 69 Mc/s for the New Zealand equipment); and 
that meteoric ionization occurs in a limited range of heights centred on 95 km. 
By alternating the aerial azimuth from day to day Clegg obtained sufficient 
information to be able to delineate.a meteor radiant with reasonable accuracy. 


Clegg’s method of analysing the film records is essentially graphical and 
relies on a range extrapolation from the maximum observed range to the 
theoretical horizon range of 1100 km. By making the theoretical curves fit the 
echo distribution at lower ranges a value can be obtained for the time of reception 
of echoes corresponding to the horizon range. Unless this extrapolation is made 
a time correction has to be applied. This correction is difficult to calculate 
exactly and may lead to considerable error. 


- In order to delineate a radiant from a single day’s records Aspinall, Clegg, 
and Hawkins (1951) replaced Clegg’s single rotatable array by two fixed arrays 
equally spaced in azimuth about the east-west direction. With neither beam 
directed at an azimuth of 90° from north the time of reception of echoes from the 
horizon range no longer corresponds closely to the time of transit of the radiant. 
This necessitates a more complicated approach in the theoretical treatment, 
of which Aspinall, Clegg, and Hawkins only quote the results (in graphical 
form). A graph was given showing how much the observed time of reception of 
echoes should alter for two selected values of range (800, 900 km), other than 
the horizon range, when using their two-aerial system. In order to obtain 
this graph Aspinall, Clegg, and Hawkins regarded each aerial beam as having 
a finite spread only in the vertical plane (Weiss, personal communication 1952 
to Dr. C. D. Ellyett). This simplification enabled transit times to be calculated 
directly, provided that the range exceeded 700km. Below this range the 
correction involved became too complicated and the original method of analysis 
developed by Clegg, using sensitivity contours, had to be reverted to. 


The accuracy of Clegg’s method is considerably reduced when a meteor 
shower does not stand out plainly against the background activity. If the 
background rate is fairly high it becomes very difficult to fit the theoretical 
range-time envelopes and to extrapolate to maximum range. This results in 
determinations of Right Ascension which tend to be several degrees too low if the 
aerials are directed to westerly azimuths (and vice versa for easterly directed 
arrays). The radiant coordinates previously published by Ellyett and Roth 
(1955) are for this reason from 0 to 5° too low in Right Ascension, depending 
on the radiant elevation at transit. The values for the declinations are almost: 
unaffected. j 

Clearly, a method is required which avoids the need for such corrections 
and overcomes the difficulty of application to high rate data. 
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III. PENCIL-BEAM APPROACH TO RADIANT DETERMINATION 

In this section it will be shown that if a narrow but finite aerial beam is 
regarded as being an infinitely narrow pencil beam (subject to certain conditions) 
then the whole of the theoretical treatment of the Clegg method is greatly 
simplified, and almost all sources of error are avoided. In practice this is made 
possible by adopting a new way of using the data contained in experimental 
range-time plots, such that a reliable reference point for defining transit times 
can be found. 

Let us first examine more closely Clegg’s original method of constructing 
range-time plots which is partly illustrated in Figure 1 (this figure is similar to 
Figures 3 and 4 of Clegg’s (1948a) paper). The contour lines in Figure 1 (a) 
represent the relative sensitivity of the system, plotted on the surface of a 
hypothetical dome that lies 95 km above the surface of the Earth. For the 
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Fig. 1.—Construction of theoretical range-time plots. PQ represents the locus of the most 
probable time to receive echoes from any given range. XY represents the locus of the most 
probable range from which to receive echoes at any given time. 


purpose of this discussion consider all meteors belonging to a given shower 
whose magnitudes are such that they can be detected at some point within the 
outermost contour. The lines S,7)H, etc., are the loci of points on the 95 km 
dome where a meteor from the radiant Rk would satisfy the conditions for detection 
at the observing station O. Positions of STH at successive times are shown in 
Figure 1 (a), and from their points of intersection with the outermost sensitivity 
contour the theoretical range-time envelopes of Figure 1 (b) can be drawn. The 
dotted line YY, which appears in all of Clegg’s original envelopes, represents the 
most probable range from which echoes are received at any given time : it is 
simply the locus of the point along the line 7H where the system sensitivity is 
highest. The line XY crosses the azimuth direction OH at the point where 
the sensitivity is the maximum possible, i.e. at the range from which the maximum 
number of echoes is received. This defines a unique reference point A,, on the 
range-time plot from which the time of transit could be calculated, and will be 
referred to again later. Although Clegg included the line XY in his theoretical 
range-time envelopes he did not appear to use the property just described. 


However, a re-examination of Figure 1 reveals that it is possible to define 
a reference point at any given range on the range-time plot provided the locus 
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PQ is drawn instead of XY. In Figure 1 (b) PQ represents the locus of the 
most probable time to receive echoes from any given range. In Figure 1 (a) 
PQ is coincident with the azimuth direction OF ; this is so because at any given 
range the aerial sensitivity is highest at the central azimuth of the beam. The 
locus PQ may be drawn on the actual meteor plots to quite a high degree of 
accuracy, and the point of intersection with a range-marker line r (known 
accurately) yields a convenient reference point A from which fairly precise 
transit times f;-+-7 may be found. 

The point A in Figure 1 corresponds to the collecting area of a hypothetical 
pencil-beam aerial, directed to the azimuth OF, and of such elevation as to 
intersect the echo region (95 km dome) at the range ry. This correspondence 
greatly simplifies the mathematical treatment, and, with one stipulation, enables 
a relation to be computed which gives the time difference + between the reception 
of echoes from A and the true time of local transit, as a function of the radiant 
declination §. The accuracy of the 6,7 relationship is subject to the mean 
height of detection being known for the meteors concerned, but fortunately this 
does not critically affect the result. Unless positive evidence to the contrary is 
forthcoming it seems best to regard 95 km as being the mean height for maximum 
ionization and therefore maximum detection probability. This is in accordance 
with recent data by Elford and Robertson (1953) and with the data from Jodrell 
Bank (Kaiser 1953). However, a height correction, to be applied if needed, 
will be mentioned later. 

The mathematical treatment is now straightforward. The elevation angle 
of the hypothetical pencil-beam aerial may be found from the relation 

"sin. O=(h* + 20h —r*) (Dor, 2 ons eee eee (1) 
where r=slant range, 
h=height of echo region (95 km), 
e=radius of the Earth (mean 6370 km), 
§=elevation angle. 


An aerial plane may now be defined as the plane drawn through the observing 
station O perpendicular to the aerial beam. When an echo is received the 
meteor trail must, due to the property of specular reflection, lie in a plane parallel 
to the aerial plane and, because all meteors from a given radiant travel in 
effectively parallel paths, the radiant (at infinity) can be considered to lie in 
some direction within the aerial plane. Now the aerial plane will, during the 
course of a sidereal day, sweep across most of the celestial hemisphere above 0, 
and any radiant # lying within this coverage will be detectable. This is illus- 
trated in Figure 2, with the usual assumption that the Earth is fixed in space 
and that the celestial sphere, containing R, rotates about OP with constant angular 
velocity. The aerial beam is shown directed to an azimuth 90°-+a, and the 
intersection of the aerial plane with the celestial hemisphere is the great semi- 
circle JCBL. The path of a radiant is a small circle about P and when R and 0 
coincide echoes can be received at O from meteors originating from R. 

Thus far only one aerial has been considered. With a second aerial directed 


to an azimuth of 90°—a the same arguments apply, except, of course, that a 
different aerial plane is involved. 
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The methods of spherical trigonometry may now be used to find an expression 
relating the declination $5 of a radiant to the hour angle t between the passage 
of a radiant through the aerial plane and the time of its upper culmination 
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DIRECTED 
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Fig. 3.—Horizontal projection of celestial hemisphere showing aerial 
planes. 


(local transit). To simplify the analysis it is best to project Figure 2 onto the 
horizon plane through O, as shown in Figure 3. Both aerial planes are now 
included, and are shown symmetrically disposed about the east-west direction. 
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Considering the aerial directed south of east (azimuth 90°+a,) the spherical 
triangle ZB,K, yields 

tan Gy=—tan 0 CO8CC. G5 ren wc eleie eas (2) 

COS Y¥==008 0.008 G50 bag weno oe ae ees (3) 


where ZB,=0=aerial elevation, 
a,=aerial azimuth spacing from 90 °E., 
ZK,=% (=ZK,, by symmetry if a,=a,). 


The values of ¢ and y enable the spherical triangle PK,C, to be solved, 
but before the hour angle +, can be found the parallax angle |, must be evaluated 
over the range of declination required. For the triangle PKC, 


sin ),={cos (p+,) sin y}/cos 6, ............ (4) 


where (90°—o)=PZ=co-latitude of O. 
Using this relation a table for ), may be computed. It is then possible to find 
the values of t, by using the relation 


tan }1,=tan H(y+4,){sin 4(3—Z,)/cos #(3+E,)}, -.---- (5) 
where €,=9+G. 
The same procedure is followed when computing a table for t,, except that 
< Sw) —o 


+ 60° 


+a40° 


DECLINATION, 6 


TIME BEFORE LOCAL TRANSIT (HR) TIME AFTER LOCAL TRANSIT (HR) 


Fig. 4.—Relation between the hour angles t, and tv, and the declination §; assuming 
a, =a, =223° from due east, p=43} °S. 


Typical values of +, and t, for various slant ranges r are shown in Figure 4, 
assuming an azimuth separation +a of 224° from 90° (or 270°) for aerials situated 
at a latitude (9) of 433 °S. Figure 5 represents +,—z, plotted against 3, and— 
is used, in practice, to obtain § when t,—z, is known. The value of 3 so obtained 
is used in turn to determine the true transit time from Figure 4, thus completely 
delineating the position of the radiant. 
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IV. THE HEIGHT CORRECTION 
The values for the hour angles + that have been obtained in the previous 
section are exact, except for a single small correction which could in some Cases 
be necessary. This correction only arises because the mean height of detection 
of meteor trails cannot be determined as precisely as the other parameters. 
Furthermore this height varies for different meteor velocities and magnitudes. 
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Fig. 5.—Relation between the time difference of the hour angles, t,—+,, and the 
declination 6. 


By keeping 7 constant and differentiating equation (1) we obtain 


RESTS aca ies eee a (6) 
oh prcos@ rcos@’ “""*"*"° 


since p>h. This shows that a change of height causes least error when r is large. 
In practice, however, too few echoes are found at the larger ranges, so a com- 
promise is reached, and r is made no smaller than is necessary to ensure adequate 
numbers of echoes. 

In order to obtain a table of corrections it is best to recalculate some values 
of t corresponding to the changed values of 8. Further differentiation of equations 
(2) to (5) is too cumbersome. Tables 1 and 2 have been derived for the case 
represented by the solid line in Figures 4 and 5 (i.e. for r=500 km, h=95 km 


assumed). 


V. EXTENSION OF PENCIL-BEAM METHOD FOR HIGH RATE DATA 

The main importance of the method described in Section IIT lies in the 
fact that it is readily extendible to cope with records containing large meteor 
echo rates, whereas the Clegg analysis becomes impracticable to apply. By 
drawing only partial rate curves (for a range band 50-100 km wide) it is possible 
to use the peaks in the curve to define transit times. This is illustrated in 
Figure 6. By plotting the range distribution of received echoes (a function of 
the vertical polar diagram of the aerial system) the range Tm of maximum 
occurrence of echoes may be found. The peak in the echo distribution curve 


D 
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will be fairly symmetrical for a reasonable distance either side of this range. 
Provided the line PQ on the range-time plot does not bend too sharply in this 
region, a sampling range band may be defined with the property that the peak 
of the resulting partial rate curve will coincide closely in time with the transit 
at the point A,, (Fig. 6). The width chosen for the sampling range will depend 


TABLE 1 


MINUTES TO BE ADDED TO T,, 


Height Declination 6 
h } 

(km) +40° +20° 0° —20° —40° 60" 
110 0 —2 ot —6 —10 —15 
105 0 =f -) —§ L5 —10 
100 0 0 anf = | =: 
95 0 0 0 0 0 0 
90 0 0 +1 +2 2 2) 2558 
85 0 seu +2 ood + 6 +10 
80 0 +2 +4 +6 +9 +14 


on the number of echoes required to give a significant peak on the partial rate 
eurve. <A table of transit times must be computed for the range of maximum 
occurrence of echoes, 7,,, and from this and the times of the peaks in the partial 
rate curve the radiant coordinates may be found. It will be observed that all 


TABLE 2 


MINUTES TO BE ADDED TO Me 


Height Declination $ 
h 

(km) +40° +20° 0° —20° —40° —60° 
110 0 —§ = onal} as —20 
105 0 —2 4 —£ 2% 43 
100 0 =1] — 9A 3 i — 6 
95 0 i) 0 0 0 0 
90 0 +1 2 +3 Ear +6 
85 0 +2 +3 +5 + 7 weil 
80 0 +3 +5 seit 11 +18 


of the essential information in the film record is used ; both range and time data 
oi implicit in the partial rate curve provided that the sampling range is not too 
wide. 

To apply this method a count is made over 10-min time intervals of all 
meteor echoes whose ranges lie within the sampling band. Ten minutes is 
suggested as a suitable time interval because it is small compared to the width of a 
significant peak in the rate curve. Random fluctuations in the rate can be 
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smoothed out to a large extent by taking sliding groups of three values, thereby 
obtaining an effective half-hourly rate at 10-min intervals. Even so, it is found 
that the amount of fluctuation becomes excessive if the echo rate drops below 
100 echoes per hour (for the total rate), so this is a method only suitable for the 
analysis of high rate records. . By widening the sampling range lower rates may 
be tolerated but the accuracy decreases rapidly. 
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Fig. 6.—Construction showing how a partial rate curve can yield 
a transit time for a radiant, with respect to the reference point A,,. 


VI. EXPERIMENTAL RESULTS 
In order to test the validity of the foregoing discussion some experimental 

work was done, the results of which will now be given. 
During the early part of August 1956 new equipment (Ellyett and Fraser 
1955), together with higher gain aerials, was used to obtain a high rate of meteor 
echo detection. The results of some preliminary observations have been analysed. 
For the night of August 4/5 only, the sensitivity was reduced intentionally to 
allow one set of full range-time plots to be drawn (Figs. 7 (a) and 7 (b)). Through 
the main concentrations of echoes the lines PQ, representing the most probable 
time to receive echoes at each given range, are drawn by eye on the basis of 
previous experience with range-time envelopes. From the intersection of these 
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Fig. 7 (a).—Full range-time plot showing the lines PQ. August 4/5, 
1956, aerial azimuth 673° E. (The dotted line refers to an earlier 


concentration of echoes; cf. Figure 8.) 
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Fig. 7 (6).—Full range-time plot showing the lines PQ. August 4/5, 


1956, aerial azimuth 1123 °R. 
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lines with the 500 km range marker line the following times of maximum reception 
of 500 km echoes were obtained : 


Aerial azimuth 674 °E. 0350 hr N.Z.S.T. 
Aerial azimuth 1124 °R. 0222 hr N.Z.S.T., 


yielding for the radiant coordinates 
a=343° ; d= —16°. 
These coordinates agree well with published figures for the 8-Aquarid 


Shower, viz. Ellyett and Roth, 338/-18; Hoffmeister, 345/-20; Lindblad, 
339/-12 ; McKinley, 340/-17. 
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Fig. 8.—Partial rate curves. (a), (6) August 1/2, 1956; (c), (d) August 2/3, 1956; (e), (f) August 
3/4, 1956. 


In order to use the partial rate curve method the range of maximum 
occurrence of echoes (r,,) must be known. This can be determined quite simply, 
and only needs to be done once for any given aerial system. Range distribution 
curves drawn for both aerial arrays reveal that r,, is 400-+-10 km (estimated) 
for the aerial directed to azimuth 1124 °E.; and 410-+10 km (estimated) for 
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the aerial directed to azimuth 674°E. Accordingly a sampling band between 
350 and 450 km was chosen, and 400 km regarded as r,, for both aerials. 

In Figure 8 partial rate curves, obtained during the nights preceding August 4, 
are shown. ‘The times corresponding to the peaks yield the following radiant 
coordinates : 


August 1/2 a=344° 5 = —20° 
August 2/3 “a=3434° d= —21° 
August 3/4 a=345° d= —20°. 
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Summary 

The relationship of radio bursts of spectral type III to solar flares is investigated 
by comparing simultaneous optical and radio observations. Over 300 flares are examined, 
85 per cent. of which are microflares (class 1—). About 20 per cent. of the flares are 
associated with type III events, while more than 60 per cent. of the bursts recorded 
occur during the lifetime of a flare. These bursts tend to occur near the beginning of 
the flare or even to precede it slightly. 

The degree of association varies markedly over a period of days. Flares occurring 
in certain activity regions show a high degree of correlation with bursts, while those 
occurring in other regions show little or no correlation. The probability of a burst 
accompanying a flare is greater for larger flares. It is essentially the same for flares 
on the eastern limb as for flares in the centre of the disk, implying a wide cone of escape 
for type III radiation. There is an apparent deficit for flares on the western hemisphere. 
The occurrence of a surge with a flare appears to increase somewhat the likelihood of 
an associated radio event. 


I. INTRODUCTION 

It has been known for many years that strong bursts of radio emission from 
the Sun often occur at the time of large solar flares. The work of previous 
investigators, based on single-frequency radio records, showed that not all 
flares are accompanied by bursts, but failed to reveal the factors controlling 
the association (cf. Hey, Parsons, and Phillips 1948; Dodson, Hedeman, and 
Owren 1953). Wild (1950) classified some bursts associated with flares as being 
of spectral type IL; in bursts of this type the frequency of maximum intensity 
drifts slowly towards lower frequencies over a period of minutes. In a later 
investigation, Wild, Roberts, and Murray (1954) reported the occasional associa- 
tion of flares with large groups of bursts of spectral type ITI, in which the frequency 
of maximum intensity drifts rapidly towards lower frequencies over a period 
of seconds. The rapid frequency drift in these bursts has been attributed to 
the motion of disturbances moving outwards through the Sun’s corona at nearly 
relativistic speeds. In view of the interest in these disturbances and their 
possible connexion with cosmic rays, it was felt that the relationship of type III 
bursts to flares required fuller investigation. 

In the present paper we report the results of a joint observational programme 
undertaken for this purpose. Records from the radio spectroscope of the 
Radiophysics Laboratory have been compared with Hz« films of the chromosphere 
taken simultaneously by the Division of Physics. Because the Sun was under 
continual optical observation during the period of the radio records the data 


* Division of Physics, C.S.I.R.O., University Grounds, Chippendale, N.S.W. 
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obtained are more complete than those used in previous investigations. Over 
300 flares were observed, about 85 per cent. of which were microflares. This 
may be contrasted with earlier studies which have dealt chiefly with flares of 
class 1 and greater. 

It has been found that type III events, both isolated bursts and clusters, 
are often associated with the flares, although not all flares are accompanied by 
bursts and vice versa. The factors chiefly responsible for these differences have 
not been fully elucidated. Larger flares are more often accompanied by bursts 
and there is some evidence that the occurrence of a surge with a flare may increase 
the chance of a related type III event. Moreover it seems that the nature 
of the activity region in which the flare occurs affects the likelihood of a burst. 


II. OBSERVATIONAL MATERIAL 
The cooperative programme of radio and optical observations was under- 
taken over the period November 1955 to July 1956. In all, simultaneous records 
are available for a total of 140 hr, recording the occurrence of 308 chromospheric 
flares and 204 distinctive type III radio events. 


(a) Chromospheric Observations 

The flare records used in this work were obtained with the Ha«-patrol camera 
of the Division of Physics, Sydney (Bray et al. 1957) and consist of consecutive 
16-mm diameter photographs of the solar disk taken at 30-sec intervals through 
a Lyot monochromator of bandwidth 0-7 A. The reduction of the chromo- 
spheric records is undertaken by first making positive films of enhanced contrast 
from the original 35-mm negatives and then using a projection system to display 
on a screen an enlarged image of the solar disk some 12 in. in diameter. In 
scanning the film considerable care is taken to locate any chromospheric flares 
occurring within the period of observation. The apparent area of each flare is 
measured by comparison against standard figures of suitable shape and size. 

For the purposes of the present work a flare is defined as a distinctive 
temporary brightening of a chromospheric region ; brightness changes considered 
to be in the form of random fluctuations have not been catalogued as flares. 
Complex flares occurring simultaneously in the one bright hydrogen region have 
been regarded as a single flare. Detailed tests have shown that the flare identi- 
fications are reproducible by different observers working quite independently 
of one another. The measured times of flare commencement normally agree to 
within 1 min, but the finishing times may differ by several minutes as the final 
fading of a flare is often rather indefinite. 

The detection of flares on the cinematographic records becomes increasingly 
difficult for smaller values of the apparent area. This effect is illustrated in 
Figure 1 (a), which shows the frequency of occurrence of flares of different areas.* 
As the apparent area becomes smaller the frequency of flares increases rapidly. 
The sharp drop for very small flares of areas below about 20 millionths of the 
visible hemisphere is instrumental and indicates the limit of reliable flare detec- 
tion. It should be noted that the great majority of the flares are in fact micro- 


* The relationship between flare area and importance class is given by Ellison (1954). 
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SOLAR RADIO BURSTS OF SPECTRAL TYPE ITI 


WAVELENGTH (Mm) 


4-3 


TIME 2 


Fig. 1—Spectrum record of a large group of type III bursts. November 9, 1955, 0223-0226 U.T. 
Fig. 2.—Interferometer records of the same group of type III bursts. The minima appearing 
in the record of each burst are interference fringes, whose wavelengths determine the east-west 


coordinate of the burst. 
The oblique lines in these records are due to power line interference and should be disregarded. 
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flares, whose area, corrected for foreshortening, is less than 100 millionths. 
Another histogram, shown in Figure 1 (b), gives the distribution of flare lifetimes 
and illustrates the short duration of most of the flares. 


(b) Radio Spectrum Observations 

The records of the radio spectroscope (Wild, Murray, and Rowe 1954) are 
in the form of a succession of radio spectra photographed on continuously moving 
35-mm film at intervals of 0-5 sec. Each spectrum covers the frequency range 
40-240 Me/s (1-3-7-5 m) with a bandwidth of 0-5 Mc/s. The sensitivity of the 
equipment is such that bursts are observed if their flux density (in one plane of 
polarization) exceeds about 510-21 Wm-2 (c/s). The quiet Sun is not 
detected. 
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Fig. 1 (a).— Histogram showing flare occurrence as a function of apparent area. Areas 
are measured in millionths of the visible hemisphere. 
Fig. 1 (6).—Histogram showing flare occurrence as a function of duration. 


Bursts of spectral type III may occur isolated, in groups with durations 
of seconds or minutes, or in storms lasting hours. In Figure 1 of Plate 1 a 
sample record is given which shows a large group of bursts. All bursts or groups 
occurring in isolation have been catalogued, but in periods of storm only strong 
bursts or groups have been listed separately. 


(c) Radio Position Measurements 

On three days during the period of the investigation, observations of the 
position of the radio source were made with a swept-frequency interferometer 
operating over the range 40-70 Me/s (4:3-7-5 m) (Wild and Roberts 1956). The 
interferometer base line is 1 km along an east-west line. Figure 2 of Plate 1 
shows the interferometer record of the group of type III bursts whose spectrum 
is shown in Plate 1, Figure 1. Measurement of the wavelengths of the inter- 
ferometer fringes allows one coordinate of the burst position to be measured with 
an estimated accuracy of about +4 min of are. 


III. Type III Bursts AND FLARES 

An intercomparison of the optical and radio records: reveals many cases 

of a clear association between a flare and a type III radio event. Some con- 
vincing examples of this behaviour are shown in Plate 2. 
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However, there are numerous cases of flares which are not accompanied by 
burrts and vice versa. This inconsistent behaviour is well illustrated by the 
sample daily records given in Plate 3. In the first three cases there are many 
examples of a fairly clear-cut association, but in the fourth case many flares were 
recorded during a period marked by the almost complete absence of any dis- 
tinctive radio events. Another striking example of this lack of correlation 
occurred on June 15, 1956, when 25 flares were recorded over a period of about 
4 hr, during which time the only radiv event recorded was a single weak burst of 
unclassified spectral type. 

Because of the high rate of occurrence of flares and bursts the association 
between them can be discussed quantitatively only by adopting some criterion 
for deciding when a flare and a burst are related. In the present analysis a 
coincidence has been counted only if the radio event occurs within the flare period 
+2min. This is a more stringent condition than that used by previous investi- 
gators. By comparison Dodson, Hedeman, and Owren (1953) used limits of 
+30 min. 

With this definition 30 per cent. of the flares were accompanied by type IIL 
bursts. However, this total includes cases where two or more physically distinct 
flares occurred at the time of the same radio event. By counting such cases as 
only one association a minimum estimate is obtained for the percentage of 
associated flares; this figure is 23 per cent. 


If one considers not the proportion of flares which are accompanied by 
bursts but instead the proportion of bursts accompanied by flares, the percentage 
of associations is appreciably higher. , Both isolated bursts and groups of bursts, 
irrespective of their intensity, are associated with flares to about the same degree, 
namely, in 60-70 per cent. of all cases. This tendency for bursts to occur within 
the lifetimes of flares is statistically very significant, as the total number of 
coincidences exceeds that for bursts occurring randomly in time by about 10 times 
the standard deviation. 


Further evidence of an association between bursts and simultaneously 
occurring flares is provided by positional information obtained from radio inter- 
ferometer observations. Plate 4 shows the positions on the disk of flares and 
radio bursts for a period of one hour on November 9, 1955. When comparing 
the occurrence of flares and bursts reference should also be made to the spectrum 
records included in the plate, as not all bursts have been shown in the positional 
chart. This evidence suggests that active centres on the Sun may produce 
flares and type III bursts simultaneously, or may produce one or the other 
separately. 


IV. ANALYSIS OF FACTORS INFLUENCING THE ASSOCIATION OF BURSTS 
AND FLARES 
In this section we study the influence of some physical factors on the relation- 
ship between radio bursts and flares. A quantitative discussion is given on the 
basis of the definition of coincidence stated in Section III. The ambiguous 
cases which arise when a radio event occurs during the lifetimes of two or more 
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physically distinct flares have generally been excluded. However, one association 
is counted in those cases where no ambiguity is involved for the particular 
parameter under consideration. 


(a) Dependence on Flare Area 
The dependence of the degree of association on flare area is illustrated by 
Figure 2 which shows that the probability of a burst is markedly greater for 
larger flares. This conclusion is similar to that of Hey, Parsons, and Phillips 
(1948), who found that for flares of class 1 and greater the proportion of flares 
accompanied by bursts at 4-1m wavelength increases with the importance 
of the flare. 


Nos. OF FLARES ANALYSED 
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Fig. 2.—Histogram showing the dependence of 
association on apparent flare area. Areas are 
measured in millionths of the visible hemisphere. 


(b) Dependence on Disk Longitude 

The variation of the degree of association with disk longitude is given in 
Figure 3. It is evident that the association is independent of the position of the 
flare on the disk, apart from an apparent deficit for flares on the western hemi- 
sphere more than 30° from the central meridian. The occurrence of type III 
bursts over a wide range of disk longitude implies a wide cone of emission of 
type III radiation. It is not highly directional as is thought to be the case for 
type I (noise storm) radiation (Machin and O’Brien 1954). 

Hey, Parsons, and Phillips (1948) and Hey and Hughes (1955) have reported 
an east-west asymmetry for outbursts detected on single-frequency receivers. 
The western deficit shown in Figure 3 agrees with these earlier results. For the 
present sample the probability of the results occurring by chance, if the distribu- 
tion were actually statistically uniform, is of the order of a few per cent. 
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(c) Temporal Relation of Bursts and Flares 
To avoid ambiguities consideration is restricted to the type II events 
occurring within the flare period +2 min, for flares which are separated in time 
from other flares by at least 4 min. Of these bursts, 50 per cent. commenced 
within +2 min of the start of the flare. The average duration of the flares is 
about 8 min, so that type III bursts tend to occur in the early stages of the flare, 
or even to precede it slightly. 


(d) Dependence on Flare Surges 
The chromospheric records used in this work have been analysed by Dr. R. G. 
Giovanelli in a study of the surges which sometimes accompany chromospheric 
flares. He has kindly made these results available for an investigation of the 
relationship between the occurrence of bursts and surges. Of the 48 flares 
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Fig. 3.—Histogram showing the dependence on disk longitude 
of the association of type III bursts and flares. 


accompanied by a visible surge 29 per cent. were associated with a type III event. 
This is to be compared with an 18 per cent. association for the 246 flares which 
were not accompanied by a visible surge. These figures suggest that the 
occurrence of a surge with a flare somewhat increases the likelihood of an 
associated radio event. 

This is evidently not another aspect of the dependence on flare area (see 
Section IV (a) above), as the fraction of the flares accompanied by surges was 
found to be essentially independent of the area of the flare. 


Further work in this direction is clearly desirable. 


(e) Dependence on Activity Region 
There is a strong indication that the association of flares and type III radio 
events depends in some way on the development of the activity region in which 
the flare occurs. During the period covered by these observations, flares occurring 
in certain activity regions showed a high degree of correlation with bursts, while 
those occurring in other regions showed no correlation at all. The result of 
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this is evident in Plate 3, where the association is seen to be very high on some 
days and very low on others. 

Perhaps the most interesting region examined is the one which appeared 
on the east limb on about June 14, 1956. Of the 12 flares observed in this area 
prior to June 19 none showed any association with type III events. But on 
June 19 and 20 about half the flares seen were associated with radio emission. 


Further flares detected on subsequent days again were not accompanied by 
radio events. 


(f) Relation of Flares to Other Types of Radio Bursts 

During the common observing period many storms of weak type I bursts 
were recorded. There were five periods during these storms when the activity 
was strong, and, in addition, there were eight isolated groups of strong type I 
bursts. Only two of these strong events occurred at the time of flares. Further- 
more, in one of these cases (Plate 3, January 19, 1956, 0045-0207 U.T.) the 
flares were clearly associated with groups of type III bursts, which were far more 
outstanding than the type I storm. As can be seen from the plate this enhance- 
ment in fact follows a type II burst and accompanying class 2 flare, and is 
apparently related to them. Other examples of such a delayed association are 
also known. 

Earlier evidence has shown that flares often accompany bursts of spectral 
type II. Of the two bursts of this type recorded during the present investigation, 
one was associated with a class 2 flare (Plate 3), but the other was not accompanied 
by a visible flare. This burst was strong and quite typical of the type IT class. 


V. CONCLUSION 

The radio bursts on metre wavelengths which are associated with chromo- 
spheric flares are found to be mainly of spectral type III. Of the present sample 
more than 60 per cent. of the type III bursts coincide with flares. Bursts of 
spectral type II are also known to be accompanied by flares, but these bursts are 
relatively infrequent. Activity of spectral type I does not commonly increase 
at the time of microflares. 

Approximately 20 per cent. of microflares are accompanied by type III 
bursts, the proportion rising to about 60 per cent. for flares of class 1 and greater. 
The distribution of associations with disk longitude implies a wide cone of emission 
of type III radiation. It seems that flares accompanied by a visible surge are 
somewhat more likely to be associated with a type III radio event, and there 
is evidence that the likelihood of an association is influenced by the nature of the 
flare activity region. 
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THE DISTRIBUTION OF RADIO BRIGHTNESS OVER THE SOLAR 
DISK AT A WAVELENGTH OF 21 CENTIMETRES 


IV. THE SLOWLY VARYING COMPONENT 
By W. N. CHRISTIANSEN,* J. A. WARBURTON,* and R. D. Daviest 
[Manuscript received July 24, 1957] 


Summary 


A large number of highly emitting regions on the Sun have been studied individually 
by means of a 32-element interferometer which produces fringes 3 min of are wide at a 
wavelength of 21cm. These regions are responsible for the slowly varying component 
of the solar radiation at decimetre wavelengths. 


The radio sources appear always to be associated with plages faculaires and, during 
the years 1952-53, were found to lie about 22,000 km above them. The observations 
showed that the sources, when resolved, appeared to have the same size as the associated 
plages. 

The angular distribution of flux from radio sources was found to follow approxi- 
mately a cosine law, which suggests that a source has the form of a thin sheet, lying 
parallel to the surface of the Sun. 

The observations throw light on conclusions reached from the statistics of whole-Sun 
observations. A high correlation exists between radio flux and sunspot area in an 
active region in the period when both are near their peak. In the period of decay, 
however, the radio flux decreases more slowly than the sunspot area. 


I. INTRODUCTION 

One of the early discoveries in radio astronomy was that there is a relatively 
steady emission of radiation at decimetre wavelengths which is associated with 
sunspots. Two clues led to this discovery. During a partial eclipse of the 
Sun in 1946, Covington (1947) found that there was a sharp decrease in the radio 
flux received from the Sun when a large sunspot group was occulted. He also 
found (1948) that his daily measurements of the solar radiation at a wavelength 
of 10-8 em showed a variation which was closely related to the total visible 
sunspot area on the solar disk. Lehany and Yabsley (1949) showed independently 
that this variation also existed at wavelengths of 25 and 50 cm. 

From a statistical study of these observations, Denisse (1949) and Pawsey 
and Yabsley (1949) showed that, in the steady radiation from the Sun at deci- 
metre wavelengths, there are two distinct components, one of which is constant 
over long periods and can be attributed to thermal radiation from the quiet 
Sun, while the other varies from day to day and shows a high correlation with 
the total area of visible sunspots. The second component is called the slowly 
varying component of the solar radio-frequency emission. 


* Division of Radiophysics, C.S8.I.R.O., University Grounds, Chippendale, N.S.W. 
+ Division of Radiophysics, C.S.1.R.O.; present address: The Jodrell Bank Experimental 
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The very close correlation between the slowly varying component and 
sunspot area is unexpected, since it is most unlikely that the source of radio 
emission can lie close to the photosphere. The first indication of another 
possibility was found by Christiansen, Yabsley, and Mills (1949) during the 
eclipse of November 1948. These observations showed that regions of high radio 
emission were present not only in the vicinity of sunspot groups but also near 
places previously occupied by sunspot groups. 

The persistence of radio emission from sunspot regions has recently been 
confirmed in a statistical study of solar emission by Vauquois (1955b), and was 
used by Piddington and Davies (1953) in a new analysis of the relation between 
radio emission and sunspot area. 


A search for persistent solar features associated with sunspot groups and 
sufficiently high above them to make the escape of radio waves likely, led 
Waldmeier and Miiller (1950) to suggest that coronal condensations might be 
the source of the slowly varying component of the solar emission. The only 
coronal observation which has been related to decimetre wavelength emission 
was that of Laffineur et al. (1954) during a solar eclipse. They found that the 
radio brightness distribution over the solar disk at a wavelength of 54 cm appeared 
to be similar to a weighted function of the estimated brightness of the green 
coronal line over the disk. 


While high resolution studies were limited to eclipse observations there was 
no possibility of deriving much information about individual regions of high 
emission on the Sun. The construction of aerial systems of high resolving 
power—the line array of Covington and Broten (1954) and the 32-element 
interferometer of Christiansen and Warburton (1953a, 1953b, 1955) provided 
the possibility of studying individual regions over a period of many days. The 
first new observation with these systems was that there appeared to be a close 
relation between radio emission and areas of plage faculaire on the solar disk. 
This was noted by Helen Dodson (1954) when comparing spectroheliograms in 
calcium K emission with the records (8 min of arc resolution) of Covington. 
A similar conclusion was reached independently by the present authors from a 
comparison of high-resolution OE eA at a wavelength of 21 cm and spectro- 
helioscopic observations in H«. 


The present paper is based on observations of a large number of individual 
regions of high radio emission with the 32-element interferometer to which 
reference was made earlier. During the period of the observations (1952-1953) 
it was the only instrument available which had sufficient resolving power (3 min 
of arc) to resolve any of the radio sources on the Sun. The observations sub- 
stantiate in general what was deduced from total flux and eclipse observations, 
but go well beyond that. They provide the basis for estimating the position 
in the solar atmosphere of the regions responsible for the slowly varying com- 
ponent. They also give the approximate shape, dimensions, and directivity of 
emission of the bright regions. A study of the life histories of these sources of 
radio emission has been possible and the statistical and physical relationships 
with other solar phenomena are discussed. 
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II. OBSERVATIONS 
The 32-element interferometer (Christiansen and Warburton 1953a@), which 
was used for the observations described here, produces a series of fan-shaped 
beams, each 3 min of are wide and separated by about 1°-7 from neighbouring 
beams. The rotation of the Earth causes these beams to pass across the solar 
disk, one at a time, so that the Sun is repeatedly strip-scanned. The interfero- 
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Fig. 1 (a).—Daily records obtained with the 32-element interferometer during 1952. The positions 

of centre and limbs of the solar disk are indicated below the line AA’. The directions of sean are 

given in Table 1. In some cases the estimated position and radio flux from a bright region (in 
terms of quiet-Sun flux) is also shown above the line AA’, 
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meter is connected to a radio-frequency amplifier and recording milliammeter, 
and the records obtained give the one-dimensional distribution of radio flux 
across the solar disk. 

The records show a number of narrow peaks superimposed on a broad 
source. These can be seen in Figures 1 and 2. The peaks, which change both in 
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Fig. 1 (6).—Daily records during 1952 (Continued). 


position and in size as the Sun rotates on its axis, show the presence on the solar 
disk of localized areas of intense radio emission. These areas are the source of 
the slowly varying component of the solar radio emission. The broad source, 
which represents the thermal emission from the quiet Sun, can be delineated by 
finding the lower envelope of a large number of daily records, as was shown in 
Part II of this series of papers (Christiansen and Warburton 1953d). ‘Tt this 
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quiet-Sun contribution is subtracted from the curves of Figures 1 and 2 we are 
left with the contribution from the localized areas of intense emission. The 
width of a region can be estimated from the width of the corresponding peak on 
the record, provided it is greater than the beamwidth of the aerial, while the area 
between the curve and the quiet-Sun baseline, for each peak, gives a measure of 
the radio flux being emitted by that region. A determination of the position 
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Fig. 1 (c).—Daily records during 1952 (Continued). 


on the solar disk of one of these regions requires the time at which the peak 
appears on the record to be known accurately. Since the position of the aerial 
beams is known from the geometry of the system, the position of a source must 
lie in one of the aerial beams at the time at which a peak appears on the record. 
To locate the source on the solar disk, one may use astronomical tables to find 
the position, size, and orientation of the solar disk at the time when the peak 
appeared. ‘The source is then located along a strip across the solar disk. 
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A simplified procedure could often be used. This was possible because on 
many of the records the position of the quiet Sun could be recognized accurately. 
Hence the position of the peak with respect to the centre of the quiet Sun could 
be measured directly and all that was then required was the compilation and use 
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Fig. 1 (d).—Daily records during 1952 (Continued). 


of a table which gives the scanning angle of the aerial beam with respect to the 
Sun’s axis of rotation for any day—see Table 1. A comparison on a number of 


days of the position as determined by the two different methods showed no 
systematic difference. 
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The observations displayed in Figures 1 and 2 were all made with an inter- 
ferometer which was aligned in an approximately east-west direction. Near 
midday therefore, when observations were made, the interference fringes or 
aerial beams lay roughly along the meridian. Because of this, the scanning 
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Fig. 1 (e).—Daily records during 1952 (Continued). 


strip on the solar disk was, in general, nearly at right angles to the equatorial 
line on the solar disk, and the observations of the intensely emitting areas estab- 
lished, at least near the centre of the disk, the heliographic longitude of the 


areas. 
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Fig. 2 (a)—Daily records during 1953. 


As was expected for that part of the solar cycle during which observations 
were made, the optically active regions (centres of activity), which were not 
numerous, lay close to the equator of the Sun. It was noticed that the strip in 
which a radio source was located invariably fell close to one of these regions 
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(see Fig. 3). It was natural to assume, therefore, that, since the heliographic 
longitude of a solar region which was optically active coincided, more or less, 
with that of an area of intense radio emission, the latitudes of the two should 
also coincide. In the present paper such an assumption will be made, but it is 
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Fig. 2 (b).—Daily records during 1953 (Continued). 


necessary to assume only that this is approximately true. A test of the 
assumption was possible towards the end of the observations when a second 
interferometer of 16 elements, aligned at right angles to the first, became available 
for use. <A typical “fix” on an active region, when the two interferometers 
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were used, is shown in Figure 4. It will be seen that the result is in good BETES 
ment with our assumption. The position on the solar disk of active regions— 
nearly along the equator—which made the observations with the east-west 
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Fig. 2 (c).—Daily records during 1953 (Continued). 


interferometer normally unambiguous, made those with the north-south inter- 
ferometer usually completely ambiguous ; all sources on the Sun tended to fall 
in the beam of the north-south interferometer at nearly the same time. Not 
much use of these observations will be made, therefore, in the present paper. 
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Fig. 2 (d).—Daily records during 1953 (Continued). 


The visual observations of the Sun which were required for comparison 
with the radio observations were in most cases obtained from observatories at 
great distances from Sydney. It was thus necessary to allow for the solar rotation 
during the time that elapsed between radio and optical observations. Stonyhurst 
disks were found very useful for making any necessary changes. 
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Fig. 2 (e).—Daily records during 1953 (Continued). 


III. REsvits 
The sample results shown in Figure 3 are typical for the whole period of 
observations. It was found that the position-line of a radio source invariably 
passed through, or very close to, the position of an active region on the Sun. 
Active regions are characterized by the appearance of photospheric and chromo- 
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spheric facules (plage faculaire) in which sunspot groups grow and decay, by 
strong localized magnetic fields, and by enhanced emission in the corona. It 
is in these regions that short-term disturbances such as flares occur from time 
to time. There is a close correlation between the intensities of the various 
features of an active region, but there are marked differences in rate of decay. 
Sunspots appear to be the shortest lived feature (apart from temporary dis- 
turbances) ; chromospheric faculae and bright coronal regions have a longer life 
and the longest lived feature of all appears to be the associated prominences 
(filaments) which are visible after all the other features of an active region have 
disappeared. 

It is of interest to discover which of the optical features of an active region 
are related most closely to the radio emission. This involves accurate position- 
finding of the source of radio emission, its change in position with time, the size 
of the radio source, and the radio flux from a given source and its change with 
time. These characteristics of the radio source may then be compared, where 
this is possible, with those of the various optical features of an active region. 


In the present paper the radio information will be given, and a very 
incomplete comparison made with some optical features for which published 
information is available. 


(a) Location of Radio Sources with Respect to Optical Features 
It is highly probable that the sources of the radio emission, at a wavelength 
of about 2 dm, lie in the lower part of the corona. This region is not, at present, 
available for optical observations, except at the limb, and a comparison in position 
of optical and radio features must refer therefore to optical observations of 
features which presumably exist much lower in the solar atmosphere. 


A comparison between the positions on the disk of a radio source and an 
optical feature must take into account the difference in heights in the solar 
atmosphere. This means that comparisons in longitude must be made near the 
central-meridian passage (C.M.P.) of the radio source. With the solar rotation, 
a source moves away from the centre of the disk, and it is to be expected that, 
because of the height difference, it will also move relatively to the comparison 
optical feature. Measurement of this relative movement provides a means of 
determining the height of the radio source in the solar atmosphere. 


(i) Location in Longitude.—In comparing the longitudes of a radio source 
and an area of plage faculaire, the position of the peak of the radio flux defined 
the position of the radio source. Had information on brightness distribution 
been available, the centre of brightness of the plage would have been taken as 
the position of the plage ; for lack of this, the position was taken as the centre of 
apparent area of the plage. 

For the comparison, observations of 18 radio sources and plages during 
times when they were within 3 days of C.M.P. were used. It was found, after 
correction for time differences, and taking the average of 80 observations, 
that the radio source lay 0-2--0-1 min of are behind the centre of the associated 
plage. Since the average angle subtended by a typical isolated plage is about 
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3 min of are, the results are consistent with a location of the radio source on the 
same heliographic longitude as the centroid of the plage. 

No such coincidence was found when a similar comparison was made between 
the positions of a radio source and the largest sunspot in an active region. The 
radio source showed a significant lag of 1-2-+.0-1 min of arc behind the largest 
sunspot. This result suggests that the radio source probably lies radially above 
the plage rather than above any particular sunspot. 


(ii) Determination of Height of Radio Source——The comparison in position 
just described was extended to observations out to the limb, and the differences 
between the positions of the radio source and centroid of plage faculaire plotted 
with respect to time from C.M.P. of the source. The results are shown in Figure 5. 
Observations on both sides of C.M.P. were plotted on this one-sided diagram and 


s 
JULY 3, 1952 AUG. 23, 1952 SEPT. 13, 1952 
SPECTROHELIOGRAM 1400 UT. SPECTROHELIOGRAM O800 U.T. SPECTROHELIOGRAM 1300 U.T 
RADIO OBSERVATION 0200 U.T. RADIO OBSERVATION 0200 U.T. RADIO OBSERVATION 0200 U.T 


NO SUNSPOTS 


Fig. 3.—Position-lines of peaks in the radio records with respect to the optical disk of the Sun. 

The positions are shown also of sunspots and plages faculaire (Ca K). The optical and radio 

observations were made on the same day, but not at the same hour. The amount of correction 
at the point of interest is indicated on each diagram. 


the mean relative position on each day is shown with its probable error. This 
figure shows that the radio source moves more rapidly than the associated plage 
faculaire over the central part of the solar disk, but then appears to slow down 
until the two are nearly coincident near the limb. Some assumptions are 
required if one is to deduce the height of the radio source above the plage from 
these results. To determine the height we assume that the relative movement 
results from the sources having the same angular velocity, but different heights 
in the solar atmosphere. We have to assume, also, that the peculiar form of the 
curve near the limb is the result of some absorption or other effect and that the 
significant part of the curve, for height determination, is that near the centre 
of the disk. A final assumption is that the two sources are either small or com- 
parable in size, since the apparent centroid of a large section of spherical shell 
will change as it rotates with respect to some point on the shell. This last 
assumption is not as important as the others since if it were false the error 
produced in the results would not be a major one. 
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The Slope of the curve in the central region of Figure 5 gives the height of 
the radio source as 22,000 km above the chromospheric plage (K, line of calcium), 


or about 24,000 km above the photosphere. 


This is the result of combining the 
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Fig. 4.—Location on the solar disk of a radio source by means of 


scans in several directions. 
meter and the 16-element north 


The 32-element east-west interfero- 


-south interferometer were used for 


these observations. 
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Fig. 5.—The relative movement of a radio source and of an area of 


plage faculaire when viewed from 
faster than the plage in the centr, 
this, its height in the solar 


useful observations of 1952 and 1953. 


the Earth. The radio source moves 
al region of the solar disk, and from 
atmosphere may be deduced. 


If the 1952 and 1953 results are used 


separately the average heights of the radio sources above the plage are found to 


be 18,000 and 25,000 km respectively. 
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(b) Source-width Measurement and Source Brightness 
The resolving power (3 min of arc) of the instrument used was adequate 
to resolve some of the sources at least partially, and it was possible to calculate 
the size of a source if the shape were assumed. When the measured source-width 
approaches the width of the aerial beam the error, of course, increases sharply. 
Some very broad sources were measured ; these corresponded to broad and 
diffuse areas of plage faculaire, in a few cases free from sunspots. In the scatter 
diagram of Figure 6 are shown the estimated diameters of those of the radio 
sources which were sufficiently large to be resolved, plotted against the diameter 


DIAMETER OF RADIO SOURCE (MIN OF ARC) 


BEAMWIOTH 


OF AERIAL SYSTEM 


° 2 4 6 8 10 12 14 
DIAMETER OF PLAGE (MIN OF ARC) 


Fig. 6.—Scatter diagram showing relative sizes of radio sources and 

associated areas of plage faculaire. The short vertical lines represent 

a range of shapes for the radio sources between circular and rectangular. 
The correlation coefficient r is 0-85. 


of the corresponding areas of plage faculaire. Each observation is represented 
by a line which covers a range of source shapes between circular and rectangular. 
The correlation coefficient is found to be 0-85. Although the possibility cannot 
be excluded that the broad sources may consist of a number of small sources, 
the results suggest that the radio sources cover an area comparable with that 
occupied by the plage faculaire. If this is correct we can estimate the brightness 
of a source. The measured flux from the radio sources varies from very small 
values up to values of 10-2! W m-? (c/s)-1. The latter, with an assumed source 
size of 10 sq. min of are, corresponds to a brightness temperature of approximately 
2x10° °K. It should be stressed, however, that if the source were not fully 
resolved, parts of it could have brightness temperatures higher than this. 
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(c) Directivity of a Source 

The directivity of the emission from a radio source can be determined 
from a study of the radio flux from a large number of sources during their passage 
from the eastern to the western limb of the Sun. It is necessary to average the 
effect of a number of sources, since individual ones may be growing or decaying 
during the days of observation. : 

There have been previous attempts, at other wavelengths, to determine the 
directivity of a source from a statistical treatment of whole-Sun observations. 
Takakura (1953) found the observations at }=25 cm insufficiently accurate to 
give useful results. Waldmeier (1953) and Vauquois (1955a) used the more 
accurate observations of Covington to determine the directivity of the radio 
sources on the Sun at A=10-8 cm. 
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Fig. 7.—Diagram showing the average directivity of a radio source, i.e. the 

change in relative flux received at the Earth from a radio source as the latter 

moves across the solar disk. For comparison, a cosine curve, characteristic 
of the directivity of a plane source, is shown. 


There is some difficulty in employing the whole-Sun observations, since it 
has to be assumed that there is an invariable connexion between visible sunspots 
and radio emission. The present observations at A=21 cm do not suffer from 
this difficulty. 

It was found that 16 observed sources were sufficiently well separated 
and of sufficient intensity to be easily measurable. The radio flux from each 
source was taken as unity at C.M.P. and the relative flux plotted on days each 
side of C.M.P. No significant asymmetry was found, and the observations 
on the two sides were plotted together. The means, with probable errors, and 
the normalized smoothed curve through the means are shown in Figure 7. For 
comparison, a cosine curve is shown in this figure; except near the limb, the 
curves are practically identical. This suggests that the source has the form of a 
thin sheet lying parallel to the photospheric surface. The significance of this 
result will be discussed in a paper being prepared by S. F. Smerd and one of the 
authors of the present paper. 


(d) Rate of Decay of Radio Sources 
It was possible to follow the course of a few active regions during several 
rotations of the Sun. The number was adequate to give a rough quantitative 


F 
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measure of the rate of decay of a radio source after it had passed its maximum 
activity. In Figure 8 (a) the radio flux for a few sources is shown plotted against 
the number of solar rotations. In each case the zero time and unit flux density 
refer to the time and magnitude of maximum flux. A similar diagram, Figure 
8 (b), is drawn for the sunspot areas of the groups which are associated with these 
radio sources ; the zero of time is the same on the two diagrams. 

It is apparent that for these groups the radio emission falls off less rapidly 
than the sunspot area. After two rotations the radio emission has fallen to about 
1/6 of the maximum, while the sunspot area has fallen to about 1/30. The mean 
rate of fall over this period is roughly exponential and the time taken to fall by 
a factor of 1/e is approximately 23 days for the radio flux and 16 days for sunspot 
area. 
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Fig. 8.—Decay curves for three active regions which were observed on four successive rotations 
of the Sun. Curve (a) shows the relative radio flux from the region and curve (b) the total sunspot 
area in the region relative to the value at the peak of activity. 


(e) The Relation between Radio Flux and Sunspot Area 

From the previous discussion it appears that the slowly varying component 
of the solar radiation originates in active regions on the Sun, and is most closely 
related to optical features of such regions which have longer life than sunspots, 
e.g. bright coronal regions and plage faculaire. It is known, however, that the 
radio emissions show statistically an unexpectedly high correlation with visible 
sunspot area and with sunspot number. 

In Section III (c) it was shown that the flux from radio sources and the 
visible area of sunspots vary with the rotation of the Sun in approximately the 
same way—a cosine law. Hence there is a possibility that this common factor, 
which applies approximately also to “ sunspot number ”’, might give a fictitiously 
high degree of correlation between the two. To test this, the common factor 
was removed. In Figure 9 sunspot areas corrected for foreshortening (U.S. 
Naval Observatory) are plotted against corresponding values of radio flux which 
have also been corrected for centre-limb variation. In order to keep the correc- 
tion factors from becoming too large, the observations analysed were confined 
to those within 5 days of C.M.P. The correlation coefficient is high (r=0°-89) 
showing that the close relationship between sunspot area and radio flux is not 


RADIO BRIGHTNESS OVER THE SOLAR DISK. IV 511 


affected markedly by the removal of centre-limb and foreshortening variations. 
A close inspection of Figure 9 shows, however, that, as was expected, the relation- 
ship is only a partial one. Three regions typical of old, mature, and new sunspot 
groups are shown in which the points representing daily observations are joined 
together by lines. The region which is close to its maximum of area and flux 
shows a very high correlation between sunspot area and radio flux ; a very new 
region shows a short delay between the appearance of the new spot group and 
radio emission ; the old region shows radio emission still present after the sunspot 
area has fallen to zero. The diagram shows why it is that the correlation is 
high ; in the most highly emitting regions sunspot area is a good indicator of the 
radio flux, and these highly emitting regions are the dominating factor in the 
slowly varying component of the solar radiation. 
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Fig. 9.—Scatter diagram showing radio flux from an active region plotted against the sunspot 

area in the same region. The radio flux has been corrected for directivity of the source (see 

Fig. 7) and the sunspot area for foreshortening. The day-by-day development of one new, one 

mature, and one old region is shown by connecting the points which denote their daily observations 
by lines. 


It is of interest to find whether the results of the present investigation 
support the use by Pawsey and Yabsley (1949), and others, of correlation between 
radio flux and sunspot area to determine the radiation from the quiet Sun. 
We offer new evidence in the form of an estimate, which is much more accurate 
than previous ones, of the amount of radiation corresponding to a given visible 
area of sunspots, together with a rough estimate of the effect to be expected 
from regions from which sunspots have disappeared. We have also from Parts 
TI and III of this series of papers, a more firmly based estimate for the emission 
from the quiet Sun. This estimate, as for the two listed above, is for the minimum 
phase of the solar cycle. 

For the purposes of comparison with corresponding data at a wavelength of 
21 em for the maximum period of activity of the solar cycle we now refer to 


Table 2. 
In this table we have shown in the first column how a typical total flux 
value of 11-2x10-?1 W m- (c/s)! measured near sunspot maximum in 1947 


would be distributed into quiet-Sun and slowly varying components after the 
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Pawsey-Yabsley method. These figures are derived from an interpolation 
between results at wavelengths of 25 and 10cm. The slowly varying component 
is that corresponding to a visible sunspot area of 200 10-* of the area of the 
visible solar disk, this being an average value for sunspot maximum conditions. 
In the second column are the corresponding values for the minimum phase of 
the sunspot cycle as measured by our high resolution aerial in 1952-1953. The 
quiet-Sun component is that given in Part III of this series of papers, and the 
probable slowly varying component of the flux is estimated from Figure 9, and 
corresponds to the same visible sunspot area as for the sunspot maximum 
condition. 

The difference of 610-2! W m-2(c/s)-! between the values of total flux 
obtained at the maximum and minimum phases for the same visible sunspot area, 
we feel, cannot be explained solely in terms of flux from “dead” spots as 
attempted by Piddington and Davies (1953) ; the present investigation indicates 


TABLE 2 
COMPARISON OF DATA AT SUNSPOT MAXIMUM AND SUNSPOT MINIMUM 


Sunspot Maximum Sunspot Minimum 
1947 1952-53 
Quantity Pawsey-Yabsley High Resolution 
Method Observations 


(10-**W m-? (c/s)-4) | (10-*W m- (¢/s)-*) 


Solar flux density at }—21 cm (corresponding to 11-2 (measured) 5-0 (extrapolated 

a sunspot area of 200 x 10-* of the solar disk) from measurements) 
Quiet-Sun component Bic ae a0 6-4 (estimated) 3-0 (measured) 
Slowly varying component as as ie 4-8 (estimated) 2-0 (extrapolated 


from measurements) 


that the flux from these would certainly be less than from the visible sunspots, 
viz. 2x10-* Wm-?(c/s)-1. The difference in total flux, however, can be 
explained if we suppose that the radio flux corresponding to a given sunspot area 
is greater at the maximum phase than at the minimum phase of the solar cycle 
and that the quiet-Sun level is also probably greater at sunspot maximum than 
at minimum. 


Hence we can say, as indicated by the scatter-diagram method, that the 
slowly varying emission corresponding to a certain sunspot area changes during 
the sunspot cycle and it would seem very probable that the quiet-Sun flux does 
so too. It appears therefore that the Pawsey-Yabsley method gives results 
that are qualitatively correct and are probably not seriously wrong quantitatively. 


It will be necessary to observe the Sun during the maximum phase of the 
solar cycle by means of instruments of high resolving power in order to make 
clear what is the meaning of ‘‘ quiet-Sun level’ at that time and to evaluate it. 
However, it appears that the effect of the lag of radio emission in time compared 
with sunspots is not great enough to produce very serious errors in estimates 
of quiet-Sun level obtained by the older method. 
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IV. CONCLUSIONS 

The observations have shown that the slowly varying radio emission from 
the Sun is associated with active regions on the solar disk. The emission appears 
to be invariably associated with plage faculaire rather than with sunspots, since 
the radio emission continues from the region of the plage after all sunspots have 
disappeared. In this respect it is similar also to the localized magnetic fields 
observed by Babcock and Babcock (1955). 

A detailed study has shown that the positions of the sources of radio emission 
coincide, on the average, with the centroids of the corresponding areas of plage. 
An analysis of the relative rates of rotation of the radio sources and associated 
optical features has indicated that the radio sources are to be found at heights 
of about 24,000 km above the photosphere. This also appears to be the height 
near which maxima in the emission of the coronal green line are found (e.g. 
Waldmeier and Miiller 1950). 

The size of the radio sources could not be established with certainty, because 
of incomplete resolution, but a statistical study showed a correlation coefficient 
of 0-85 between the size of plage and corresponding radio sources. This suggests 
that the two are probably identical in size. The correspondence in size does not 
exclude the possibility that the regions themselves may be non-uniformly bright. 

The brightness (averaged over a region of about 10 sq. min of arc) of a strong 
source which produces a flux density of 10-7? W m-? (e/s)-1 is 2 «108 °K. 

The flux received from a radio source has been shown to vary regularly 
during its change in position from the centre to the limb of the solar disk, in a 
manner approaching a cosine law ; it behaves as though it were a thin disk lying 
parallel to the photosphere. 

A rough estimate of the persistence of the radio emission compared with 
that of sunspots has shown that 2 months after the peak which occurs at the 
same time for radio flux and sunspot area, the radio emission has fallen to about 
1/6 of the maximum while the sunspot area has fallen to 1/30. However, near 
the peak of the emission there is a high degree of correlation between the two. 
Since emission from the strong sources usually provides the major part of the 
slowly varying component, the correlation is high between the total visible 
sunspot area and the total emission which makes up the slowly varying component. 

It is noteworthy that the results of this investigation bear a strong 
resemblance to those which have been concerned with the slowly varying emission. 
of ultraviolet and X-radiation from the Sun. Both the radio emission and the 
ionizing radiation have been shown to originate in the active regions on the Sun 
and both show close correlation with sunspot area. 

As the result of eclipse observations, it was discovered by Higgs (1942) that 
the ultraviolet radiation from the Sun, as estimated from ionospheric effects, 
appeared to originate near areas of plage faculaire. Allen (1946, 1948) found 
that this emission shows a greater persistence than sunspots and correlates 

better with indices of facular (photospheric and chromospheric) activity. This 
conclusion is similar to that found here for the radio emission. It is known also 
that the coronal green line emission is closely correlated with facular and sunspot 


indices. 
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An active region, therefore, shows increases in emission at points in the 
radio, visible, and ultraviolet (or X-ray) parts of the spectrum, in regions of the 
solar atmosphere above the photosphere. Against this is a decrease in visible 
radiation in the photosphere, indicated by the appearance of sunspots. All 
these features are closely correlated and are apparently invariably associated 
with a localized magnetic field. 


No evidence has appeared against the simplest explanation of the emission, 
that is, that it results from regions of high density in the solar atmosphere, with 
the material having temperatures similar to that in the coronal rather than 
photospheric regions. 
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GALACTIC TURBULENCE AND THE ORIGINS OF COSMIC RAYS 
AND THE GALACTIC MAGNETIC FIELD 


By J. H. PIDpDINGTON* 
[Manuscript received April 4, 1957] 


Summary 


A new absorption mechanism is discussed in relation to the turbulence of the 
interstellar gas in the presence of a magnetic field. It is evaluated and compared with 
ordinary viscous absorption in different types of interstellar gas. Wherever there is 
a proportion, even though very small, of neutral atoms (helium being most likely) the 
new mechanism predominates for waves of length comparable with one parsec or more. 


The fact that hydromagnetic shear waves, either travelling or standing waves, 
of length about one parsec are heavily damped provides evidence against Fermi’s theory 
of cosmic rays. The new difficulty must be faced for any of the recent formulations 
of the theory, only being absent when the gas is fully ionized. 


The mechanism also raises additional difficulties in explaining the observed irregular 
motion of the Ht gas clouds. 

The rate of dissipation of magnetic energy is found the same for hydromagnetic 
waves and for non-oscillatory distortions of the field ; even for a field in a solid conductor. 
The dissipation time depends only on the conductivity and the size of the irregularities 
in the field. 

Theories of spontaneous growth of magnetic fields are discussed critically and a 
minimum criterion of growth is suggested. 


I. INTRODUCTION 

Interstellar space is filled with tenuous, irregularly distributed and partially 
ionized gas. Although the density is usually less than one particle per cm’, 
nevertheless its presence and its motion are highly significant in many ways, 
particularly in connexion with a galactic magnetic field, with cosmic rays, and 
with cosmic radio noise. 

The whole Galaxy is also permeated by a magnetic field whose strength is 
not known precisely but is probably a few times 10-®°G. This field is not 
confined to the disk-shaped region occupied by most of the gas, but extends into 
a more or less spherical system of diameter about 20,000 parsecs or more. The 
whole of this region is filled with cosmic rays which are retained by the magnetic 
field. The system of gas, magnetic field, and cosmic rays is in a state of irregular 
motion which is referred to as ‘‘ turbulence ” and whose nature is discussed in 
Section II below. 

Some of the outstanding problems connected with our Galaxy (apart from 
those directly involving stars) are the following : 

(a) The origin of cosmic rays; the currently most promising theory being 
that of Fermi. 

(b) The origin of the galactic magnetic field. 


* Division of Radiophysics, C.S.I.R.O., University Grounds, Chippendale, N.S.W. 
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(c) The transfer of kinetic energy of mass motion to and from the gas clouds. 

(d) Processes leading to heating, excitation, ionization, and cooling of the 
interstellar gas. 

The solutions of these problems depend largely on a knowledge of the rates 
of decay of the galactic hydromagnetic waves and galactic magnetic fields in 
general. 

In the present paper a new absorption mechanism is discussed. It is shown 
that even a small proportion of neutral atoms present in the gas may greatly 
increase the rate of absorption. The quantitative results appear to be significant 
in connexion with the above investigations. 


II. TURBULENCE AND WAVE MOTION 

Two types of turbulence will, in general, coexist in a compressible medium 
which is free from a magnetic field: ‘‘ compression turbulence ” and ‘ shear 
turbulence ”’ (see, for example, Burgers 1955). The former constitutes a system 
of sound waves, the latter a system of non-oscillatory vortex and shearing motions.* 
Hence only a fraction of the turbulent energy may be regarded as associated 
with wave or oscillatory motions. 

When the medium is ionized gas, permeated by a magnetic field, the situation 
is much more complex. Four types of wave or oscillatory motion are now possible 
(Piddington 1955a). One is a space-charge electric wave or compression wave 
jn the electron gas. Its range of frequencies is above the ‘ plasma ”’ frequency, 
that is, above about 10? c/s or more in the interstellar gas. The possible effects 
of this wave will not be considered here. The second wave is a longitudinal 
hydromagnetic wave or modified sound wave having an associated electro- 
magnetic field (Piddington 1955b). The “‘ compression turbulence ” of the gas 
may now be considered as a system of such hydromagnetic waves instead of 
pure sound waves. 

It is with the remaining two possible waves that we are mainly concerned, 
since it is these which are invoked in Fermi’s explanation of cosmic ray accelera- 
tion and other theories discussed below. These waves are the shear type hydro- 
magnetic waves (Piddington 1955b) sometimes called Alfvén waves. They 
may be conveniently referred to as the “ ordinary” (O) and “ extraordinary ”’ 
(HZ) waves since at radio frequencies they degenerate into the simpler (no heavy 
ion motion) O and HE waves of the well-known magneto-ionic theory. The 
phase and group velocities of these waves are V,cosv and V, respectively 
where V,>=H,/(479)?, Hy being the strength of the steady magnetic field and 
e the mass density of the gas, and W is the angle between the wave normal and 
the direction of the magnetic field. The gas velocity due to the passage of a 
wave has the maximum value %=V,(H,/H,)=H,/(479)?, where H » is the 
perturbation magnetic field. 

Thus, in the presence of a magnetic field, it is possible that most or all of the 
“turbulent” motion of the Galaxy could be described as a combination of 


* Some might like to describe these as a system of ‘‘ shear” or “ viscosity ’’ waves, but as 
such “ waves ” are damped out within a fraction of a wavelength (Lamb 1945) it seems preferable 
not to associate them with the various other travelling waves discussed here. 
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three sets of hydromagnetic waves. In this case the kinetic energy of the gas 
turbulence is periodically transferred to and from the magnetic field. It is also 
possible that some of the turbulence is not part of a set of waves, the kinetic 
energy of the gas remaining as such until the magnetic field is so distorted that a 
recovery does not occur. There is no sharp division between the two Cases 5 
even when H,>H, the elastic properties of the medium may predominate and 
return much of the magnetic energy to the gas. 

It seems convenient to differentiate between the two cases by the criterion 
Bat oH. Strictly speaking the wave theory used only applies when H p<, 
but is probably reasonably applicable for conditions when H » equals or even 
exceeds H, (see Piddington 1954a). There are observational data which suggest 
that the galactic magnetic field is reasonably uniform over distances of many 
parsecs. This would mean that in the corresponding wavelength range the 
observed motion is oscillatory. Also the best estimates of the value of H, lead 
to wave velocities of the order 10 km sec"! which agree with observed random 
velocities of the gas clouds within a region of say 100 parsecs or so. Once again 
oscillatory motion is indicated with vy~Vp. 

It seems that within limited regions of the Galaxy at least a substantial 
proportion of the turbulent motion may be oscillatory. The rates of absorption 
of these oscillations are determined in Sections ITI-VI. 

Some of the motion in these regions and perhaps the greater part of the 
differential motion in regions of some kiloparsecs in extent may be non-oscillatory. 
The rate of dissipation or growth of the magnetic field under these conditions is 
discussed in Sections VIII and IX. 


IIT. ABSORPTION OF HYDROMAGNETIC WAVES 
In a fully ionized gas, absorption of hydromagnetic waves is caused by 
Joule loss and viscosity. The absorption coefficients* due to these effects in 
weak waves are given by (van de Hulst 1951; Piddington 1955b) 


%1=02(Br0yS2VG)-FOM-!, we eee eee eee (1) 
X= 0 y(283V 5) CT Pies sd shane ete eee (2) 


respectively, where w is the wave angular frequency, oy the electrical conductivity 
in the absence of a magnetic field, p the kinematic viscosity, and SV, the wave 
velocity, and c.g.s. electromagnetic units are used. The value of S is cos 
or unity for the O and # waves respectively. 

In interstellar space x,>, (van de Hulst 1951; Elsasser 1954), so that 
%, will not concern us further here. 

When the gas is not fully ionized but contains a proportion of neutral atoms 
the effective electrical conductivity may be greatly reduced (Piddington 19540, 
p. 658; Cowling 1956; Piddington 1956a, 1956b) and the absorption of shear 
hydromagnetic waves correspondingly increased. 

In determining the effects of the neutral atoms we will consider the gas, 
electrically, as a fully ionized gas coexisting with a neutral atom gas. The only 


* The strength of the wave magnetic vector decays with distance x as exp (—xa). 
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effect of the latter is to provide frictional resistance to movement of the ion 
plasma under the influence of the electromagnetic field. This approach is 
permissible provided the electrons collide with ions much more frequently than 
with neutral atoms, a condition which is generally satisfied in interstellar gas. 
The equations of momentum of the two separate gases are used without the 
terms involving a pressure gradient, this being permissible when dealing with 
the shear waves concerned (Piddington 1955b). 

Let 9, e’, v, and v’ be the mass densities and velocities of the plasma and 
neutral atom gases respectively, so that e,=p+p’. The neutral atom gas is 
accelerated by a frictional force proportional to the velocity difference (v—v’) 
so that 


ov’ al 
ap OVO R=0, vee e cece eee ec eee (3) 
where + is a constant whose physical significance and numerical values are 
discussed in Appendix I. The equation of motion of the plasma contains a 
similar term, the constant being determined from the fact that the force per 
unit volume on one gas is equal and opposite that on the other. The plasma also 
experiences an electromagnetic force so that we have 

ov cA ia 
ot L(V WV \. p 
where y=o’/o and V?=H5/4n0 (that is, V is the hydromagnetic velocity in the 
plasma alone). These equations are combined with the equation of the magnetic 
field in a moving, fully ionized gas (Piddington 1954a, equation (17)) and solved 
as before (Piddington 1955d). 


The absorption coefficient x, due to neutral atom damping is given by 


p= OLLIS V5 @ os OSs: 2) ene Oe (5) 


(H,xcurl H)=0, .......... (4) 


where X is the imaginary part of —{1+y/(1+iort)}?. 
In the particular case when the wave period is substantially greater than the 
collision period (wt<1), a sufficiently close approximation is given by 


%g= 0an/{28V (1 +n) 4}. 


This may be written in an alternative form by replacing + and V by + and V, 
where t=(1+%)t), t) being defined in Appendix I. We now have 


wg Oty] 28 Vouk & one eects cae eee (6) 


IV. THE INTERSTELLAR GAS 

The available evidence indicates that the average density of the interstellar 
gas is about 1 atom cm- in the spiral arms and much less between them (see, 
for example, Spitzer and Savedoff 1950). The gas in the spiral arms comprises 
clouds of density a few atoms cm-? up to 10? atoms em-3 or more. These occupy 
some 5 per cent. of the space, the remainder having an average density of perhaps 
0-1 atom em-*. The gas may be mainly ionized (H 1) or mainly neutral (H I). 
Taking the average gas density in the clouds as 10 atoms cm-? the relevant data 
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are summed up in Table 1. The values of collision period + and kinematic 
viscosity » given here are calculated in Appendix I. The parameter 6; 18 
discussed in Section VII. 


Chemically the gas is mainly hydrogen with about 10 per cent. of helium 
and smaller proportions of other elements. The quantitative results of the 
present investigation depend on the proportion of neutral atoms present, and in 
Hit regions helium is the only element likely to supply such atoms. The central 
part of H 1 clouds will also be He um regions beyond which there will be a layer 


TABLE 1 
DATA ON GAS DENSITIES AND OTHER PROPERTIES IN INTERSTELLAR SPACE 


Region... Sh a5 a .. | Hu Intercloud Ha Cloud H1 Cloud 

Proportion of space (%) wa Ac 95 0-5 5 

H atoms em-3 be os <r 0 0 10 

He atoms cm-3 oe Be is 0 to 0-01 0 to 1:0 1X} 

Protons cm— .. As Ae a 0-1 10 0 

Electrons cm~% ee as au 0-1 | 10 5><10s* 

Other ions* em~* NS ae ae -- — 5x10-3 

Temperature (°K) = = ar 104 | 104 100 

Kinematic viscosity, u (em? sec!) .. Howe Od iifo) TeV LOLs to 2-4 x 1018 
hd) 102° fo) SES 

Mean collision period, t (sec) ae 2-6 x10 2-6 108 BOE S< OS 

Mass density ratio, 7 oF Oe 0 to 0-4 0 to 0-4 56 

o, (€.m.u.) ae ae at ae 6 x10-*® to 6 x10-® to anon Omeas 
Te G02 eal O22 


* Heavy ions of low ionization potential. Their average atomic weight is taken as 50. 


of Her with Hu. In the intercloud region most of the hydrogen will be ionized 
by starlight so we only discuss Hm intercloud regions. There is no conclusive 
evidence of the proportion of this space occupied by Het. Dr. J. L. Greenstein 
(personal communication) considers that the theoretical evidence is in favour 
of a predominance of Hem. 


In Table 1 the kinematic viscosity is given for the two extremes : all of the 
helium ionized and all the helium neutral. In calculating the neutral atom 
absorption the latter extreme is adopted and for smaller proportions of neutral 
helium the value of x, will be reduced proportionally. 


V. WAvE ATTENUATION IN HI REGIONS 

The rates of attenuation of shear hydromagnetic waves due to ordinary 
viscosity and neutral atom damping may now be compared. The assumed 
value of the galactic magnetic field is 5 x10-°G. 

In Figure 1 values of X are plotted against values of wt for »=0-4 and 
100>t>0-01. The value of y=0-4 corresponds to all the helium neutral ; 
for lower values of y we have X proportional to 7 so that values of x, for any 
degree of ionization of the helium may be readily estimated. If wz lies outside 


520 J. H. PIDDINGTON 


the range plotted, the corresponding value of X may be found by extrapolation 
along the straight lines. 

The relative values of x, and x, are found by comparing equations (5) 
and (2); Sis taken as unity, so neglecting the case of the O wave travelling at a 
substantial angle to the magnetic field. 

In the intercloud region V,—29 km sec-! and using the data of Table 1 we 
find x,/%,—690X/w7. An inspection of Figure 1 shows that x,>x, for all 
values of wt less than about 10, that is, for all waves of length greater than about 
0-015 parsec. An inspection of the expression for the viscosity (see Appendix I) 
reveals that nearly all the viscosity, except about one part in 104, is due to the 
neutral helium atoms. If the proportion of these is reduced then x,/x, does not 
change until the proportion approaches 10-4. As we are concerned mainly with 
waves of length about 1 parsec or more, only x, need be considered for any 
significant proportion of neutral atoms. 


Or 


0-001 
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Fig. 1—A plot of the variable X against wt for n»=0-4. 


The values of x, in Hu intercloud regions with all the helium neutral and 
for waves of length 1 and 10 parsecs are 4-5 x 10-* and 4-5 x 10-2 respectively. 
This means that the waves are attenuated by a factor exp 1 in distances of 7-2 
and 720 parsecs respectively. The attenuation distance (due to ordinary 
viscosity) of a wave of length 1 parsec in intercloud gas in which all the helium is 
ionized is 4-1 x10® parsecs, which indicates the overwhelming importance of 
neutral atoms in their effect, not only on x, but also on x. 


In Hi clouds V,=2-9 km sec“! and using the data of Table 1 we find 
%3/%,=6-9X/wr. An inspection of Figure 1 shows that x,> x, for values of wt 
less than about 0-8, that is, for waves of length greater than about 1-9 10-4 
parsec. The value of x; in an H 1 cloud with all the helium neutral for a wave of 
length 1 parsec is 4-5 x 10-75, so that the wave is absorbed in a distance of about 
7000 parsees. Since the size of the Hm clouds is generally comparable with 
100 parsecs or less the waves will pass freely across the clouds, being reflected 


at or transmitted through the boundaries depending on the gas density gradient 
(Piddington 1956b). 
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VI. ATTENUATION IN HI REGIONS 
In the typical H 1 region described in Table 1 there is a small proportion of 
ions, corresponding to elements of low ionization potential. These suffice to 
render the gas electrically conducting and so capable of transmitting hydro- 
magnetic waves. Although the neutral atoms outnumber the ions by a factor 
of 2000 their collision cross section is so much smaller (by a factor greater than 
10*) that the condition stated in Section III is satisfied, namely, that electrons 

collide with ions much more frequently than with atoms. 


The wave velocity V, has a value 2-9 km sec~ so that a wave of length 
1 parsee has o=5-9 10-8 and wt=0-16. The corresponding value of X is 
0-58 and a comparison of equations (2) and (5) gives x3/x,=5-1105. Again 
only neutral atom electromagnetic damping need be considered. Equation (5) 
gives the damping for waves of length one parsec as x,=1-6 x 10- so that the 
wave is absorbed in a distance of 2-0 parsecs and a time of about 10° years. 


This result may be compared with that of Parker (1955, p. 248) who calculated 
the rate of absorption of hydromagnetic waves of length 2 light years in H1 
gas of density 1 cm~%. He considered only the effects of viscosity and found that 
the waves were absorbed in a distance of 1-610? parsees. When neutral 
atom absorption is considered (the gas having the composition given in Table 1) 
the absorption distance is found to be about 0-5 parsec. 


VII. THE ORIGIN oF Cosmic RAyYs 

It is probable that most cosmic rays receive their energy from a series of 
‘*¢ collisions ”’ with elements of a magnetic field. In its initial form (Fermi 1949) 
this theory envisaged encounters with more or less separate fields, each embedded 
in a drifting interstellar gas cloud. A quantitative examination led to the 
rejection of this particular mechanism and its replacement by several alternatives, 
in which the magnetic field elements were parts of hydromagnetic waves. The 
galactic magnetic field was assumed fairly regular in form, perhaps directed 
along the spiral arms and perturbed by travelling hydromagnetic waves (Fermi 
1954; Morrison, Olbert, and Rossi 1954) or by standing hydromagnetic waves 
(Davis 1956). The latter might be regarded as combinations of two travelling 
waves, moving in opposite directions so that in a linear theory, as used here, 
the rate of absorption would be the same as for the waves discussed in Section IIT 
above. 

The efficiency of the statistical acceleration process decreases with increasing 
wavelength and it appears that strong waves (H, ~H,) of length about one parsec 
or less would be needed to provide the observed cosmic ray spectrum. As 
suggested in Section II such a system of hydromagnetic waves might constitute 
part of the general galactic turbulence. It is necessary, however, to examine 
the energy balance of the system as part of the more general problem of transfer 
of energy from the original source to the form of cosmic ray energy. A discussion 
of this problem has already been given by Parker (1955) who unfortunately 
neglected the neutral atom damping effect which may be the most important 


factor. 
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Most of galactic space is intercloud Hm region so that it is in this type of 
gas that the Fermi waves must be maintained. As we have seen, waves of 
length 1 and 10 parsecs are absorbed in distances 7-2 and 720 parsecs, provided 
the helium is neutral. The energy flow associated with these waves is given 
by the Poynting flux P=H,H;/87*293, and the rate of loss of wave energy per 
unit volume is Px;. When H,—H, the energy losses for the above waves are 
2-6 X10-25 erg cm-* sec? and 2-6 x10-?’ erg cm-* sec"! respectively. The 
energy required to maintain the existing supply of cosmic rays is about 
3x 10-27 erg cm-3 sec! and this is also approximately the energy available as 
random motion of gas clouds due to their disruption by early type stars (Oort 
and Spitzer 1955). Any energy requirement substantially greater than this 
value poses a difficult problem (Parker 1955). Thus, if the Fermi theory requires 
waves of length 1 parsec or less, the energy balance problem is very serious. If 
waves of length 10 parsecs or more suffice, the difficulty is largely removed. 

It may well be that most of the intercloud helium is ionized, in which case 
the hydromagnetic waves travel more or less freely between clouds. However, 
waves travelling in or near the plane of the Galaxy will encounter HI clouds 
at intervals of a kiloparsec or so and will then be absorbed in a few parsecs. 
This effect would require detailed consideration in relation to any particular 
form of the Fermi theory but appears to raise a potential difficulty. 

One region in which the Fermi theory may find application is in the galactic 
corona whose presence is inferred from radio observations. Spitzer (1956) has 
suggested a density and temperature of 5 x 10-4 cm-? and 10° °K, in which case 
the helium would be almost entirely ionized and neutral atom damping absent. 
However, at the high temperature assumed, the viscosity is high and the absorp- 
tion distances for waves of length 1 and 10 parsecs are 3-1 and 310 parsecs 
respectively. Thus, for conditions as assumed by Spitzer, absorption in the 
corona would seem to pose a serious problem. 


All of these considerations appear to provide some general evidence in support 
of the hypothesis that cosmic rays are created, perhaps by the Fermi process, in 
regions of very limited extent. The regions may be around supernovae (see, 
for example, Ginzburg 1953). If a region has a diameter of say 1 parsec and the 
hydromagnetic wavelength is a small fraction of this then the efficiency of the 
Fermi process becomes very high and the problem of energy balance less acute. 
In the next paper (Piddington 1957) the process is discussed in relation to the 
Crab Nebula which has recently been investigated by Oort and Walraven (1955). 


VIII. THE DEcAY OF NON-OSCILLATORY MAGNETIC FIELDS 

Galactic turbulence may be regarded as a combination of oscillatory and 
non-oscillatory motions of the gas and magnetic field. The rates of dissipation 
of energy in the former case have been discussed and we now consider those in 
the latter. 

It may help to discuss the different types of motion in terms of the simple 
schematic diagrams in Figure 2. In Figure 2 (a) the magnetic field H, is perturbed 
by the sinusoidally varying field H, and the medium oscillates. There is equi- 
partition between the perturbation kinetic and magnetic energy and both are 
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dissipated as heat by the processes already discussed. In Figure 2 (b) a blob 
of gas has so much momentum that it distorts the magnetic field from the position 
shown by the dashed line to that shown by the full line; it may continue to 
distort it further but we will consider the situation when the magnetic field is as 
shown, roughly in the form of an arc of radius R. 

We must first estimate the rate of dissipation of energy of the magnetic 
field shown in Figure 2 (b). In general the time of decay of the magnetic field in a 
sphere of radius # is of order oR? (Piddington 1954a, Section 7 ; Cowling 1956) 
where o3;=0,-+03/0, is the “ effective ” conductivity, depending on the direct 
conductivity (c,) and the Hall conductivity (o,), expressed in e.m.u. 

The value of o; may be found from a comparison of equation (1), in a form 
appropriate to partially ionized gas, and equation (6). Consider a plane hydro- 
magnetic wave propagated along the field, so that S=1. The appropriate 


Fig. 2.—Schematic diagram of magnetic lines of force distorted by 
(a) a passing or stationary hydromagnetic wave and (b) a non- 
oscillatory motion of the gas in the direction of H pr 


electromagnetic field equations (Piddington 1954a, equations (14) to (18)) 
show that the appropriate conductivity is always o;. Thus the general form of 
our equation (1) is 

a (Sreas Valen, Aen Meee eon (7) 


Tf the gas is fully ionized, then o,—o, and we have the particular case given by 
equation (1). The x, of equations (6) and (7) may now be identified* and, 
replacing 4nVé. by Ho/(e-+e’), we find 


Selo oer omc nen aes (8) 


An expression for o, has also been derived by Cowling (1956, equation (30)). 
When the approximations used in determining equation (8) are adopted (the 
effects of finite plasma conductivity and of collisions of electrons with neutral 
atoms are neglected) the two expressions are identical. 

The time of decay (by a factor of exp 1) of a magnetic field of “ size” FR is 


now determined as ; 
T=e(e +0’) R?/e’toHo. 


* The full solution of the equations of Section III include a dissipation term x, due to the 
finite conductivity o) of the ion plasma alone. This, as we have seen, is negligible and 80 is 
neglected. Also the value of x, given in equation (5), which represents a more general solution, 
cannot be used here because the concept of ‘‘ conductivity ” may only be introduced when a large 
number of all relevant microscopic processes occur in one wave period, that is, when wt<l. 
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This may be compared with the decay time of a wave of length A, given by 1/x,V5 
Replacing w? by 4x? Vo/x2 we find 

e(o +p’) 222 


(he 
e'tpHe ot’ 
which is identical with the time of non-oscillatory decay provided 
A=(47) #R. 


It is satisfactory to note that the rates of decay of a twist or kink in a magnetic 
field as determined by two methods are in agreement. It does not matter 
whether the distortion is part of a wave or of a non-oscillatory motion or, for 
that matter, of a semi-permanent irregularity in a solid conductor ; the dissipa- 
tion period depends only on the effective conductivity co, and the size of the 
irregularity. 

There remain two further factors requiring consideration : first, the possible 
increase in the rate of dissipation of magnetic energy due to turbulence (Sweet 
1950; Elsasser 1955). This problem is discussed elsewhere. The second 
problem, closely allied to the first, concerns the increase of magnetic energy at 
the expense of the kinetic energy of turbulence. This is discussed briefly in the 
following section. 


IX. THE GROWTH OF MAGNETIC FIELDS 

Some current theories of the origin of the galactic magnetic field (see Cowling 
1955) depend on its growth from a “ seed ”’ field due to turbulence of the gas. 
Obviously hydromagnetic damping is relevant. 

Batchelor (1950) and Chandrasekhar (1950) find an analogy between the 
magnetic field and the vorticity vectors. They argue that equipartition of 
energy between the field and the turbulence is only likely at the shorter “ wave- 
lengths” of the turbulence “ spectrum’ where vorticity is more important 
compared with the velocity. Batchelor starts with the equation of the magnetic 
field in a moving isotropically conducting (conductivity c) medium 


yeH dra) Coomera "| 
( ot : 
and concludes that the field continues to grow as long as dxnou>1. This theory 
has been criticized in rather general terms by Cowling (1955) and Elsasser (1955). 
The correct field equation for ionized gas (Piddington 1954a, equation (14) 
et seq.) differs from the above in that o is replaced by og and there are two 
additional terms. These terms correspond to elliptical orbits of the gas when 
disturbed and to currents flowing along the magnetic field. They do not appear 
to affect the rate of dissipation, so that Batchelor’s criterion of growth might be 
replaced by 4nzo,u>1. In H1 clouds o,=3-5x10-*4 so that, for our assumed 
value of Hy, 4xo,34=1-1%10-4 and, if growth had stopped when 4nogu=1, 
the corresponding value of H, would be 5:2x10-8G. Thus the theory does 
not seem capable of explaining the currently accepted value of the galactic . 
magnetic field in terms of turbulence within gas clouds (these are mainly Hy 
regions). 
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An alternative approach by Elsasser (1954) resulted in two equations of 
motion in which the mass velocity of the gas Vy was replaced by the variables 
Vo+H)/(479,)? and the kinematic viscosity uw by ut(4xc)-1. This indicates 
an analogy between v and H,/(479,)? or between the magnetic energy density 
H6/8x and the kinetic energy density do,vg. The analogy suggests the possibility 
of at least a tendency to equipartition. However, since Hy/(4% 09)? = Vo, the 
hydromagnetic wave velocity (both phase and group), the analogy is between 
mass velocity v) and wave velocity V, and so may be neither surprising nor 
significant. Also the analogy between u and (47c)-1 corresponds to that between 
the absorption due to viscosity and magnetic field decay ; the ratio of the rates 
of dissipation is 4nou, which is identical with the ratio x,/x, obtained from 
equations (1) and (2) above. 

There seems to be general agreement that when the energy density of the 
magnetic field is much smaller than that of the turbulent motion there will be a 
tendency, on the whole, for the magnetic lines of force to be stretched and the 
total magnetic energy to be increased. There does not, however, seem to be any 
clear evidence that the process should continue until equipartition is reached. 
The problem must be considered for each small ‘‘ wavelength ”’ interval in the 
turbulence ‘‘ spectrum”. Some of the kinetic energy of the motion will be 
dissipated by viscosity and some transformed into magnetic energy at a rate 
depending on the relative total energy densities and probably also on the wave- 
length. The magnetic energy will in turn be dissipated as discussed above. 
The unknown quantity is the efficiency of transfer of kinetic to magnetic energy ; 
- until this can be determined a satisfactory criterion for magnetic field growth 
cannot be given. However, by adopting a simple model a crude order-of- 
magnitude criterion may be found. 

Consider the magnetic field of Figure 2 (b) as it changes from strength H, 
to (H,+H,) in time d¢ under the influence of the gas moving with velocity %. 
The ratio H,/H, is given approximately by v)dt/R and is taken as order unity or 
less. Thus we have the increase in magnetic energy density. 

2 tgHy 1) 2 
_Ho , 2H, 
81 Hf, 
Hi _ 2, dt 
ice ak S 


In the same period the decay of magnetic energy density is of the order 
(Hé/87)(3t/o3h?) so that the criterion for growth of the field is 


20,hv)> 1. 


It is unlikely that the gas would everywhere move in such a way as to create 
magnetic energy at the (maximum) rate assumed above so that the criterion 


might be written 
5 qo;kvy> 1, 


G 
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where q<2 but might be of order unity. As equipartition is approached 7)—>V, 


and the criterion becomes 
qo,kV_> 1. 


A similar result is obtained when a wave of length is considered. The time of 
transfer of wave energy from the kinetic to the magnetic state is a quarter period 
or x/2@ and the time of decay 1/xsVo, where x, is given by equation (7). The 
condition that energy is transferred before it decays is 


(8/7)o,AV o> 1. 


In the H1 regions defined in Table 1 the smallest scale of turbulence capable 
of amplifying a field up to 5 x 10-6 G, assuming the gas velocity to be 5 km sec-?, 
is about 0-2/q parsecs. It should be noted that the appropriate value of v, 
is the differential velocity over the distance R. 


It is of interest to compare our criterion with that of Batchelor (4mo0,u> 1). 
It is possible to satisfy either one without the other according to the conditions 


4ru/qeRr9, 


so that one or other of the criteria must be at fault. The appearance of the 
kinematic viscosity » in Batchelor’s criterion implies that it plays a role beyond 
that of simple absorption. In fact, near equipartition it states that the dissipa- 
tion of energy by viscosity is greater than the magnetic dissipation (that is, 
%/%3>1). It is difficult to see why a large viscous dissipation should be a 
criterion of magnetic field growth. 


X. EFFECTS OF HYDROMAGNETIC WAVES ON THE INTERSTELLAR MEDIUM 
We have considered the interchange of energy between the galactic magnetic 
field and the mass motion of the interstellar gas and also the more or less gradual 
dissipation of both forms of energy into heat. It is of interest to estimate the 
possible rate of heating of the gas and to consider the possibility of direct excita- 
tion and ionization of the gas constituents by the hydromagnetic waves. 


A “strong”? wave (H,~4H,) in the intercloud region has a maximum gas 
velocity of 29km sec-1. The most interesting effects are likely to occur when 
@t21 and so we will consider a wave for which wr=1 so that w=3-8 «10-1 
and A=0-15 parsec. The absorption coefficient is 1-3 x 10-18 so that such waves 
would be absorbed in a distance of about 0-25 parsec when all the helium is 
neutral. The rate of dissipation of energy is 7-5 x10-%4 erg cm-3see-l. A 
comparisonfof this with other sources and sinks of energy (Savedoff 1955) suggests 
that the hydromagnetic wave energy would be a major factor. 


A possibly more interesting effect of the wave considered is that it could 
excite and ionize the gas particles and so change the “ excitation temperature ” 
of the gas. The maximum kinetic energy of an ion of atomic weight about 10, 
moving underjthe influence of the above wave, is about 45 eV. When the wave 
period is comparable with the collision period of a neutral (He) atom a substantial 
proportion of this energy is available to excite or ionize the atom or ion. This 
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means that if a hydromagnetic wave of sufficiently short period and of sufficient: 
strength passes through ionized gas it may drastically change the “ excitation 
temperature ” of the gas. Not only does it heat the gas generally as discussed 
in the earlier sections but electromagnetic energy is transformed directly to 
energy of excitation and ionization and subsequently emitted as light quanta. 
It is interesting to speculate on the possible effects which could occur by this 
process when waves are reflected at the boundaries of gas clouds. Standing 
waves would be formed leading perhaps to striation effects. 
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APPENDIX I 
Collision Periods and Viscosity 

In the gas with which we were concerned in Section ITT it is seen that after a 
«eollision”’ between an ion and neutral atom the former is immediately 
accelerated to its former drift velocity by powerful electromagnetic forces. It 
is convenient, therefore, to define the neutral atom collision period + as the 
period taken to change its drift velocity from its initial value to that of the ion 
plasma. 

In the absence of the moving magnetic field a more usual procedure is to 
define a different neutral atom collision period t, being the time taken for the atom 
velocity to change from its initial value to that of the whole gas. Equation (3) 
then becomes 

OV’ Ot +-(v' —V_)/ pO, de eee alee wer ee ee (9) 


where v, is the velocity of the whole gas defined by 
(p+9')Vo=eV+e'V’. 
It is then easy to show that 
(y =vV)=(L+a)(¥ =); 


so that, comparing equations (3) and (9), we have 


ess (L-by tog ts die eee (10) 


When a neutral atom-gas drifts relative to a plasma, viscous drag results 
from collisions with both heavy ions and electrons. It has been shown 
(Piddington 1956b), however, that the greater mass of the former renders the 
electron contribution negligible so that we need only consider collisions between 
atoms and heavy ions. An equation for t) has been given by Chapman and 
Cowling (1952, p. 335), and Westfold (1953) has shown that this is appropriate 
to the type of problem under discussion. Using equation (10) we have an 
expression for 7, 


Tv 


__ 3 (mym,(m, +My) $ 
8ec%, 2nkT ; 


The variables are as defined by Chapman and Cowling except p, which is now 
the mass density of the plasma only. This formula has been used to determine the 
values of t listed in Table 1. The values of collision distance o,, are inferred 
from the data given by Chapman and Cowling (Chapters 12-14) and Tyndall 
(1938). The distances for helium atoms and hydrogen ions at 104 °K is taken as 
1-7x10-§cem and for hydrogen atoms and metallic ions at 100°K as 
3°5 <10=* cm. 

An expression for the viscosity of a simple gas is given by Chapman and 
Cowling (p. 169). This is used to calculate the viscosity in Ht regions, the 
collision distance of the hydrogen atoms being taken as 2-2 x 10-8 em. 


When a gas is fully ionized the effective collision distances of the particles 
are determined by electrostatic forces and, in the gases with which we a 
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concerned, the distances are relatively very large. The appropriate formula 
for the viscosity is given by Chapman and Cowling (p. 179) and the corresponding 
values of kinematic viscosity are given in Table 1 (cases of no neutral helium). 
The highly significant effect of electrostatic forces was apparently overlooked 
by Parker (1955, p. 248), who found a value of kinematic viscosity too large by a 
factor of about 104. 

When neutral helium is introduced into the Hi region the position is 
greatly complicated. Even though its proportion may be small, the appropriate 
collision cross section is less than that of ions by a factor of about 104 and so it 
may raise the viscosity by a large factor. The appropriate formula is given by 
Chapman and Cowling (p. 167). It will be seen from Table 1 that the presence 
of 10 per cent. of neutral helium raises the kinematic viscosity by a factor of about 
Tx<10*. 


powerful (Type 1) supernovae. 


THE CRAB NEBULA AND THE ORIGIN OF INTERSTELLAR 
MAGNETIC FIELDS 


By J. H. PIDDINGTON* 
[Manuscript received June 11, 1957] 


Summary 


Electromagnetic effects in the Crab nebula have been investigated with the following 
‘conclusions : 

(1) No appreciable proportion of the present central magnetic field could have 
passed in or out through the surrounding ionized supernova shell during its 900 years 
life. 

(2) A limitation of the generality of the virial theorem of Chandrasekhar and 
Fermi (1953) is mentioned and some consequences: the upper limit of magnetic field 
strength in a star must, in general, be reduced below their estimate. The theorem 
does not appear relevant and shoultl not be used in the case of fields which fall off slowly 
beyond the photospheric surface. Force-free fields seem improbable in nature, particu- 
larly in relation to the Crab nebula. 

(3) The nebular magnetic field was not formed from the general interstellar field, 
nor by turbulence in the supernova shell, nor was it in existence at the time of the 
explosion. 

(4) The main field has been created during the expansion as complete loops of 
magnetic force, within the shell but linking neither the shell nor the central star. The 
average rate of generation of magnetic energy is some 104 times the total output of 
solar energy and must derive more or less directly from nuclear energy. 

(5) A significant part of the galactic magnetic field may have originated inside 
supernova shells. 

(6) The mass of the expanding supernova shell is probably about one solar mass. 

(7) Irregular motions seen in the nebula are hydromagnetic waves causing a com- 
pression of the magnetic field with consequently enhanced light emission. 

(8) The cosmic rays in the nebula are accelerated by hydromagnetic waves according 
to the process of statistical acceleration. A significant fraction of all galactic cosmic 
rays may originate in this way ; not with the supernova explosion itself but subsequently 
within the space between the star and the shell. 

(9) The nebular magnetic field may be generated by the central star spinning, 
the energy and angular momentum being supplied by fast particles ejected from the 


star. A somewhat similar process may be responsible for stellar and other cosmic 
magnetic fields. 


I. INTRODUCTION 


The Crab nebula (optical object NGC 1952, radio object IAU 05N2A) is 


‘@ unique visible object, the only example of what may be a class of especially 
As such it merits interest, not only in its own 
right, but also as a possible key to three outstanding astrophysical problems : 
the origin of interstellar magnetic fields, of cosmic rays, and of cosmic (non- 


thermal) radio emission. 


* Division of Radiophysics, C.S.I.R.O., University Grounds, Chippendale, N.S.W. 
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The Crab nebula has long interested astronomers who encountered difficulty 
in trying to explain its peculiar spectral features (Baade 1942 ; Minkowski 1942 ; 
Minkowski and Greenstein 1953). Its radio spectrum also showed unusual 
features. It was first suggested by Shklovsky (1953) that all peculiarities might 
be explained if neither the visible nor the radio emission were due to the usual 
atomic processes but to cosmic ray electrons spiralling in a magnetic field. The 
Same process had previously been suggested as a source of radio emission from 
“radio stars” (Alfvén and Herlofson 1950). Shklovsky’s suggestion offered 
the possible advantage of resolving both optical and radio anomalies simul- 
taneously. 

A crucial test of the suggestion was that the light emission should show 
plane polarization. This has been demonstrated by Dombrovsky (1954), Oort 
and Walraven (1956), and others, and it is now fairly certain that most of the 
light and radio emission from the amorphous central region of the nebula is by 
the synchrotron process as suggested. 

The optical and radio emission intensities allow some very important 
inferences to be made about conditions in the nebula. Oort and Walraven 
(1956) find that a magnetic field of strength about 10-°G (they believe it is 
limited to the small range 10-?—3 x10-% G) is present and also a cosmic ray 
electron gas of about the same energy density, 4x10-8ergcem-%. The total 
energy density of about 10-’ erg cm~? must be regarded as a minimum because, 
if the magnetic field has a value other than 10-% G, then the total energy necessary 
to explain the observed emission is greater.* The magnetic field and cosmic ray 
gas both exert pressure, the total being about 10-’ dyn cm-? or more, perhaps 
higher than in any other observed region of interstellar space. 

The main objectives of the present paper are to determine likely origins of 
the magnetic field and cosmic ray gas of the nebula, and to estimate its mass. 
The most significant conclusion reached is that magnetic field was, and perhaps 
still is, being created within the nebula at a rate corresponding to about 104 
times the total power output of the Sun. Such a rate of generation of magnetic 
field implies a process of more or less direct conversion of nuclear to magnetic 
energy. It is suggestive of a possible origin of interstellar magnetic fields in 
general. 

In Section III a digression is necessary for a rather general discussion of the 
possible strength of magnetic fields associated with stars and in particular with 


force-free fields. 


II. ELECTROMAGNETIC PROPERTIES OF THE NEBULA 
The most likely strength of the magnetic field is 10- G in the central regions 
and less near the shell. The radius of the whole is about 1 parsec, and, in 
estimating the total magnetic energy and flux, a simple model is adopted in the 


* Note added in Proof.—After the completion of this work I have seen a paper by Pikelner 
(1956) in which a lower estimate of the magnetic field (~3 x 10-4 G) was obtained. This results 
in a lower estimate of the mass of the shell, 0-1 solar mass instead of 1 solar mass. Pikelner 
also concluded that the magnetic field of the nebula may have been created by reinforcement 
of the galactic field. We reach a contrary conclusion, which is not affected by the possibility of a 
lower value of magnetic field strength and lower shell mass. 
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form of a sphere of radius } parsec containing a field of uniform strength 10-* G. 
The total volume is 1-5 x 1055 em’ and the total magnetic energy 6-1 x 10%’ ergs. 
The maximum flux, if the field were toroidal in form, would be that through an 
appropriate semicircular section, 3-810%3Gcm?. Fields of other forms, 
provided they were reasonably uniform, would give comparable values of flux. 

The general form of the magnetic field is seen in a sketch by Oort and 
Walraven (1956, Fig. 15). It is more or less uniform in direction over an extended 
region near the centre and they estimate that the flux through this region is 
1033 G em?. It is possible that the total flux through a suitably chosen, more 
extended region would be several times that value, perhaps as high as the above 
estimate for the simple model. The significance of this large value of flux is 
discussed in Section IV. 

For the present discussion, an important property of the nebula is the degree 
to which magnetic field could have penetrated the ionized gaseous shell thrown 
out at the time of the explosion and now surrounding the central magnetic field. 
The time taken for a magnetic field to diffuse into or out of a cloud of conducting 
gas of radius D is o,D?, where a; is the “ effective ’’ electrical conductivity (see, 
for example, Cowling 1956 ; Piddington 1957). The same time is needed for an 
internal or external field to effectively permeate a confining shell of thickness D 
The time 7 is then given by 


P=3G,j)*==p(p--p )D*/o tl) eee eee (1) 


where ep and o’ are the mass densities of the ion plasma and neutral atom gas, Tt 
is a certain collision period of a neutral atom, and H is the magnetic field strength.* 
For a given value of shell mass per unit area, (9 -+09’)D, we have t)ocD so that T 
is independent of D but is proportional to mass per unit area and to e/0’. 

The value of o, for a mixture of ionized hydrogen (density 10 em-%) and 
neutral helium (1 cm-%) in a field of 5x10-*G has been calculated (Piddington 
1957) as 1-2 x10-%e.m.u. The field at the inner surface of the nebular shell 
might be taken as 5x10-*G giving o,=1-2x10-*4e.m.u. for the same gas. 
The radius of the shell is 1 parsec and its mass about 1 solar mass (see Section V 
below) so that its mass per unit area is 1-7 x10-5gcm-?. If it were composed 
of the same gas mixture its thickness would be about 0-23 parsect and so 
T=6-0 X10" sec or about 2x104 years» The spectrum of the shell shows it 
to be highly ionized and to emit lines from He 1 as well as from He 1 (Minkowski 
1942). It is probable, therefore, that its degree of ionization and hence its 
conductivity is at least as high as for the above mixture and the diffusion time at 
least 2 x10* years. When the shell had a smaller radius R and greater density 
the value of (Z’ocp+p’ cR-*) would be still larger. 

The volume of the conducting shell is only a few (~6) per cent. of the volume 
it encloses. Thus, even if 7 were as low as 900 years (the life of the nebula), 


* This formula may be derived from Cowling’s equation (30) by neglecting the small terms 
1/o, and K, and remembering that t) is the average time to accelerate a neutral atom to the 
velocity of the ion plasma. It is derived by different methods by Piddington. 


{ The actual thickness may be nearer ()-02 parsec but 7’ has been shown to be independent 
of D and the present assumption simplifies the calculation. 
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only an insignificant proportion of the central field could have diffused from one 
side of the shell to the other. This conclusion is not invalidated by turbulent 
motion of the shell. Such motion may move two originally adjacent particles a 
distance apart comparable with D but not with R, for otherwise the shell would 
have lost its identity. Thus magnetic field which has diffused into the shell may 
possibly be carried to the other side in a relatively short time. However, when 
the shell is saturated no more field diffuses in and an inappreciable amount 
diffuses out the other side.* 


INTERSTELLAR 
MAGNETIC FIELD 


PE xh a | 


Fig. 1.—A slowly exploding nebula (sphere A) surrounded 
by a shock wave (shell B) immersed in still gas (C). 
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It is desirable also to consider the magnetic field which may exist outside 
the nebula. It is shown in Section III that the magnetic flux associated with 
the shell at the time of the explosion must be small and would result in a negligible 
field inside or outside the present shell. The external field will then be the 
normal interstellar field, perhaps as strong as 10-°G, distorted in the manner 
shown in Figure 1. Outside the nebula A, a shock front is formed between 
compressed gas B moving with the nebula and the undisturbed interstellar 
gas O. In Section V it is shown that the density in region B is about four times 
that in C, so that the field strength is 410-5 G, still small compared with the 


internal field. 


* Because of the large dimensions and short lifetime of the shell it may be considered essentially 
a perfect conductor. A theorem of Bondi and Gold (1950) may then be used to support this 
argument. It states that no hydrodynamic motion of a body of perfectly conducting liquid of 
finite dimensions in an otherwise empty space can generate an external field, provided the body is 


simply connected. 
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Using equation (1) again, it is found that the time taken for this compressed 
external magnetic field to penetrate a distance D into the shell is about 3 LDS 
years. Again it is concluded that negligible penetration has occurred. 


III. MAGNETIC FIELDS ASSOCIATED WITH STARS 

It has been suggested that the magnetic field of the Crab nebula was 
associated with the central star prior to the explosion. Before discussing this 
possibility some general properties of stellar magnetic fields are considered—in 
particular their effects on gravitational stability. 

Chandrasekhar and Fermi (1953) have made a most useful extension of the 
virial theorem to include the energy of a magnetic field. However, the theorem 
was derived and used in a way which implies that all the magnetic field concerned 
was contained within the star (or other ‘“ configuration’ in question). The 
difficulty has been resolved in personal communications with Professor S. 
Chandrasekhar who had already noted (Chandrasekhar and Limber 1954) that 
‘‘ for a star with a prevailing magnetic field, the effective boundary may have to 
be placed quite outside the conventional photospheric surface”. It seems 
desirable here, before using the theorem, to make clear the limitation on its 
generality implicit in this statement. 

The limitation concerns the surface integrals of Chandrasekhar and Fermi’s 
equations (8) and (10) which are assumed zero “ since the magnetic pressure 
vanishes on the boundary of the configuration’. In general the magnetic field 
only vanishes at infinity, and if the integral is to be zero the boundary must be 
taken to infinity, the field strength H falling off in such a way that H*r3—+0 
as r—>oo, where 7 is the distance from the centre of the configuration. As will be 
shown, this limitation does not greatly reduce the value of the theorem but it 
does draw attention to the importance of the distribution of the field and its 
associated current system. 


Chandrasekhar and Fermi give a relationship (18), a condition for the 
stability of a star or other configuration, relating the mean square magnetic 
field strength with the mass M and radius R (solar units) of a spherical con- 
figuration. To allow for the proportion y of magnetic energy outside the star 
this equation should be modified to 


A/ (EE ay <2* 0 10°( MIRA ah iene (2) 


where (H?*)ay, still refers to the field within the star. The value of y depends 
on the distribution of electric currents inside and outside the star. For example, 
if the currents flow entirely within a star which is uniformly magnetized, then 
y= 3. If the currents flow deeper within the star, so that the magnetic field is 
stronger at lower levels, then y is smaller than }. However, if currents also flow 
outside the star, a case which is also covered by the theorem, then y is larger and 
may approach unity, in which case (H*),,, must be vanishingly small. 

Let us now consider the difference in the significance of magnetic fields due 
to currents flowing inside and outside a star. It will be shown that the virial 


theorem may have greater power and also greater safety when applied to the 
former alone. 
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If current, of density j, flows only inside a star then the field on the outside 
is given by curl H=4xj=0 and so may be written H=-—grad ©, » being a 
scalar potential function. Beyond several stellar radii oor approximately, 
so that H or, which easily satisfies the new criterion of the applicability of the 
virial theorem. Now consider fields which fall off as Hocr-15-8 where 
0<3<1-5; these satisfy the criterion but fall off more slowly than those due to 
internal currents. At distances of many stellar radii from the star these fields 
must be due almost entirely to currents which are themselves distant many 
stellar radii. The proportion of magnetic flux through the star resulting from 
these currents is small because of the relatively small cross section of the star. 
Since only lines of force which link with the star may contribute to the disruptive 
force j x H, the presence of the external currents and their fields may often be 
neglected, thus strengthening the theorem. On the other hand, the external 
field will, unless force-free, tend to disrupt the gas cloud in which the current 
flows. The gravitational force due to the star on this cloud may be negligible 
and instability may occur, even though the virial theorem indicates possible 
stability of the system as a whole. Thus neglect, or separate consideration, 
of the external current system is a safeguard against misuse of the theorem as 
evidence of the possible existence of a large-scale, external-current field. 


We now consider the class of fields which do not satisfy the criterion H?r?>-0 
as roo. As has been pointed out by Chandrasekhar (personal communication) 
these include all the force-free fields so far investigated (the class of axisymmetric 
fields derived by Chandrasekhar (1956), which include the case of Liist and 
Schliiter (1954)) and must include all force-free fields, otherwise the theorem is 
invalidated because such a field, no matter how powerful, cannot disrupt a star. 
The most noteworthy feature of these fields is their low rate of decrease with 
distance from the star and the corresponding inference that they are caused 
mainly by an external and widespread current system. For example, if the 
field at the surface of the star is due equally to internal and external currents, 
then at 10 radii an average of about 97 per cent. or more of the field is due to 
the external current system. 


These extensive fields may be described by the relation H?r3 =a where « 
may vary but never falls below «,,, which is finite. The total energy of the field 
is given by a volume integral 
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However small «,, this expression is infinitely large. The force-free fields 
investigated by Chandrasekhar (1956, equations (17) and (18)) fall off even more 
slowly and also have infinitely great magnetic energy. This appears to constitute 
an objection to the existence of such fields in nature. The objection may be 
stated in an alternative way : Prendergast (1956) has shown that, if the magnetic 
field due to currents in a model configuration is force-free (k=0 in his equation 
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(20)), then there can be no field (k=0 in his equation (45) and so H=0). This 
means, as far as his model is concerned, that a force-free field cannot exist within 
any configuration, no matter how large, unless there are further currents flowing 
outside the configuration. It would seem unlikely then that significant force- 
free fields could occur in nature. 

The possibility of a force-free field being associated-with the Crab nebula 
is important in the arguments of Sections IV and V and may warrant further brief 
discussion. Liist and Schliiter (1954) have stressed the possible importance of 
cosmic force-free fields on the grounds that the mechanical force jx H tends 
to destroy other fields and might leave a residue of force-free field. The reverse 
of this argument may be nearer the truth: itis generally accepted that cosmic 
fields are created by a dynamo action involving the electric induction field v x H 
due to the movement v of the gas. This field is perpendicular to H and gives 
rise to currents flowing perpendicular to H, whereas the current in a force-free 
field flows only parallel to H.' These latter currents might possibly tend to flow 
as perturbations in the induced currents, due to build-up of charge on boundaries. 
However, whereas the original field could be built up rapidly by stretching the 
lines of force, the force-free field would take a time greater than L?o, where 
L is the size of the field and o, the effective conductivity. For a field of radius 
1 parsec this would be very large, thus raising a doubt as to the possible develop- 
ment of significant force-free fields. 


IV. THE ORIGIN OF THE MAGNETIC FIELD 

At its present rate of penetration the external (compressed interstellar) 
magnetic field would provide a negligible proportion of the internal field of the 
Crab nebula in a period of a few million years. The rate of penetration ir the 
past was even lower and as the life of the nebula is only 900 years the external 
field must have the form shown approximately in Figure 1. Unless a field of 
other origin were present the nebula would be a magnetic vacuum. Thus the 
observed internal field must either have been present in association with the 
original star or have been created within the supernova shell after the explosion. 


In considering the first of these two possibilities three types of magnetic 
field must be considered : 


(a) Fields due to currents flowing in the star. 

(b) Fields due mainly to currents outside the star but for which the virial 
theorem criterion (r?H?—+0) holds. 

(c) Fields for which this criterion does not hold. 


Possibility (4) may be excluded by the following argument. Assume for 
the moment that the star was uniformly magnetized and had mass and radius 
equal to those of the Sun. Inequality (2) then gives a maximum magnetic field 
strength and total flux of less than 1-3x108G and 2-1x10°°Gem?2. If the 
lines of force are bent in any way, or unevenly spaced, then the maximum flux 
(through any plane intersecting the star) must be reduced. This follows because 
inequality (2) limits (H?),, and any irregularities cause an increase in (H*),,. Tor 
a fixed maximum flux. The limit of 2-1 10% must itself be much too high 
because near the surface of the star the magnetic pressure is about 
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7 x10"* dyn cm~ which corresponds to the gas pressure in the Sun at a depth 
of about half a solar radius and so would cause disruption of the outer layers of 
the star. The total permissible flux would be increased by assuming M larger. 
However, the theory of Type 1 supernovae sets a fairly definite upper limit 
of less than two solar masses. A decrease in R would result in an increase in 
average field strength but not of total flux because the area is correspondingly 
reduced. Inequality (2) is based on an assumption of uniform stellar density. 
Suppose instead that the density obeyed the law p= ,r-*, where 0<s<2 and 
the stellar radius remained R. The flux is increased by a factor {(3 —s)/(5 —2s)}4 
or, at most, 1-3. Furthermore, the difficulty mentioned above is accentuated, 
that, although the virial theorem may be satisfied, nevertheless the outer layers 
of the star are torn away. 


It was seen in Section II above that the maximum flux through a region 
‘‘ where the field is more or less uniform in direction” is at least 1033 G em?. 
The form of this field is not known; it may be poloidal, or toroidal, or more 
complex. Within a factor of about 2 the shape of the field does not appear to 
matter when considering its flux. If the field were originally compressed within 
a star, then a flux of at least 10° G cm? would have to be accounted for. It is 
concluded that this possibility, (a), may be excluded. 

Chandrasekhar (reported by Oort and Walraven 1956, footnote, p. 304) 
applied the virial theorem to a star of solar dimensions and obtained a permissible 
magnetic field of total energy about 7-6 104% ergs which, if ‘‘ diluted” in a 
sphere of radius 1 parsec, provides a field strength of 1-2x10-?G, a value 
close to that required by Oort and Walraven. This suggestion might take either 
of two forms depending on the meaning of “‘ diluted’. It might mean that the 
original field was contained mainly within the star, the dilution taking place 
after the explosion. The objections to this hypothesis, (a), are listed above. 
The error implicit is in comparing the energies of the field before and after 
expansion (instead of the total flux). If expansion is uniform, then the total 
energy falls by an amount proportional to the radius of the configuration, that 
is, by a factor of about 4 «107 and so fails by a factor of about 10’ to explain the 
observed energy. 

The alternative interpretation is that the original field had dimensions of 
about 1 parsec ; this corresponds to possibility (b) above. The use of the virial 
theorem in this way is not justified, since it implies stability of the whole con- 
figuration due to the gravitational attraction of the central star. The field and 
current system, both 1 parsec from the star, would not be appreciably affected 
by it and would explode. Furthermore, even if the required field had existed 
at the time of the explosion it would have been mainly outside the supernova 
shell and could not, as shown in Section II, have contributed appreciably to 
the flux now found inside the shell. The latter must have linked with the star 
at the time of the explosion. 

Possibility (c) must include all types of force-free fields and, since these exert 
no force, the flux through the star is not limited by considerations of stability. 
However, there are other objections to such fields given in Section III in terms 
of the infinite extent and energy of the field. Required conditions within the 
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star are equally improbable : to provide the necessary flux of more than 10%* G cm? 
a root-mean-square magnetic field greater than 104 G is required and internal 
magnetic energy of more than 10°ergs. The field is some 10’ times stronger 
than any stellar field yet observed, the energy more than 10° times the turbulent 
kinetic energy if all the stellar material had a velocity of 1000 km sec and more 
than 105 times the gravitational energy available as the star contracted from 
infinity. 

It is concluded that possibility (c), together with (a) and (b), must be rejected : 
thus the field must have been created within the expanding shell, outside the 
stellar remnant, and after the supernova explosion. 


Oort and Walraven (1956) have stated that the magnetic field ‘‘ probably 
has its seat in the expanding shell of filaments’ and consider that the rough 
correspondence in size of the shell and amorphous centre supports the inference 
that the field is connected with the filaments. 

At the time of the explosion the maximum magnetic flux through the star 
was less than 10-° of the present flux in the central part of the nebula. Since 
the shell was part of the star the flux through the shell at the time of the explosion 
was even less. If the present magnetic field had its origin in the shell, then the 
original field must have been increased by a factor greater than 10% (probably 
greater than 10‘). There are several reasons why this is not likely. The shell, 
of thickness less than 1/10 and perhaps 1/50 of its radius, has a well-defined 
identity. This means that internal motions of the shell have separated originally 
adjacent particles by less than 1/10 and perhaps 1/50 parsec. Any magnetic 
field created by this turbulence would have a scale of 1/10 parsec or less. Further- 
more it would be confined mainly to the interior of the shell (Bondi and Gold 
1950) except for the leakage discussed in Section II above due to finite con- 
ductivity. It would certainly be strongest in and near the shell and would fall 
off both outside and inside the shell. The nebular field, on the other hand, is 
known to have quite different characteristics, being more or less uniform over 
distances of about 4-1 parsec and being strongest near the centre and weakest 
in and beyond the shell. To create such a field, pieces of the shell on opposite 
sides of the nebula would have to pass back and forth many times in a very 
ordered manner. It might be supposed that large-scale electric currents could 
be caused to flow in the shell by a process not yet understood in hydromagnetic 
theory. Apart from the lack of a known mechanism, objections to this hypothesis 
are met in the large self-induction of the system and the shape of the consequent 
magnetic field. The time of decay of a field of dimensions equal to the thickness 
of the shell was found to be at least 2104 years. The corresponding time of 
decay of the whole field associated with the nebula would be much greater. 
Correspondingly, improbably powerful electric fields would be necessary to cause 
a build-up of currents and field in the 900 years available. Also such fields would 
again tend to be strongest in and near the shell. A final objection to the field 
originating in the shell in any way is met in energy considerations. The mass 
of the shell cannot be substantially more than one solar mass (see Section V) 
and its velocity is 1100 km sec, so that its total kinetic energy is about 10% ergs. 
There is evidence, discussed below, that not only has the shell not decelerated 
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but that it has probably accelerated long after the explosion. Hence only the 
turbulent energy could have been turned into magnetic energy. The turbulent 
energy is and was considerably less than 104’ ergs and so could not have given 
rise to the field of energy about 1048 ergs. 


The connexion observed by Oort and Walraven between the shell and the 
field does not require an interpretation in terms of the origin of the field. It 
would result, in any case, from the outward pressure of the field and cosmic ray 
gas and the retention of this ‘“‘ explosion’? by the more massive shell. This is 
discussed below. 


Summing up: it has been shown that the main magnetic flux could not have 
originally (or at any time) linked with the central star nor with the shell. It 
could not have been created by turbulent motion of the shell nor from the original 
interstellar field. Therefore the lines of force are complete within the space between 


CENTRAL STARS 


MAGNETIC LINES OF FORCE 


(a) 


Fig. 2.—Schematic representation of possible loops of magnetic field 

within the Crab nebula. (a) Complete loops, some enclosing and some 

not enclosing the central star. (b) A spiral loop emerging from the region 
of the central star. 


the star and the shell, as shown schematically in Figure 2 (a) and were created within 
this space. Further-more, as seen in the next section, there is evidence that 
some of the field was created recently and that the process may be still in 
operation. 

One may speculate that this process contributes significantly to the whole 
galactic field. If a field of 10-?G extending throughout a sphere of radius 
1 parsec is expanded equally in all directions until its strength falls to a few times 
10-6 G (the strength of the galactic field), then it occupies about 10~§ the volume 
of the galactic field (assumed a sphere of radius 104 parsecs). There may have 
been 10’ supernovae and they may have contributed much more than assumed, 
so that the possibility is not unreasonable. 


V. THE MASs OF THE NEBULA 
A tentative value of the mass of the Crab nebula adopted by Shklovsky 
(1953) and Oort and Walraven is 10-? solar mass. The new data now available 
permit a more definite estimate. 
The pressure of the electron cosmic ray gas in the nebula is about 
4x10-8dynem-2. The “magnetic pressure” H?/8x has a similar value. 
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The magnetic field will exert no outward force if the field is force-free, but such a 
situation has been shown to be most improbable. In any case the total pressure 
of the gas and field will be about 10-7 dyn cm~ in some directions. The fact 
that the nebula is to a first approximation spherical indicates that either the 
internal pressure is reasonably uniform or it has not a first-order effect on the 
shell velocity.* 

The total mass inside the shell is small compared to that of the shell and 
the pressure is large. It will be shown that the central region would “ explode ” 
with a velocity much greater than that observed were it not for the restraint 
offered by the shell inertia and perhaps also the effect of interstellar gas outside 
the shell. If the latter effect can be estimated then a determination of the mass 
of the shell is possible. 

As the shell expands into the interstellar gas it creates a shock front as shown 
schematically in Figure 1, where A is the nebula surrounded by its shell, B is 
a mantle of gas moving with the shell, and C the undisturbed interstellar gas. 
The boundary between B and C is a shock front. The pressures, number densities, 
and temperatures of the gas (assumed hydrogen) in regions B and C are pz, nz, 
T, and Pc, Nc, T, respectively. The velocities of the gas B and the shock front 
are v and U, the former being equal to that of the shell, 1-1 108 cm sec. 


It is assumed, for reasons given earlier, that the nebular magnetic field is 
retained within the shell. The most likely value of the original interstellar 
field in region C is 5x10-*G, the corresponding magnetic pressure H@/8z 
being 10-1? dyn cm-?. 

Strictly speaking the shock phenomenon is hydromagnetic but approximates 
the simpler hydrodynamic shock provided the magnetic pressure ahead of the 
shock is much less than the force necessary to overcome the inertia of the still 
gas, that is, provided 

H2/8n<4n,Mr?, 


where M is the mass of a hydrogen atom, that is, provided n,->10-4, which is 
fairly certain to be the case since the average interstellar density is 1 cm-%. 
The shock will be analysed using the hydrodynamic equations of conservation 
of matter and momentum : 


(0 —O) =n, sine ss cee ees (3) 
Pot n,M (U0 —v)}?=po+noM U2, ...........- (4) 


These equations may be solved, together with the corresponding energy equation 
(see, for example, Burgers (1951), equation (141)) to give 


*In pesonal discussions Professor J. H. Oort has described tangential movements of parts 
of the shell. These are presumably due to magnetic field pressure and indicate that it is capable 
of second-order effects on the shell velocity. The somewhat irregular shape of the nebula may also 
be partly or wholly due to magnetic pressure variations. 
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where w is the velocity of sound in the region C and would not be greater than 
about 16 km sec and so does not appreciably affect the value of U which is 
1-5 10% cm sec~!. The pressure in the shock region is found from equations 
(3) and (4) and the fact that p, may be neglected, so that 


Pzg=N cM Uv=2°8 x10-8n, dyn em-?, 


also from equation (3) 
Np=4Nc. 


Since there is no sign of an interstellar gas cloud around the Crab nebula, 
the most likely value of n, (the average intercloud value) is 0-1cm-%. The 
corresponding value of p, is 3 x10-° dyn cm~?, which means that the interstellar 
gas provides no significant force opposing the internal pressure of 10-7? dyn em-?. 
Only in the unlikely (but possible) event of the interstellar gas density attaining 
a value of 3-6 cm-* would the internal pressure be neutralized by the external. 
It may be noted that in this case the mass of matter swept up between the shock 
front and the shell would be about two solar masses. 


We now consider the (probable) case where the rate of expansion of the shell 
is controlled mainly by its own mass. 


Baade (1942) has considered the relationship between the known diameter, 
rate of expansion, and age of the Crab nebula. He finds that, at the present rate 
of expansion, the observed size would be attained in about 760 years, whereas 
the age of the nebula is about 900 years. This means that the shell must have 
suffered substantial acceleration, not only at the initial explosion but during the 
later period of expansion. Baade arbitrarily assumed a constant rate of accelera- 
tion* and so found that the observational data fitted an initial velocity of 
798 km sec? and a steady acceleration of 0-0011 cm sec~*. Neglecting the 
mass of the gas inside the shell, the shell density e is connected with the internal 
pressure p and rate of acceleration A by the formula p=pA and inserting 
appropriate values we find p>=9-1x10-° g cm~™ corresponding to a shell mass 
of about 2-3 solar masses if the radius is $ parsec. It is possible to reduce this 
estimate by assuming that the acceleration was greater in the later stages of 
expansion. If we make the somewhat unlikely assumption that no acceleration 
took place for 750 years and uniform acceleration in the last 150 years, this 
results in a reduction of mass to 0-5 solar mass. Thus a mass of less than one 
solar mass seems unlikely. 

Supernova theory provides strong evidence against a shell mass as high as 
two solar masses, although one solar mass is acceptable. The best estimate 
of the shell mass would seem to be one solar mass, provided, as seems likely, 
that the interstellar gas density is not greater than about 2atomscm~*. In 
any case the total mass of the nebula and mantle would be between one and two 


solar masses. 


* In the absence of any apparent suitable accelerating agency Baade was forced, at the 
conclusion of his analysis, to retract this assumption and conclude that the measured rate of 
angular expansion was too large. With the internal pressure now known to exist and to provide 
an accelerating agency, the analysis and results may stand. 


H 
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VI. IRREGULAR MOTIONS IN THE NEBULA 

Observations of irregular motions within the central amorphous part of the 
nebula provide evidence of the continued creation of magnetic field. 

Oort and Walraven describe “ light-ripples ”’ or drifting bright wisps observed 
by Baade and others near the centre of the nebula. These wisps appear about 
halfway between the central pair of stars and a more or less stationary and 
permanent wisp distant about 0-05 parsec from the stars. They drift with a 
velocity of about 310° cm sec towards the stationary wisp with which they 
eventually merge. A typical wisp may emit about 1/1500th of the total light of 
the nebula and one may appear every three months or so. There are also light 
and dark patches in the outer parts of the (not completely) amorphous part of 
the nebula which appear to move with velocities of about 10° cm sec or a little 
less. The rapidly moving wisps near the centre are polarized and so the radiation 
must be due to spiralling electrons. 

There are only two possible explanations for these results: a mass drift of 
clouds of relativistic electrons, or some kind of wave motion. There are a number 
of objections to the first possibility. Some recent measurements of polarization* 
indicate that the light wisps appear to move directly across the magnetic field ; 
this effect can also be noted by comparing Oort and Walraven’s Figures 10 
and 15. Such motion is not possible, since the transverse motion is confined 
to relatively small circles (about 10-7 parsec for 10" eV electrons in a field of 
10-3 G). On the other hand the movement of electrons along the field is not 
inhibited and a cloud in a fairly uniform field (as observed) would expand with 
approximately the velocity of light. Such expansion is not observed, in fact the 
outer wisp, although only about +4 light-year in size, has been a feature for 
about 30 years. It is concluded that the wisps are a wave phenomenon. 

Of four possible wave types (Piddington 1955a) the two shear hydromagnetic 
waves have suitable properties to explain the light wisps. Both phase and 
group velocities are V—H,(479)~? where po is the gas mass density. Any wave 
originating near the central star will travel out as a “‘ wave packet ’’ comprising 
an additional portion of magnetic energy and flux introduced into the otherwise 
uniform field. The flow of energy is given by the Poynting vectort 


PH Api ee ee: (6) 


where Hy and H, are the steady and perturbation fields and v the gas velocity 
‘given by 


V= VA) Ry. °-5 tee oe eee (7) 
Thus we have the proportionality 
Peel Heo (Ree eee ae ee (8) 


Since the gas in the region concerned must be fully ionized, these waves will suffer 
negligible damping (Piddington 1957) and P will decrease with an inverse distance- 


* Kindly shown to me by Professor J. H. Oort ahead of publication. 
+ These formulae (Piddington 1955b) have been derived for weak waves but they will be 
assumed here to hold approximately for perturbation fields as strong as the steady field. 
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Squared law (assuming spherical waves). Over short distances P is nearly 
constant and so H,«xoe+; when the wave encounters some denser gas it slows 
down and the peak magnetic field (H,+H,) increases. 

The stronger magnetic field in the wave packet accounts for the additional 
visual emission (the so-called light wisps). According to Oort and Walraven, 
the average emission for their derived cosmic ray spectrum is proportional to 
H**°, where H is the total magnetic field. Thus if H,=H) the emission in the 
wave increases by a factor of about 4-4; actually the factor would be larger 
because the 2-15 law refers to a single electron and does not take account of the 
compression of the cosmic ray gas. The appearance and disappearance of the 
wisps results from the wave travelling through regions of greater and less density 
(that is, density of the “ cold” gas, not the cosmic ray gas, although the latter 
could also cause variations) ; when 9 increases, H, increases, and so the emission. 
The density of gas where the wisps are visible is found from the known values of 
H,=10-* G and V=3 x 10° cm sec~!; it is about 10-76 g em’ or a proton density 
of 6 x10-% cm-’, which, although surprisingly small, is about 5000 times greater 
than the cosmic ray density. The corresponding mass of the central regions 
(volume 10° cm?) is about 1/2000 solar mass and so negligible compared with 

‘that of the shell. 

The semi-permanent wisp may be explained in terms of a region of higher 
gas density which so slows down the succession of wave packets that it is con- 
tinually illuminated. Its long, thin form might result from diffusion of the gas,. 
which can only take place along the magnetic field. If its temperature were 
106 °K the time to diffuse to the observed length of 1/20 parsec would be several 
hundred years, so that its semi-permanent existence (for 30 years) is easily 
explained. 

The average flow of magnetic energy into the nebula has been estimated 
at about 3x108’ erg sec. If in equation (6) we put H,—H,=—10°G and 
v=V=3 x10 em sec" the flow found is 240 erg cm-* sec. Through a sphere of 
radius 1/20 parsec the total flow is 7-210?’ erg sec. Such close agreement 
with the required flow is no doubt fortuitous, but shows that the theory of wave 
packets is consistent with the energy requirements found otherwise. 


VII. THE ORIGIN OF THE Cosmic RAyYs 
The energy of the cosmic ray electrons is depleted in providing the observed 
radiation and must be replenished every 200 years or so at a rate determined by 
Oort and Walraven as a few times 1037 erg sec! or some 104 times the total 
solar power output. This presents an outstanding astrophysical problem which 
they answered with the suggestion that fresh cosmic rays.were continually squirted 
out from the central star. This emission, they believe, would also account for 
the light wisps. 
This problem might now be replaced by another: the origin of about the 
same amount of energy in the form of magnetic wave packets. These are needed 
‘to explain the origin of the nebular magnetic field ; they might also explain the 
light wisps and will now be considered in connexion with the origin of cosmic 


rays. 
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The total energy flux over a sphere of radius 1/20 parsec of hydromagnetic 
waves of strength H,=H,—10-*G and velocity 3 <10° em sec is about 
1038 erg sec and so is of the required order of magnitude to provide the cosmic 
ray energy. There exists a well-known mechanism of conversion of electro- 
magnetic to cosmic ray energy by statistical acceleration. Originally due to 
Fermi (1949) this has been extended to include the betatron and other possible 
effects. It appears that with the short length and high velocity of the waves, 
inferred from the movements in the amorphous region, the mechanism is extremely 
efficient. 

The gain of energy 3# when a cosmic ray electron “ collides ” with a magnetic 
field is ‘E=E(v/c)?. If the irregularities in the magnetic field are hydromagnetic 
waves of frequency v and velocity V then the collision rate is approximately 
ev/4/3V, and since v=H,V/H, we have 


1 dH_ vV (Hp\* 
E di ~/3e\H, ‘ 


This agrees with Thompson’s (1955) formulation provided »>~0-4V (H,~0-44H,), 
a condition which is likely to hold in the Crab nebula. If the waves have a 
length 0-01 parsec (the size of the light ripples), strength (H,/H,) of 0-4, and 
velocity 310° cm sec-}, then the time taken for the energy of the particle to 
increase by a factor exp 1 is about 36 years. The nebula is full of cosmic ray 
electrons which decay, due to radiation by the synchrotron process, in a period 
of about 200 years. If a fraction of the nebula is filled with hydromagnetic 
waves capable of returning the lost energy in a period of 36 years then the supply 
of high-energy electrons could be maintained at the observed level. 


The theory of hydromagnetic wave packets provides a single explanation 
for the magnetic field of the nebula, for the light wisps, and for the cosmic rays. 
It also removes a difficulty met by Ginzburg, Pikelner, and Shklovsky (1955), 
who found that, while supernovae seemed to provide concentrations of cosmic 
rays, the statistical process during expansion would be expected to decelerate 
particles and so cause the removal of cosmic rays. In turn this may remove an 
objection to the widely known theory that most galactic cosmic rays have their 
origin in nova and supernova explosions. On the present interpretation of 
conditions in the Crab nebula the theory would be changed somewhat: the 
acceleration process continues for long after the explosion in the region between 
’ the star and its receding shell. If as many cosmic ray protons as electrons were 
created, their total energy would now be about 10% ergs and might be much 
more in the future. If this were average for all supernovae it might provide a 
fair proportion of all galactic cosmic rays. 


One difficulty remains that the Fermi acceleration greatly favours protons 
above electrons. If the initial velocities are not relativistic then the protons 
gain energy some 2000 times faster than the electrons. Furthermore, the 
protons do. not lose so much energy by radiation. The difficulty might be 
overcome by an injection mechanism which gave the electrons more kinetic energy 
than the protons. 
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VIII. THE GENERATION OF THE MAGNETIC FIELD 

If the conclusions of Section IV are accepted, then magnetic lines of force, 
complete within the interior of the nebula, are being (or have been during much 
of the life of the nebula) created in the form shown schematically in Figure 2 (a). 
The total magnetic energy is about 1048 ergs and the average rate of generation 
therefore about 3 x 10°’ erg sec+. This is more than 104 times the energy output 
of the Sun and corresponds to one average nova explosion (1045 ergs) every 
year or so. Such an enormous quantity of energy must have its origin in nuclear 
processes, presumably within the central star. Thus, in addition to the initial 
explosion, the star would have experienced a more or less “ steady explosion ”’ 
during at least a part of its lifetime. This phenomenon is probably occurring 
at the present time, the evidence being the light wisps and the continuing supply 
of radiating cosmic ray electrons throughout the nebula. As shown above, the 
light ripples seen may indicate a considerable flow of magnetic energy from the 
central region. 

The introduction of fresh complete loops of magnetic field into the central 
region seems possible in only one way: by a continual stretching and spinning 
of existing loops. The process is illustrated, in part, in Figure 2 (b), where the 
central region is assumed to rotate in a clockwise direction. Since div H=0 
everywhere, the line of force shown must be completed somehow. Its path will 
be through the shell and the star and then either through another spiral wound 
in the opposite direction or by a more direct path between star and shell. Two 
opposed spirals placed together will start to annihilate one another but the 
process is soon stopped by the development of a layer of gas between them which 
is more or less impervious to the field and separates its two components. In its 
simplest form the whole model would comprise an initial, relatively weak, axially 
symmetric poloidal field (say a dipole field) in the star before it exploded. After 
the explosion, lines of force would link both shell and remnant and differential 
rotation would cause two toroidal fields to be formed. 


Without a source of energy providing a torque to maintain rotation the 
spinning central configuration would soon slow down. The energy must be 
provided by nuclear reactions which result in particles being ejected along more 
or less radial lines of magnetic force. A suitable twist in the magnetic field 
allows this energy to be utilized and also to provide the required momentum to 
counteract the tension of the magnetic lines of force. This problem has been 
solved in a two-dimensional case and will be discussed elsewhere. The total 
magnetic energy is about 1048 erg and the total material within the nebula is 
perhaps 109g. If all this (and no other) material had been used in the above 
manner to create magnetic from kinetic energy, and if the efficiency of the process 
had been, say, 50 per cent., then each particle emitted must have had energy 
of about 2x107eV. This does not seem unreasonable and the corresponding 
energy after the process (1x107eV) would alleviate the difficulty mentioned 
in the previous section, that protons and other heavy ions would be accelerated 
too efficiently to cosmic ray energies. The speed of rotation of the central 
configuration may be roughly estimated on the assumption of an initial field 
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of say 1000G at the surface of a star the size of the Sun. The field needs 
amplifying by a factor 108, needing 108 revolutions in 900 years or one revolution 
in 5 min.* 
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* Note added in Proof.—The recent demonstration of non-conservation of parity raises an 
interesting possibility. Unstable nuclei, aligned in a cosmic magnetic field, could create fresh field 


as a disintegration product. If particular ions were ejected in preferred directions this would 
result in fresh electric current and magnetic field. 


THE EFFECT OF REMANENT MAGNETIZATION ON 
AEROMAGNETIC INTERPRETATION 


By D. J. Surron* and W. G. Mumms* 
[Manuscript received July 1, 1957] 


Summary 


The interpretation of aeromagnetic maps when the source may be approximated 
to a point dipole or line of dipoles is considered for the general case in which the dipole 
moment is not necessarily parallel to the Earth’s magnetic field. For the line of dipoles, 
it is shown that even in this general case the depth and location of the source can be 
found, and in addition the direction of the component of the dipole moment in a plane 
normal to the line source may be determined. If the K6nigsberger ratio for the rock 
constituting the source is large, this is approximately the direction of the remanent 
magnetization. Such information is important from a palaeomagnetic viewpoint. 
When the source approximates closely to a point dipole, it is not possible both to locate 
the source and determine the direction of the dipole moment from an analysis of the 
aeromagnetic map and the solution of the problem requires further information. 


I. INTRODUCTION 

Since the development of the ‘‘ flux-gate ’ type of total intensity magneto- 
meter as an airborne instrument, large areas have been surveyed using this device. 
Interpretation of the resulting data in general is difficult, mainly because of the 
ambiguous nature of all potential fields and the complex (usually) shape of the 
body of material producing the anomaly. Procedures for interpretation have 
been developed by various authors. 

Vaequier et al. (1951) have calculated the magnetic effects of rectangular 
prisms of different sizes extending downwards indefinitely and for various 
magnetic latitudes, and the method of interpretation consists of comparing the 
observed anomalies with the computed data. Zietz and Henderson (1956) have 
devised a method for the experimental determination of the contours of magnetic 
prismatic models and, since any irregularly shaped body may be approximated 
by the correct arrangement of rectangular prisms, the field may be obtained by 
superimposing the appropriate contour maps. 

Smellie (1956) has modified and extended the work of Henderson and 
Zietz (1948) on elementary approximations, and four cases are considered in 
which the source of the anomaly is approximated to a point pole, line of poles, 
point dipole, and line of dipoles respectively. In each case factors are calculated 
which, when multiplied by the distance from maximum to half-maximum value 
along the anomaly profile, give the depth of the source. Also the lateral dis- 
placement of the anomaly maximum from the point immediately above the 
source is given in terms of the depth so that the location of the source is fully 
determined. These simple approximations are more applicable to the problem 
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often encountered in mining geophysics of shallow bodies of limited extent, 
whereas the prism models of Vacquier et al. (1951) and Zietz and Henderson 
(1956) are useful in the interpretation of surveys of sedimentary basins where 
the anomalies are due to susceptibility contrasts in the basement complex. 

In both of these approaches to the problem of interpretation, two fundamental 
assumptions are made. The first is that the anomalous field is small, in which 
case the component of the total intensity anomaly in the direction of the total 
field (Earth’s normal field plus anomalous field), which, in effect, is what the 
airborne magnetometer measures, may be taken as the component in the direction 
of the Earth’s normal field. If this simplification is not made, a theoretical 
solution to the problem is virtually impossible. 

The other assumption is that the polarization of the magnetized body is 
in the direction of the Earth’s field. While this assumption is true in many . 
instances, it is now known, mainly from palaeomagnetic studies (e.g. Nagata 
1953), that bodies of igneous rock do exist in which the remanent magnetization, 
usually acquired when the rock cools through its Curie point in the Earth’s 
magnetic field at that time, is of the same order as or larger than the induced 
magnetization and not in the same direction. The vector sum of the remanent 
and induced magnetizations, i.e. the total magnetization vector, for such rocks 
will differ significantly in direction from the present Earth’s field. 


In this paper, following Henderson and Zietz (1948) and Smellie (1956), 
four types of source are considered—point pole, line of poles, point dipole, and 
line of dipoles—and an investigation is made of the effect that variation of the 
direction of the total magnetization vector has on the component of the anomalous 
magnetic intensity in the direction of the Earth’s field, i.e. the effect it has on an 
aeromagnetic map. Consideration is also given to the inverse problem of whether 
or not it is possible to gain from aeromagnetic maps any information concerning 
the direction of remanent magnetization of the body producing the anomaly. 
This, of course, would be of great interest from a palaeomagnetic point of view. 


II. Pornt POLE AND LINE OF POLES 

If remanent magnetization other than in the direction of the Earth’s field 
is absent, a narrow, steeply dipping body extended in depth will approximate to 
a point pole at high geomagnetic latitudes. If the remanent magnetization is 
large and is not in the direction of the Earth’s field, the point pole approximation 
becomes less satisfactory, and, as the direction of the total magnetization vector 
moves further away from the vertical, the source becomes a steeply dipping line 
of dipoles. If the magnetic body is reversely magnetized so that the total 
magnetization vector is approximately opposite in direction to the Earth’s 
field, then the approximation to a point pole will again hold but the resulting 
anomaly will be negative instead of positive. 

Similarly, a narrow vertical dike which approximates to a line of poles at 
high geomagnetic latitudes tends to become a vertical sheet of dipoles as the 
direction of the total polarization vector moves further away from the vertical. 
The field approximates again to that of a line of poles if the rock is reversely 
magnetized, and the anomaly is negative. 
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III. Line oF DIPorzs 
Consider now a line of dipoles with a total moment per unit length P in 
any arbitrary direction. The potential is given by 2(p.r)/r?, where p is the 
projection of the vector P on a plane normal to the line of dipoles and r is displace- 
ment from the source in the same plane (the field is obviously the same for all 
such planes). Thus the component in the direction of the Earth’s field, F, of 
the anomalous field produced by the line of dipoles is 


AT = —2f,.grad {(p.r)/r?}, 


where f, is the unit vector in the direction of F. 
This may be written 


AT =2p{2(fo-T)(Po-To) —(Po-fy)}/7?, 
_ where ry is the unit vector in the direction of r and p, is the unit vector in the 
direction of p. 


# x 
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(a) (b) 
Fig. 1.—Coordinate system showing the direction of (a) the Earth’s 
normal field F and (b) dipole moment per unit length P for a source 
consisting of a line of dipoles striking along the X-direction. 


AGNETIC 
NORTH 


Considering the northern hemisphere and the Z-axis vertically downwards, 
suppose the line of dipoles strikes along the X-axis and makes an angle |) with 
magnetic north, then, if the line of dipoles is parallel to the plane of observation 
(the XY-plane) and at depth z= below the plane, 


f,=i cos I cos )+j cos J sin ) +k sin I, 

Po=j cos 9+ kK sin 9, 
where J is the angle of dip of the Earth’s magnetic field, 9 is the angle between p 
and the Y-axis, and i, j, and k are unit vectors in the Y, Y, and Z directions 
respectively (see Fig. 1). 
Also for a profile along the Y-axis 

Tyo=(jy—kC)/r and r?=y?+C?. 
Then 
AT =(2p/r?){2(y cos I sin | —C sin I)(y cos p —f sin ¢)/r? 
—(cos » cos J sin )-+sin ¢ sin I)}. 
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If y is expressed in terms of the depth of burial, i.e. y=at, then 


AT=(2p cos I sin | cos o)f(a)/C2, ........00. ce eeeceee (1) 
where 


Hla)={(a? —1)(1—q tan 9) —2a(q+tan 9)}/(1+a%)%, ..... (2) 
q=tan I cosec vp. 


4 ¢ = 60° 


¢.= ARC TAN (2/¥V3) 


> 3 
=3 


~=60° 


Fig. 2.—Profiles along an axis normal to a line source of dipoles for different 

directions of the dipole moment per unit length. @ is the angle between 

the Y-axis and p, the component of the dipole moment per unit length in 

the plane normal to the line source. (I[=45°, J=60°, ice. q=2/4/3.) 
AT in units of 2Qp/t2. 


Variations in g thus change the Shape of a profile along an axis perpendicular 
to the line source as is shown in Figure 2 (for I =45°, )=60°). 
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If the dipole moment is parallel to the Earth’s field the direction cosines 
of the projection of the dipole moment in the YZ-plane are cos o=cos I sin p/cos 0, 
sin o=sin I/cos 0, i.e. tan ¢=q, where @ is the angle between the Earth’s field 
and the YZ-plane. Then, since p=P cos 0, equations (1) and (2) become 


AT =2P cos? I sin2 v fi(a)/C, 
where 


Sila)=((o*—1)(1 —9") —4og}/(1 to?) 2.6... (3) 


This is the expression given by Smellie (1956). 


From equation (3), factors k and k’ may be determined which are such that 
the depth to the source may be given as C=ky=k'y’, where y is the distance 
from the anomaly maximum to the half-maximum value in a northerly direction, 
y in a southerly direction (in the northern hemisphere). These directions are 
reversed in the southern hemisphere. The half-maximum distance ratio 7/7’ 
and %, the displacement of the peak of the anomaly from a line vertically above 
the source may also be determined. Smellie (1956) has calculated these various 
factors for different values of J and | and expressed his results as a family of 
curves. Thus, since in any practical case J is known and y can be determined by 
inspection of the aeromagnetic map, the values of the various factors appropriate 
to the particular problem can be read from the family of curves and hence the 
location and depth of the source can be found. 

In the general case when the total dipole moment is not necessarily in the 
direction of the Earth’s field (equations (1) and (2)) the factors mentioned above 
depend for a given value of J and bt) (i.e. fixed g) on the value of 9, e.g. Figure 3 
shows these factors as a function of ¢ when g=2. a is considered positive if the 
peak of the anomaly is displaced in the northerly half-plane. For values of 9 
other than those shown, the anomaly is a low and the peak will be negative. 
If this is taken into account then, since tan (180-+¢)=tan 9, the factors for 
angles (180+ ¢) will be the same as for 9. Since the half-maximum distance 
ratio may be read directly from the aeromagnetic map, the corresponding value 
of may be found from such a graph showing y/7' as a function of » (for the 
appropriate value of q). Total intensity depth factors and peak displacement 
(e.g. from Fig. 3) then yield depth and location of source. 

Thus, if we have a source that can be represented truly by a line of dipoles, 
both the location of the source and the direction of the component of the dipole 
moment in a plane normal to the line source can be determined. In practice, 
of course, the difficulty lies in knowing when, in fact, the source can be truly 
represented by a line of dipoles. A comparison between the observed profile 
and a theoretical one obtained from equations (1) and (2) using the known 
value of q and the value of » determined as above would decide whether or not 
the approximation were a good one. 

From a palaeomagnetic point of view, even in the case of a perfect source, 
the problem remains unsolved, since there is still no information about the 
direction of remanent magnetization. The direction of the component of the 
total magnetization in a plane normal to the line source and the direction of the 
induced magnetization are known but any information concerning the direction 
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of the remanent magnetization requires a knowledge at least of the ratio of 
intensity of remanent magnetization (J,,) to intensity of induced magnetization 
(J;). This ratio is called the Kénigsberger ratio and in general for igneous rocks 
has values from 2 to 10 although sometimes it may be much greater and for a 
few cases is slightly less than 1 (Nagata 1953). For rocks with a high 
Kénigsberger ratio the direction of J,, is very nearly that of the total magnetiza- 
tion, so that the above analysis would yield approximately the direction of the 
projection of J, on a plane normal to the line source (except when the total 
magnetization vector is almost in the direction of the line source, in which case 
the projection of J, and J; in a plane normal to the line source will be of the same 


is = ARC TAN (—2) 


30° 50° 7o° 90° 110° 130° 150° 170° 190° 


Fig. 3.—Depth factors k and k’, half-maximum distance ratio 
y/n’, and peak displacement a as functions of @ for a line of 
dipoles source when g=2. 


order). If the K6énigsberger ratio is low then no further information can be 
obtained, since the ratio of the projections of J, and J; on the above plane will 
be in general quite different from the Kénigsberger ratio J,/J;. .In no ease is it 
possible to learn anything about the component of J, in the direction of the 
line source. 


IV. Pormnt DIPOLE 
In the case where the source may be approximated to a dipole of moment p, 
the field at a point distant r from the dipole is given by 
—grad {(p.r)/r9}. 
The component of this anomalous field in the direction of the total field F of 
the Earth is 
AT= —f).grad {(p.r)/r°}, 


where f, again is the unit vector in the direction of F. Then 


AT =p{3 (fp. 9) (Po-To) —(fo-Po)}/7°. 
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Again considering the northern magnetic hemisphere, take the Z-axis vertically 
downwards and the Y-axis in the direction of magnetic north. If the X Y-plane 
is the plane of observation and the dipole is located at z=, then 

T= (ia +jy —kC)/r. 
Also 

f,=j cos [+k sin J, 
and 

Po=i sin 6+j cos 0 cos 9 +k cos 6 sin 9, 


where @ is the angle between p and the YZ-plane and 9 is the angle between the 
Y-axis and the projection of p on the YZ-plane, i.e. the direction cosines of p are 
sin 9, cos 8 cos ¢, and cos 6 sin ¢ respectively (see Fig. 4). 


Zz 


Fig. 4.—Coordinate system showing the direction 
of the dipole moment p for a source consisting of a 
point dipole. 


Thus 
AT =(p cos 6/r?){3(y cos I —Z sin I)(x tan 0+ cos »—€ sin ¢)/r? 
—(cos tT cos o-++sin I Sin -—)}. «wee esse ens (4) 


If w and y are expressed in terms of the depth of burial, ie. y=a¢ and =f, 
this becomes 

AT=F(aB\p cos 0/68, 6. cee ee eee e cee et eee eee rene (5) 
where 


F(a8)=(Ao?+Ba8 +08?+Da+HB +F)/(1+a?+B7)°?, .. (6) 


and A=2cosI cos g—sin J sin 9, 
B=3 tan 0 cos I, 
O=—(cos I cos o+sin J sin 9), 
D=-—3(cos I sin g+sin I cos 9), 
H=—83 tan 0 sin J, 
F=2 sin I sin p—cos I cos 9. 
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(1) If the dipole moment p is in the YZ-plane, i.e. 9=0, but gl then 


F (a6) becomes 
(Ao? + Do +F+OB2)/(1 +02 +82)5?. 


Thus symmetry exists about the Y-axis, indicating that the anomaly maximum 
is situated somewhere along the Y-axis. For such a profile, @=0 and the 
expression for AT becomes 


ATS Ry pitS,. i ocak eee aa ae eae (7) 


where 
fo(a)={a? (2 cos I cos p—sin J sin ~)—3« (cos J sin ¢ 
+sin I cos 9) +2 sin I sin ¢—cos I cos o}/(1+«?)°/? .. (8) 


In particular when p is parallel to the Earth’s field, i.e. p=J, 


AT =f, («)p/C°, 
where 
fa(a)={a2 (3 cos? I —1) —6a sin I cos +3 sin? J —1}/(1+-a?)*/2. 


This is the value of AT given by Smellie (1956) (equations (24) and (25)). Since 
equations (7) and (8) represent a meridional profile through the anomaly 
maximum, it is possible to determine, for any given value of J, the way in which 
the various factors (total intensity depth factors etc.) depend on the angle 9. 
Then by measuring the half-maximum distance ratio on the aeromagnetic 
map, the corresponding value of » and hence the depth and location of the source 
could be determined in the same way as for the line of dipoles. 


(2) In the general case when p does not lie in the YZ-plane, the problem 
is more difficult, since the peak of the anomaly is no longer over the Y-axis. 
If a and ( are the values of « and 6 at the peak of the anomaly, then («, {) 
is a solution of 

OF (a, B) _ oF (x, 8) 
In general it is not possible to solve these two equations for «, and 8), and therefore 
to locate the peak of the anomaly it is necessary to draw a series of profiles in 
the vicinity of the peak. The location is given approximately by 


OF (a, 0) _ oF (0, 8) 
Aor =0 and 28 


The amount of work therefore involved in calculating a profile through the 
anomaly maximum is considerable and, furthermore (for fixed J), the shape of 
the profile depends on @ and ». Thus, if the location of the source is not known, 
solution of the problem requires a knowledge of the direction of the dipole 
moment. The coordinates of the peak of the anomaly can then be determined. 
This locates the origin on the aeromagnetic map, which is vertically above the 
source, and a meridional profile over the source gives the depth (as in the 
following). 
When 6=0, equation (4) becomes 


AT =f,(a)p COS 0/02, San), Selene ee (9) 


==(), 
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where f,(«) is given by equation (8). This means that the shape of a profile 
along the Y-axis (i.e. a meridional profile over the source) is independent of the 
value of 0 (Fig. 5). Thus it would be possible to draw graphs showing the various 


4T 


= Gye 
¢=120° 


¢=60° 


Fig. 5.—Curves showing profiles along the meridian passing over a dipole 
source for different @ (I=30°). In this case the shape of the profile is 
independent, of 0. AT’ in units of p cos 0/C. 
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factors as functions of o (appropriate to that particular profile). If, therefore, 
such a profile were known (which in turn means that the point in the plane of 
observation vertically above the source must be known), both the value of 9 and the 
depth to the source could be determined in the same way as for the line of dipoles 
source. 

A profile along the X-axis («=0) will vary with both @ and ¢ (assuming 
I fixed), since AT then becomes 


g(B)p cos 6/%%, 
where 
g(8)={—B? (cos I cos p+sin J sin ¢) —38 tan 0 sin I 
+2 sin I sin p—cos I cos p}/(1+f)®. ........ (10) 


@= ARC TAN 1 


@= ARC TAN 2 


Fig. 6.—Profile along a line normal to the meridian and passing over a 
dipole source, for different 0 (p=150°, J=30°). AZ in units of p/ 7. 


If » has been determined (JZ fixed) then g(8) will depend only on 9, e.g. 
Figure 6 shows the way in which A7 changes with increasing 8 (p=150° and 
I=30°). Thus a graph showing any of the factors (this time measured along a 
profile normal to the meridian and passing over the source) as a function of 0, 
would allow 0 to be determined. 


Thus, if the point in the plane of observation vertically above the source is 
known, both the depth to the source and the direction of the total magnetization 
vector can be determined. If, then, the Kénigsberger ratio is known for the 


type of rock constituting the source, the direction of the remanent magnetization 
may be found. 
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V. DISCUSSION 

The application of elementary approximations of the type above is neces- 
sarily limited because in general the body producing the anomaly is complex in 
Shape or too extensive to be represented by a point or a line source. When 
Such approximations can be applied, previous authors have shown how measure- 
ments along a meridional profile (or in the case of a line source, a profile normal 
to the source) yield the depth and location of the source, on the assumption that, 
for the point dipole or line of dipoles, the moment is in the direction of the Earth’s 
field. 

If the direction of the dipole moment (i.e. the direction of the total magnetiza- 
tion vector) is not necessarily parallel to the Earth’s field, the problem is more 
difficult, since another variable has been introduced. In spite of this, the analysis 
above shows that, for a line of dipoles, the depth and location of the source 
can still be determined and, in addition, the direction of the component of the 
total magnetization vector in a plane normal to the line source. If the K6nigs- 
berger ratio is large this will approximate to the direction of the component of 
‘remanent magnetization. If the ratio is small, little information of interest 
from a palaeomagnetic point of view can be obtained. 


For problems in which the source can be represented truly by a point dipole 
and the total magnetization vector is parallel to the Earth’s field, the peak of 
the anomaly is displaced from the point vertically above the source in a meridional 
direction and a meridional profile through the anomaly maximum does in fact 
pass over the source. In the general case the peak is displaced in some arbitrary 
direction depending on the orientation of the dipole and analysis is virtually 
impossible without further information. Both the depth to the source and the 
direction of the dipole moment can be determined from a meridional profile and 
one at right angles to the source, both passing over the source. Again it should be 
stressed that these elementary aeromagnetic approximations and an analysis of 
the above type are applicable only to the interpretation of those anomalies 
where the approximation to point dipole or line of dipoles is a good one. In 
all cases the ultimate check lies in a comparison of the actual profile with that 
calculated to arise from a dipole (or line of dipoles) at the depth and orientation 
determined by such an analysis. 
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DISPERSAL OF DUST PARTICLES FROM ELEVATED SOURCES 
II. LIMITATIONS OF THE APPROXIMATE THEORY 
By G. T. CSANADYT 
[Manuscript received July 1, 1957] 


Summary 


This paper forms a continuation of a previous one (Csanady 1955) wherein Sutton’s 
continuous point source equations were extended to the case of heavy particles of 
uniform free falling speed. The solution obtained there was an approximate one ; 
limits of validity are discussed in detail in the present paper. This discussion is preceded 
by a generalization of the earlier solution and two charts are presented to aid calculation 
of the “ mirror image multiplier ’’, the basic function of the approximate theory. 


I. INTRODUCTION 

In a previous communication (Csanady 1955) an approximate expression 
was derived for concentration and deposition rate of particles of uniform free 
falling speed f, discharged from an elevated, continuous point source into a 
horizontal wind. The method of derivation was, however, not sufficiently 
rigorous to establish the validity of the solution and no experimental evidence 
seems to be available for comparison. Substitution of the derived expression 
into the differential equations of turbulent diffusion (Batchelor 1949) shows in 
fact that the former is not an exact solution. It will be shown in the present 
paper that the solution is approximate but that it is likely to be useful in a certain 
class of practical problems, notably in estimating dust fall from a tall chimney, 
when the dust plume is flat (i.e. nearly horizontal). 

Another improvement on the earlier result would be to consider more 
general forms of the standard deviation function and to allow the ‘“ chimney ” 
height to vary with distance in order to take into account the possibility of 
thermal rise. These tasks present no difficulty and will be carried out below. 
To render the practical application of the theory still easier, it is also possible 
to draw up charts for the computation of the “‘ mirror image multiplier ” as a 


function of suitably defined non-dimensional variables. Two such charts are 
presented below. 


II. GENERALIZATION OF THE EARLIER SOLUTION 
Given that the effective chimney height h(#) may increase with distance, 
the mean height above ground level of a dust cloud of uniform free falling velocity 
f, in a horizontal wind of speed w, will be, at a distance x from the source, 


2* —h(x) —fa/u. 


+ New South Wales University of Technology, Wollongong College, Wollongong, N.S.W. 
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Where a given “ streamline” (or rather mean-path-line) reaches ground 
there is a vertical component of mean velocity, in addition to the bodily drift 
velocity f of the cloud, 


ge Gone ab 
ae . oan = aa 
RU IE) CNR UN ete aes (2) 


(dashes denote differentiation with respect to @). 
By the reasoning given in the earlier paper we find for the ground level 
value of the mirror image multiplier 


Aw 
~ of Aw oite) (e/intaliettel bi tsftel te Helio te tel’s: antal wits Tatas traitel fer ele (3) 


i) 
Combining the last two equations we find the result 


(hu —fx) . o;/o0,—uh’ 
0 OF (hu —fu) ‘ o/o,—uh" erate ecwicy oie On Cepieo 


Equation (4) now allows for thermal rise and arbitrary standard deviations. 
In order to calculate « it is necessary to assume some particular function for the 
standard deviations. On theoretical grounds it seems objectionable to extra- 
polate Sutton’s formulae to large distances. It is possible, however, to fit a 
standard-deviation formula based on an exponentially decaying Lagrangian 
correlation coefficient to Sutton’s numerical data and use the*resulting expression 
for extrapolation. This approach is not new; it has been pointed out by the 
referee of this paper that Inoue (1952) stated the standard deviation equation 


in the following form : 
o2=297r)[7—2,(1—079)], ee seen (5) 


where g,=—gustiness in the vertical, 
Y=sceale of turbulence. 


Sutton derives his numerical values from diffusion parameters measured 
at 100 m from the source. On the same basis the numerical values of equation (5) 


become 
L=80 m, 


g.=0-085. 


Equation (5) with these numerical values has been used in drawing up the 


charts presented below. 
Taking first the case of constant ‘‘ chimney ” height, i.e. of a horizontal gas 


plume, h’=0, and introducing the nondimensional variables, 


APL fa, 


equation (4) may be transformed into 


1 4a al | al is 
Sie a ees 5d . (6) 
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which is represented in Figure 1. To find values of a with an inclined gas plume 
it is convenient to use the results in Figure 1 and draw up a subsidiary chart to 
find a “ modified” multiplier «%,, valid for a given inclination of plume. It 
is thus possible to recast equation (4) into the following form : 


where B=wh’'/2f and a is the value obtained from Figure 1, i.e. with a horizontal 
gas plume, but for identical XY and Y. Equation (7) is represented in Figure 2. 


——}— A —_—_ f+} | 
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Fig. 1.—Chart to facilitate computation of the mirror image multiplier a for 
horizontal plume. X and Y are non-dimensional distance variables. 


In industrial dust clouds conditions are of most interest at the point where the 
centre of the plume reaches ground level. Here we have «0, so that the 
mirror image term may be ignored in a first approximation if the gaseous plume 
is horizontal. However, if there is a thermal rise, 


om, e= —B/(1—8), Oro Oncor ceca, cd (8) 


where com, ¢i8 the value of a%,, at c=hu/f, so that, taking into account the definition 


of 8, 
1 -+-ccpm, c= 1 — (Gh [2h) | (9) 
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Thus one may take the reduction of deposition due to the inclined gas 
plume into account in a first approximation by simply applying the factor 
(1+ eom,c). Physically, the reduction is due to ‘“ stretching ”’ of distance elements ; 
the inclination of the gas plume causes the deposition to be distributed over a 
larger area and the amplitudes must be diminished to preserve continuity. 
The expression for dust fall rates is best written as 

paWh- +4) 5, (_ vt _ afa/u)?y sath 


: ao a3 oh Ghdete 
276 ,6,U ( 205 Tae | 


where W is the total rate of dust emission and «, is to be found from the charts 

presented here, once the three non-dimensional variables X, Y, and @ are known. 

The introduction of the factor %), which is a function of x, into equation (10) 

conflicts with the differential equations of turbulent diffusion. The reason for 

the discrepancy is that in the derivation of equation (3) (see Csanady 1955) 
DUOEN EOL Oey Os IS 


LOO OO OF OC oO oO : v & Aa 2 
Ys 


Aom: 
o-s 


fe) 
-O°-4 -O-3 =Or2 -O-1 ° O-3 O-4 O°5 0-6 
Fig. 2.—Correction chart for the mirror image Hass when plume axis is inclined. 


the transport due to a gradient in « has not been considered. It is in principle 
possible to rectify this but the resulting expression for ¢) becomes impracticably 
complex. A more fundamental mathematical investigation starting from the 
differential equations may some day yield an exact solution. As subsequent 
arguments will show, the present approximate theory should meanwhile be 
useful in certain practical applications. 


III. VALIDITY OF SOLUTION 
(1) Group-effect in Dust Clouds.—Mutual drag-interference at the concentra- 
tions encountered in chimneys is negligible. The average distance between 
particles is of the order of 100 particle diameters and the probability that two 
particles travel within a distance of 10 diameters is usually less than 1 per cent. 
(2) Even assuming h to be constant, the substitution of h—fa/u in Sutton’s 
(1953) equations in place of h/ is not a rigorous step. The conditions under which 
the approximation may be expected to hold can be investigated following the 
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method indicated by Sutton (1953, p. 136). For simplicity we discuss the - 
isotropic case and assume that the distance from the source is large enough for 
the Lagrangian correlation to be approximately zero: 


where K=v”.t), the limiting value of turbulent diffusivity, with v? the mean 
square turbulent velocity fluctuation, f, the area under the Lagrangian correlation 
coefficient, and ¢t, is the centre of gravity of the same area. Equation (11) is 
best deduced from Kampé de Feriet’s form of Taylor’s well- known theorem 
(see e.g. Batchelor 1949). 

If there is a steady horizontal wind and a uniform downward drift, the 
cloud emitted at t’ at c=y=z=0 will at time ¢ be centred at 


e=malt—t), y= 0, cS f(0—E 2 Fa tae wes (12) 
By the method indicated in Sutton’s book one finds, after integrating over all 
the smoke-puffs, 


cortege flee-nfr48)'—L(erbe) 


at seperti 3) 


where 
: L=ut., 
ro= a? +y? +22 + (u2+f2)t's —2 (uw —fa)t, 


It is now easily verified that, provided 


iat and yt+(e-tfn,|)? 1, 


Cea ge gi ton (14) 
the above expression reduces approximately to 
Wie y*? +(z+fa/u)*) 
Sida ee) a anemic rac si speioieees (15) 


which is of the type used in the author’s previous paper and equation (10) 
above. Substitution into the differential equation of turbulent diffusion 
(Batchelor 1949) shows that the physical interpretation of this approximation 
is neglect of diffusion along wind, which is valid at large distances from the 
source and for a flat dust plume, according to the conditions just found. One 
may thus expect that when there is a thermal rise, dh/dz must also be much 
smaller than unity for the same kind of expression to be valid. 


(3) The introduction of a multiplier «(«#, z) disturbs the flux between what 
have previously been streamlines and may also conflict with continuity in the 
sense that the total dust deposition might appear higher than the emission. 


Investigating continuity first, we have for the total deposition after 
integrating equation (10) 


Wf P1+% REE E h) 
a/ (27). U4 Sz exp | — 


tae hea KS 


ee 
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which has here been set equal to the emission W. Equation (16) may be written 
as 


1 co 
Jal _Mexp (— pd yaa Le Race tet A see Gee ape (17) 
where 
fiu 
ee a °° fa alom 
fuju—h 
EWA/os; 


Equation (17) will be satisfied, for example, if M=1-+odd powers of p. 
If we assume h’—0 for simplicity, with equation (4) M may be reduced to 
M =1/(1—Bp)=1+Bp+Bp?+. . ., ........-. (18) 
with 
B=(1/V/2)ozulf. 


Close to the source o,=g., while at large distances, using an asymptotic 
formula such as equation (11), one obtains 


g.| Loulf , 
B=# lee ST ee (19) 


The integral in equation (17) will now contain a term, 4B?, and in order 
to satisfy continuity it is necessary that B?<1. Substituting the value of B 
from equation (19) and ignoring 2, against w=hu/f (i.e. against that distance 
where the centre of the dust plume reaches ground level, which owing to the 
previous condition on the ‘“‘ flatness ’’ of the dust plume should indeed be large) 
we have the required condition 


SlCr GeMg[she ce caiscecie ner vecnes (20) 


Closer to the source we should have f/u>>g,, which would often be difficult 
to satisfy, hence the need for a “ tall” stack. 

Disturbances in flux are likely to be most important near the centre of the 
dust cloud as the latter reaches ground level. Here the approximate theory 
shows a concentration of ¢,. (1+), with ¢, the concentration due to the simple 
term alone (not including the mirror image term in equation (10)). In deriving 
an expression for « the balance in vertical transport has been considered, 
ignoring, however, transport due to a gradient in « It is possible to take this 
gradient into account in writing down the transport balance equation (see the 
author’s previous paper, p. 548 on) but the resulting equations are excessively 


complicated. 
Near the point of maximum deposition streamlines are nearly straight and 


have the inclination f/u. One may thus write 


eS Be ae ee ae (21) 
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since one may assume that « is constant along a streamline, see the author’s 
previous paper. From equation (4), assuming h’=0 and using the asymptotic 
behaviour at large w of c,, one finds, ignoring 7, and #, against 2, 


at w=hu/f, the centre of the dust cloud. 
The transport due to a gradient in « is 


Bee Kade ee (23) 


where K,—4do?/da, turbulent diffusivity. This must be small compared to the 
transport due to the free fall velocity f (at the centre of the dust cloud, %—0) : 


Cf SK OPER cae swe ee ee ne (24) 


using the results in equations (21) and (22). Substituting the asymptotic value 
of the diffusivity, K,=g2ua, we find again 


Slusgritofdh, wecceecccccccceecees (25) 


which is identical with equation (20). Using the numerical values quoted in 
connexion with equation (5) we may write (h in metres) 


f/w>1-16/8h. 


For a 50m chimney, for example, the limits of validity of the approximate 
theory are 


1>f/u>0-003. 
In practice one could take perhaps 
0:25>f/u>0-01, 
which often covers an important range. 
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A METHOD OF HEATING MATTER OF LOW DENSITY TO 
TEMPERATURES IN THE RANGE 105° TO 106 °K 


By F. B. Knox* 
[Manuscript received August 8, 1957] 


Summary 


A method of confining fully ionized gases entirely by means of an oscillating electro- 
magnetic field is described. The gas is heated by eddy currents induced in it IY the 
oscillating field. 


The special case of hydrogen of density 2-5 x1017 atom/m? at a temperature of 
4x10°°K is treated in detail. It appears practicable for the method to maintain 
hydrogen in this state indefinitely. 


I. INTRODUCTION 

If gas of controlled composition could be held steadily at temperatures 
greatly exceeding 104 °K an interesting field for experimental research would be 
open. In particular it would facilitate investigation of the properties of multiply 
ionized atoms and make possible the duplication of some conditions existing in 
stellar atmospheres. Current research into the feasibility of constructing fusion 
reactors adds further interest (Thirring 1955). 

At the temperatures and densities considered here, viz. 10° to 10° °K and 
101” to 1018 atom/m, the gas would be almost fully ionized, and its temperature 
could be maintained by electromagnetic induction. In order to avoid excessive 
heat loss it is necessary to hold most of the heated gas away from all solid material, 
and this might also be achieved by electromagnetic means. 

One method of obtaining temperatures of the order considered here has 
recently been published (Kurchatov 1956). It appears to require less power 
to confine gas at a given pressure than the method described here, but does not 
confine it in steady, stable equilibrium. It is thought that for general experi- 
mental work with rarefied gases, the method proposed here would be more 
flexible. 


II. DESCRIPTION OF METHOD 
It is proposed that the configuration of conductors and fields take the form 
of a spherical, conducting shell with a core of ionized gas at its centre, as indicated 
in Figure 1. In the cavity between shell and core, standing electromagnetic 
waves are maintained. Pressure on the core is due to the radiation pressure 
of the standing waves. The pressure on the core can be calculated by considering 


* Dominion Physical Laboratory, Department of Scientific and Industrial Research, Lower 
Hutt, New Zealand. 
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the force exerted by the electromagnetic field (oscillating in several modes, as 
will be discussed later) on electrons in the gas. 


It is inherent in this method that the pressure exerted on the core surface 
varies between zero and a maximum value with a frequency twice that of the 
oscillating field. Assuming that it would not be convenient for the gas to 
occupy a volume of linear dimensions much greater than 1m, the field must 
have a sufficiently high frequency to allow the core surface to move through a 
distance only very small compared with 1m in the time between zero and 
maximum pressure. For hydrogen at a temperature of 10° °K, if the linear 
dimensions of the core are not to fluctuate more than a few centimetres, the 
minimum frequency is of the order of 10° c/s. 


MAGNETIC ELECTRIC 
LINES LINES 


POLAR] Axis 
Fig. 1.—Form of the H,), mode. 


As a first step we select a field configuration suggested by the form of a 
low frequency field which can support a liquid conductor against its weight 
(Okress et al. 1952), and examine the pressure exerted on the surface of the inner 
sphere of two concentric conducting spheres by this oscillating field between © 
them. The field, described in equations (2), and its lowest mode illustrated in 
Figure 1, consists of electric lines which are circles centred on the polar axis 
and in planes normal to it, while the magnetic lines lie in planes through the 
axis, run close to each surface of the cavity, and loop over near the axis. 


Let E be the electric and H the magnetic vector, w the angular frequency 
of the field, c, the permittivity, and u, the permeability of free space. 
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The mathematical formulation of the oscillating field is obtained from the 
general equation describing a field resonating in a cavity (Bracewell 1947, 
pp. 137-8). 

VIE + e9u.E=0, | 
Coat Gh Mio. Cimcah o.oo mate (1) 
H= re x E. | 

In terms of spherical polar coordinates (r, 0, @), the lowest mode of a field 
which is symmetrical about the coordinate axis and which has an electric com- 
ponent only in the azimuthal direction (9), is the Hj), mode (Lamont 1942) 
obtained from the general equation for the Hj , modes :* 


Ey =0, 

He =0, 

Ly =Awpyr){53, o(wr/c) \byS apa wr/e)} sin 0 exp (jot), 

i Art Ta core) ee wr/e)} cos 6 exp (jot), sa {2) 


Hg= =—jar as eer ip (aa wr/¢e) +7J_3, 2(wr/e)} sin 8 exp (jot), 


H.=0, 
where y, a constant, and w depend on the boundary conditions, and A, a constant, 
depends on the amplitude of the field ; ¢ is the velocity of light and t the time. 
The pressure on the ionized core of the resonator may be derived by con- 
sidering the interaction of the magnetic component of the oscillating field with 
the induced current flowing near the surface of the core. If | Hg| be the root- 
mean-square amplitude with respect to time of Hg, and P the time-averaged 
pressure on the core at a point in the vicinity of the element, then, 


PA Hal erg aan Rese ee coe (3) 


If the core is not specified, a lower limit only may be set to the total power 
dissipation ; it is that dissipated in the shell. It is (Bracewell 1947, pp. 153, 
123) 
W= 19035 | | H [gener oe ete (4) 


where 5, is the skin depth in the shell, and the integral is taken over the whole 
surface of the shell. 
The boundary conditions require, 
SP aa 
By, SO ne tip eae (5) 
When equations (2), (3), (4), and (5) are combined the following expression 
is obtained, for the relation between pressure on the core to heat dissipated in 


‘the shell: 
2 


ee (orc) +yI—s, s(orie)| a 


oe oe oO Z 
W, 8nabod, lar (or|e) +yI-s, Corie) 
f= 
where b is the shell radius. 


* This class of mode is denoted by Hy »y, where n and m refer to the angular, and y to the 
radial distribution of field. 
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If the field impedance* of the ionized gas is very small compared with the 
intrinsic impedance of free space it will satisfy to a good approximation the 


boundary conditions given by equation (5). . 
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Fig. 2.—Amplitude of the electric field of the Hj), mode for 
W,=6 x 104 W, v. distance from the core centre. 


For a copper shell of radius b=1-5 m and core of radius a=0-5 m, equations 

(2); (5), and (6) yield, in the #H,,, mode, o=1-04x10° sees, y—0-S16, 
,»=0°513X10-5m (Bracewell 1947, p. 123), and P/W,—0-696x10-* 
sin? @ Nm-? W-1. The mean value of P/W, over the core surface is 


MAGNETIC FIELD (103 A/M) 


O-7 o:8 0:9 
RADIAL DISTANCE (mM) 


Fig. 3.—Amplitude of the magnetic field of the H,),; mode for 
W,=6x10* W, v. distance, from the core centre. 


10 


0-46 x10-*Nm-?W-!. The mean value of P equals the pressure of a gas of 
5 x10!” particles/m? at 4x105°K when W,=6x10!W. The amplitudes of 
EH, and Hg are plotted in Figures 2 and 3. 


Owing to the variation of pressure over the surface, as given by equation (6), 
a gaseous core would not be in equilibrium. Consider now three resonant fields 
each giving a sin? 0 pressure variation, exerting the same mean pressure over the 


* With hydrogen at a temperature ~4 x 105 °K, this is at least true for an electron density 
~2-5 x10" m- and field frequency ~3 x 108 sec-1. | The electron collision frequency with other 
particles (Spitzer 1956, p. 82) is very much less than the field frequency, therefore the field 
impedance, H,/Hg (Booker 1947), can be obtained by considering a single current-carrying 
electron. Its velocity, Ug, can be expressed in terms of Ey or Ho, and if Vg is eliminatel between 
these two expressions the field impedance can be obtained. 
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surface, and having their respective axes, 0=0, mutually perpendicular. Let 
their frequencies be all different such that in a time not longer than the inverse 
of the difference frequencies only negligible movement of the core surface occurs. 
The total time-averaged pressure on any point on the core surface is the sum of 
the pressures independently exerted on that point by the component fields. 
The total pressure is 

P, =P, (sin? 6,-+sin? 0.+sin? 0,)=2P,, ........ (7) 


as Cos 0,, cos 0,, cos 0; are the direction cosines of the point considered referred 
to three mutually perpendicular axes. P, is the time-averaged pressure exerted 
by a component field at points on the core surface where §6=4n, and is constant. 
The conditions above can be satisfied when the three component fields are the 
Fy, Hig2, Hy, modes (Lamont 1942). 


The configuration is now an equilibrium one and the question of its stability 
must be considered. 


III. STABILITY 
(a) Change of Core Size 

If the cavity always oscillates at the resonant frequencies of the modes 
used, the equilibrium is unstable against change of core size. It can be made 
stable if the cavity is driven to oscillate at frequencies slightly higher than the 
resonant frequencies. In this case, if the core volume increases, the resonant 
frequencies increase and become more nearly equal to the driving frequencies, 
thus allowing the component field intensities to increase, which tends to reduce 
the core volume. 


(b) Change of Core Shape 

In the following the stability of the core against small changes of shape 
is discussed. The change in pressure distribution over the core surface is 
evaluated only in the case of the simplest distortion associated with a single 
H,), mode. To each of equations (2) is added a small term which satisfies 
equation (1) and the shell boundary conditions. The core shape which is 
needed to satisfy the remaining boundary condition is then found and finally 
the magnetic field at the core surface. 


In equations (2) let all factors 
—{I3; 2(or/¢) +yI-s;(@r/c)} sin 0 
be replaced by 
d 
—{J3, o(@r/e) +7I_g, o(@r/c)} sin 0 +-a{J7, 2(wr/c) +y'I-7/2(or/e)} aoe? (cos 9), 
where «<1 and 
J7;2(@b/¢e) +y'I—2po(wb/e)=0. «-. eee eee (8) 


Equations (2) now describe the Hoy modes for a core whose surface is described 


b 
“ jifest Pyle AU) Fas ee os Dancin (9) 
where 

Jr 2(CMg/C) +YI—g7 9(@Ap/C)=0, veer reece ee eee (10) 


570 . F. B. KNOX 


and h(<a,) is obtained from 
Blo (Gy +-) = Ue oh» oie? cxtee nen £11) 


The magnetic field intensity over the core surface can be expressed as 


He(r)=Holdg)-- (0), oe pee ee eee (12) 
where k<Ho(a). 
On expanding equations (11) and (12) and neglecting all terms of order 
higher than the first in h/d, «, 


k h G)Ag J3/2(@M/C) ++I 7 3/2(wd,/e) £ Sea ame .s* 
mma My © | Te/o(coay/e) +yT"sj2(@a,le) ~ Iz/2(@ao/e) +y'I—7/2(@a/e) 

ttn ashe 3 eae ee (13) 
Equation (13) was evaluated for the cases b=1-5 m, a>=0°32, 0-50, 0:55, 


0-7, 1-03 m, and gave [k/{Ho(a,)}]/[h/a)] positive for a7<0-66 m, and negative 
for a)>0:66m. This shows that for the simple-distortion of core shape con- 
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ASSOCIATED WITH 
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Fig. 4.—Form of the H,), mode for the distorted core shown. 


sidered above, where a,<0-66m the field intensity increases where the core 
surface moves outwards and decreases where it moves inwards from the 
equilibrium spherical shape; and vice versa for a,>0-66 m. 


The change of field intensity during distortion of the core can be broken 
into two parts: (i) change in the overall field pattern of the type illustrated in 
Figure 4, which becomes negligible for small enough cores, and (ii) local change 
in the field near the core, which is independent of core size. 

In Figure 4 it is seen that, near where the core surface moves outwards, 
magnetic lines are removed from the space between core and shell. Therefore, 
where the surface has moved out, pressure on it should decrease, leading to 
instability when (i) predominates. When (ii) predominates, the core should be 
stable against general changes of shape, for the magnetic lines can be considered 
to resist bending, the net effect of which, together with the tendency for the 
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pressure to remain constant throughout the core, is to keep the curvature of the 
‘Surface and the lines adjacent to it constant. That is, the core tends to return 
to its equilibrium spherical shape after any distortion from it. The result 
of the detailed calculation given above indicates that the ratio of core radius 
to shell radius does not have to be excessively small for (ii) to predominate ; 
less than a number of the order of 0-4. 


(c) Change of Core Position 
Stability against change of shape implies stability against change of core 
position, which can be looked on as a special case of change of shape. It should 
therefore be possible to support a core of finite weight. 


IV. HEAT BALANCE IN A HYDROGEN CoRE 

A particular case is taken for more detailed study. The shell has a radius 
b=1-5m and is of copper. The core has a radius a=0-5 m and is of hydrogen 
at a temperature 7—4x10°°K and a density n=2-5 x10!" atom/m?. In 
all of the following discussion only the H,,, mode is treated, but the general 
conclusions should be valid for the combination of Hy ,, Hyy2, Hy3 modes. In 
order that the field pressure balance the hydrogen pressure, the power dissipated 
in the shell must be W,=6 104 W. 

The size is taken as large as would be practicable, in order that near the 
centre of the core the confining current be as small as possible. It will be shown 
later that neutral hydrogen has to exist in appreciable density outside the core. 
Near the centre of the core the density of neutral hydrogen will also be smaller, 
the larger the core size. However, smaller apparatus should be capable of 
yielding useful results. 


(a) Radio-frequency Power Dissipation in the Core 

The root-mean-square current per unit length in the core surface, which 
terminates the oscillating field, is | Hg |,-.. Its magnitude can be calculated 
using equations (3), (6): it is 2-09 x10 A/m. 

The magnetic field does not excessively bend the electron paths at the core 
surface,* therefore an expression given by Spitzer (1956, pp. 50, 51) can be 
used to calculate the depth at which the field is reduced to 0-368 of its intensity. 
at the surface. The depth is 5=1-0610-?m. Current distribution in the 
core surface can be approximated by a uniform layer 1-06 x10-?m thick and 
of current density 1=1-97 x 10° A/m?*. 

Resistivity of the core material can be calculated from the following 
expression (Spitzer 1956, p. 84) 

Wee CPO a STGINE SADT) aM cous tonei nee 0 (14) 


where In A is a slowly varying function of 7 and m (Spitzer 1956, p. 73). In 
the present case 7=3-61 x10-§ Qm. The expression is based on the assumption 


* In the worst deviation from the assumption that the electron paths, associated with motion 
due to the current, are straight lines, the electron only traverses 20 per cent. of a complete circle, 
so the effect should not make any appreciable difference to the order of magnitude calculations 


performed here. 
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that the electron energy associated with the current is small compared with 
its thermal energy. Here, this assumption is not strictly valid, as the two 
energies are comparable, but the result obtained, although too high, should still 
be of the right order. 

The density of power dissipation in the core surface is yi?=1-4 x 10° W/m‘. 
The volume of the surface layer is 4na25=3-33x10-*m*. Therefore, the 
total power dissipated in the core is W=4-66 x10? W. 


(b) Heat Radiation from the Core 

Heat radiated from the core will now be calculated. It will be found to be 
many orders of magnitude smaller than the power dissipated in the core, so the 
following crude approximations are justified. 

For the bound-bound transitions, only the L« intensity is estimated. In 
estimating the order of magnitude of the density, N,,, of atoms in the 18 state, 
only the transitions ionized—+1S and 1S—ionized are considered. The values 
given by Jefferies (1953) for the rate of these transitions were extrapolated to 
T=4x105 °K and used to determine N,,. For the order of magnitude of the 
density, Vp, of atoms in the 2P state, only the transitions 1S-+2P and 2P—+18 
are considered. The value for the rate of 1S--2P was obtained by the extra- 
polation of Jefferies’ values, and the rate of 2P—+18 from a value given by 
Giovanelli (1949). The above yields 


Ny5=3°13 X10-’n (m-), 
N op=1-32 X10-22 (m-%). 


The total rate of transitions 2P—>1S is 6-°32x108N,,, and the energy 
radiated per transition is 1-62x10-8J. The volume of the core is 
4ra?/3=0-523 m%, therefore the power radiated in the Le line is approximately 
0-44 x10-3 W. 

For free-bound radiation only the Lymann continuum is considered. Using 
a formula given by Giovanelli (1949), the total power radiated is found to be 
1-62 x 10-% W. 

The power radiated in free-free transitions was calculated from a formula 
given by Woolley and Stibbs (1953, p. 236) and is 2-95 x10-3 W. 


(c) Heat Removal from the Core 

It is seen that power radiated from the core is negligible compared with 
power dissipated in it. Therefore in order to obtain steady conditions some 
other means of energy removal must be provided. 

One method of increasing power loss from the core.is to place a metal surface 
in contact with it. Protons impinging on the surface acquire electrons, and, 
as neutral atoms, leave the core. Electrons also flow into the surface, and 
maintain its charge constant. The neutral atoms give rise to a gas of hydrogen 
in the space between shell and core, and this permeates the outer part of the 
core. Their reionization in the outer part of the core makes up for the loss due 
to recombination at the metal surface. 

Let the metal surface take the form of a spherical cap coinciding with part 
of the core surface. (It could be supported by a dielectric post without excessive 
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modification of the oscillating field.) It will be assumed that a proton, having 
arrived at the metal surface, captures an electron, with emission of radiation, 
and rebounds as a neutral atom with kinetic energy equal to the kinetic energy 
of the impinging proton. The lifetime against ionization of a hydrogen atom in 
the core is approximately 10-‘ sec,* therefore most of the neutral atoms escape 
from the core and collide with the shell. 

The above assumption is justified as follows. If the hydrogen atoms are 
absorbed on the cooling surface for some time before being ejected, their velocity 
of ejection should be small (as the surface would be kept at only a few hundred 
degrees centigrade), and most of them would be reionized in the core before they 
could escape. In this case the core energy loss per atom would be slightly lower 
than, and heating of the surface would be about double that in the previous case, 
but the density of molecular hydrogen would be much less. The assumpton 
made in the preceding paragraph, therefore, defines the worst case, and this will 
be treated in more detail. 

If the proton temperature equals the electron temperature (4105 °K), 
the energy lost to the core per neutral atom formed is 3k7 (k is Boltzmann’s 
constant) plus the ionization and molecular dissociation energy per atom, the 
total amounting to 1-9x10-17 J. In order to remove energy at the rate of 
4-66 x 103 W the collision rate of atoms with the cooling surface must therefore 
be 2-45 x 10?° sec-t. 

However, the proton temperature could be much lower than the electron 
temperature ; if this occurs the gas pressure in the core is about half of the value 
previously dealt with, and the field pressure, and therefore the power dissipation 
in the core, must be reduced to about half of the previous values. Energy lost 
to the core per neutral atom formed is also about half of the previous value, so 
that the turnover of protons and the neutral gas density remain the same. 

It is seen that a low proton temperature does not radically alter the operation 
_of the device, and for the time being it will be assumed that the proton and 
electron temperatures are equal. The relation between proton and electron 
temperatures will be dealt with in the concluding section. 

In a layer of ionized material adjacent to the cooling surface, conditions 
are very different from those in the main body of the core. The thickness of 
this layer is of the order of the Debye shielding distance (Spitzer 1956, Delt), 
approximately 10-4 m, which is negligible compared with the core rads. 

Using the Langmuir probe theory (Cobine 1941, Section 6.6 ; also Spitzer 
1956, p. 17) the potential across the layer adjacent to the cooling surface is found 
to be of the order of 40 V, and the flow of protons to the surface 
3-84 1022 m-2sec-!. The area of the surface in contact with the core must 
therefore be 6-38 10-3 m?. This is 0-2 per cent. of the core surface area. 

The neutral atoms are assumed to form a gas of molecular hydrogen at the 
shell temperature. If this temperature is taken to be 400 °K (it may have 


+ Extrapolation of Jefferies’ (1953) table for ionization rates, to T=4X10° °K gives the 
rate of 1S—>ionized as 4+8x10-14 N,.n (m-* sec™?). Therefore the rate for a single atom is 
4:8 x10-"4n (sec-1). On inserting the value of n, the mean life of the atom is found to be 
0-833 x 10-* sec. 

Aj 
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to be above 110 °C to prevent the formation of cuprous hydride), the rate of 
arrival of hydrogen at the core surface is (Roberts 1940, p. 71) 5-15 x'102y 
(molecule sec-! m-2), where v is the molecular density of the neutral hydrogen 
far from the core. This rate multiplied by the surface area of the core must 
equal the rate of loss of hydrogen from the core. This gives the density as 
v=0-76 X10!” molecule/m?. (The corresponding pressure is 3-1 x10-* mm Hg.) 


The velocity inwards of molecules at the surface is 1-03 x10 m/sec. With 
a mean life against ionization in the core of 0-833 x 10-4 sec* the mean depth of 
penetration is approximately 0-09 m, which is small compared with the core 
radius. 


(d) Power Flow into the Cooling Surface 
An upper limit for the power flowing into the cooling surface is obtained 
by assuming that all the energy lost to the core is given initially to the surface. 
This yields a power density for energy flowing from the core into the surface of 
7-30X105 W/m?. If the cooling surface coincides with part of the outer surface 
of the core, there will also be energy flowing into it from the field; the rate is 
0:15 x105 W/m2. The total rate is 7-45 x10° W/m?, which is not excessive. 


V. EFFECT OF NEUTRAL HYDROGEN 
(a) Power Loss from the Current-carrying Layer 

At the core surface the density of neutral hydrogen is half of the value far 
from the core. The presence of neutral gas of density 0-76 1017 atom/m® 
in the current-carrying layer gives rise to extra dissipation, due to ionization 
and scattering. 

At a great distance from a hydrogen atom the electrostatic fields of its 
component electron and proton cancel. Therefore, only ‘ close’? encounters 
of a current-carrying electron with the bound electron-proton pair are important, 
and the mean free path for large-angle deflection is an order of magnitude lower 
than that for ‘‘ distant’ encounters, which are the main cause of power dissipation 
by current flowing in a fully ionized gas (Spitzer 1956, p. 68). 

The extra power flow into the core, due to the presence of neutral hydrogen 
at an atomic density less than the density of protons in the core, is small compared 
with the flow (4:66 x10% W) assumed when calculating the density of neutral 
hydrogen. The results obtained will therefore not be much upset by these 
secondary effects, and the general picture should remain valid. 


(b) Power Loss due to Charge Exchange, Excitation, and 
Dissociation in the Core 
The presence of neutral hydrogen in the core gives rise to energy loss via 
charge exchange, for in this process a neutral H atom having the kinetic energy 
of a H* ion is formed. This energy is then lost to the core. (The worst case 


occurs when the proton temperature is a maximum, i.e. equal to the electron 
temperature. ) 


* See footnote on p. 573. 
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For thermal energies, the mean free path for charge exchange near the core 
surface is greater than twice the value to be used later, viz. 41-5m. This leads 
to an estimate of the power loss, via charge exchange, of less than 0-584 x 103 W, 
which is small, but not inappreciable compared with 4-66 x 103 W. 

Excitation and dissociation, by thermal electrons, of neutral molecules: 
flowing into the core can result in loss of thermal energy. An upper limit to 
the rate of loss can be obtained by assuming that all the energy lost by the 
electrons, other than that needed for ionization, is lost to the core. On extra- 
polating to 4 x 10° °K the values given by Jefferies for the 18—>ionized transition 
rates, the upper limit to the rate of loss is found to be 0-7 x 103 W, which is again 
small, but not inappreciable compared with 4-66 x10? W. 


(c) Ionization between Core and Shell 
For an electron outside the core, the time-averaged force tending to drive 
it inwards can be calculated using Figures 2and 3. Also, the electron is oscillating 
in a direction perpendicular to the radius vector, and centrifugal force arising 
out of the curved electric field tends to move it outwards. The net inward force 
is plotted in Figure 5. 
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Fig. 5.—Time-averaged, radial force inward on an electron, due 
to the oscillating electromagnetic field, v. distance from the 
core centre. Corrected for centrifugal effect. 


In order to escape, an electron at the core surface has to move through a 
region in which there is a time-averaged force tending to drive it back to the core- 
The integral of this force with respect to radial distance represents an energy 
barrier which an electron at the surface has to surmount in order to escape from 
the core. It is 4:04x10-1° J. 

The more massive protons have a much smaller barrier, viz. 2:20 x10-18 J. 

The mean thermal energy is 8:28 10-18 J. Therefore very little leakage 
of electrons is likely, but there is no insurmountable barrier to most of the 
protons. However, as the protons escape, negative electrostatic charge builds 
up until the rates of escape of electrons and protons are equal. The equilibrium 
potential difference, Vy, between core and shell and the final escape rate can be 
calculated using kinetic theory formulae (Roberts 1940, pp. 63-5). 

The magnitude of V, is found to be 1-41 x 10* V, and the fractional rate of 
escape of material from the core is of the order of 10-1” sec™, which is quite 
negligible. The excess electrons are distributed just outside the core and are 
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part of a general distribution of electrons and ions between core and shell, which 
will now be considered. 

Electrons or protons which in some way have arrived in the space between 
core and shell are accelerated by the field present. They are eventually driven 
out of this space, but while they are there they can ionize the neutral hydrogen 
present, and ionization may build up. However, the limiting electron and ion 
densities and ionization rate are not sufficient to appreciably modify the situation 
treated earlier, which leads to the maintenance of a stable core, as is shown in 
Appendix I. 


VI. ESTABLSIHING THE CORE 

The inward radial force exerted by the oscillating field acts directly mainly 
on the electrons. However, as the electrons move, a space charge field appears 
which tends to hold electrons and ions together. Changes in the distribution of 
ionization are brought about by the forces acting on the electrons effectively 
acting on the ions as well. If a force of the order of the forces considered here 
is applied to a hydrogen ion, the ion will move over a distance of the order of the 
linear dimensions of the ionized region (1 m, say) in a time of the order of 10~® see. 
In this time there are some 10? cycles of the field, so it is legitimate to consider 
only the time-averaged forces exerted on the ions. 

The time-averaged force on electrons and ions in a central region of linear 
dimensions somewhat greater than 1m (with or without a core present) has an 
inward radial component. Ions and electrons produced in this region will tend 
to accumulate towards the centre. Outside of the region ions and electrons will 
be driven to the shell where they recombine and replenish the neutral hydrogen. 


The numbers of ions and electrons in the central region where they are 
accumulating will be approximately equal. Recombination will limit the 
process when the recombination rate equals the ionization rate. The limit 
at any point near the centre is reached at the earliest (since accumulation of 
ions which have been produced further out is neglected) when 


an®=Cn. 


¢, the rate of production of ion pairs per electron, can be taken as 3 x10? sec-1 
(see Fig. 9), since the initial neutral gas density is not much higher than the 
‘density of the neutral gas when the steady state has been reached. 

The field becomes appreciably attenuated in a distance comparable with 
the linear dimensions of the region from which ions are accumulating when 
m=4-5<1014m-* (Spitzer 1956, pp. 50, 51). 

At this stage an <13-5/sec<3 x 108/sec, the value of f, so that recombination 
is not yet limiting the ionization build-up. Attenuation of the field towards the 
centre allows the electron temperature there to drop, and the field to compress 
the embryo core, which extends over the region from which ions are accumulating. 
‘This can proceed until recombination becomes appreciable, when equation (16) 
yields n=10'7m~*, and the corresponding temperature needed for the core 
pressure to equal the field pressure is 7=106 °K. (The value adopted above for ¢ 
‘is valid for electron energies down to about 400 eV, which corresponds to a 


ATTAINING TEMPERATURES OF THE ORDER OF 106 °K BUT 


temperature not far above 10°°K.) «, the recombination coefficient, is less 
than 3 10-4 m$ sec-! (Persson and Brown 1955). 

The minimum size of the above accumulation of electrons can be estimated 
by taking the total number of ions in the region from which they were collected 
and finding the volume in which they would give the above limiting value of n. 
The linear dimensions of the region from which ions are being collected is of the 
order of 1m; assume it to be a sphere of radius 0-5 m. The ion density initially 
is of the order of 4-5 x 10'4 m-%, so that in order to bring the density up to 101? m-3 
the sphere must shrink to a radius of 0-08 m. The neutral gas density is appreci- 
ably attenuated inside the core in a distance of this order, so that a true core 
has been formed. 

The values of n and 7 in the small core are close to the equilibrium values 
for a larger core and the small core should therefore grow in size (preserving 
roughly constant n, 7) until it makes contact with the cooling surface and 
equilibrium is established. 

Not much faith can be placed in any details of the above picture of the 
establishing of the core, but it appears that the field is adequate to form a core 
as well aS maintain it. Starting may involve nothing more than filling the shell 
with hydrogen at the appropriate pressure (3-4 x10-*mm Hg at 400 °K for 
equilibrium n=2-5 x10!7 m-3, T=4 x 10° °K) and switching on the field, always 
keeping the driving frequencies just above resonance, however. 

The rate of ionization per electron is approximately 3 x103/sec. If the 
build-up starts from one electron ion pair, the time needed for an embryo core 
to form is of the order of «/3 x10 sec, where 2*=4-5x104. That is, the time 
needed is of the order of 0-016 sec. 

In order to make a rough estimate of the time needed for the embryo to 
cool, assume that the excitation rate into the first excited state of hydrogen 
is comparable with the ionization rate. The rate of loss of energy by radiation 
is then obtained by multiplying the number of electrons present by the rate per 
electron, of ionization of neutral hydrogen, and the energy loss due to radiation 
from the excited state. The rate of loss is 1-2 W. The total energy contained 
in the embryo is found by multiplying the number of electrons present by their 
average energy. Taking the average energy as 1 keV (see Fig. 7), the total 
energy is 0-038 J. The time needed for the embryo to cool, and a true core to 
form, is therefore of the order of 0-03 sec. 

The time needed for the core to reach full size can be estimated by dividing 
the number of atoms in a full-sized core by a mean rate of flow of neutral atoms 
into the core. The mean rate of flow can be found by multiplying the inward 
velocity of neutral hydrogen molecules by the atomic density of the neutral 
hydrogen and a mean area for the growing core. The time needed for the core 
to reach full size is of the order of 10-* sec. Finally, therefore, the core should 
become established in a total time of the order of 0-1 sec. 


VII. CONCLUSION 
The temperature and density of the core need not be limited to the range 
considered here. In the main the limiting factor is the maximum pressure which 
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the field can exert, which, in practice, would be determined by the power generated 
at the appropriate frequencies. In practice, the pressure considered here could 
be obtained, but it is near the limit. 

Keeping the above pressure constant, a lower limit to the temperature of 
the core is set by the power which would be dissipated in it. The limit can be 
taken where dissipation in the core becomes comparable. with that in the shell, 
for, if the dissipation were much greater, oscillators at present available could 
not give enough power to maintain the field. 

Ln A is a slowly varying function of 7 and n (Spitzer 1956, p. 73), so to a 
good approximation y»«T-3’. At constant pressure iocd-tocn'/? (Spitzer 
1956, pp. 50, 51) and nocT-!. Therefore the power dissipated in the core is 
Ana®Syi2cT-2. Thus at 7=10° °K the power dissipated in the core would be 
7-5 x104 W, so that 10° °K would be approximately the lower limit of temper- 
ature attainable for a core of density 101% atom/m*. Lower temperatures are 
attainable, however, at lower densities or with smaller cores. 

The upper limit to temperature would be set by the difficulty of maintaining 
a low enough density of neutral hydrogen for steady state running. A core of 
temperature. 4x105°K and density 2-5 1017 atom/m* requires a density of 
neutral hydrogen corresponding to a pressure of 3-1x10-®mm Hg at 400 °K. 
This low pressure should be attainable in a cavity of the dimensions considered 
here, but the required pressure becomes lower, and therefore more difficult to 
attain, as the core temperature (at constant core pressure) is raised, being 
1-2 x10-7 mm Hg at 400 °K when the core has a temperature 10’ °K and density 
101° atom/m5. 

After the steady state has become established, most of the hydrogen towards 
the centre of the core is completely ionized. Conditions at the centre, however, 
are not strictly the same as if the core were immersed deeply in a large amount of 
hydrogen at the specified temperature and density. The dilution of the radiation 
field would be very great, the density of the neutral atoms present, though small 
(about 10-3 of the density of the ionized atoms), would be considerably above the 
equilibrium density, and there would be fast ions from outside oscillating through 
the core, together with some small current due to the confining field. 


Furthermore, if only electron-proton collisions in the body of the core are 
important, the turnover of protons in the core is sufficiently fast so that the 
protons have only a few per cent. of the electron thermal energy. Although 
they might gain energy much more rapidly at the core boundary (Gabor, Ash, 
and Dracott 1955, p. 919) the proton temperature could not be guaranteed 
greater than 104 °K. Even if the proton temperature were as low as the value 
just given, the overall picture would not need serious modification. The main 
difference would be that the field pressure (and therefore the power dissipated 
in the shell) would be less by a factor of 2. 

For many purposes only the electron temperature is important, and in some 
cases a low ion temperature would be an advantage. For example, there would 
be a reduction of Doppler broadening of the light from bound-bound transitions 


occurring in the ions, and a reduction in energy spread of a beam of ions drawn 
from the core. 
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Finally, it should be said that, if a high temperature core were wanted only 
momentarily, and the field therefore pulsed, conditions could be very different 
from those considered here. In some cases the ion temperature could even go 
higher than the electron temperature. 
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APPENDIX I 
Limit of Charge Density between Core and Shell 
A stable distribution of excess electrons between core and shell would be 
such that the electrostatic field due to the excess electrons produces a force on 
any electron in the distribution equal and opposite to the time-averaged force 
due to the oscillating field, corrected for centrifugal effects. 


Let n, be the excess electron density at any point. Now 
Vd (on OF) (17) 


where E, is the electrostatic field due to the excess electrons. The electrostatic 
force must balance the time-averaged force due to the oscillating field, i.e. 


Oe et ae eS eS tee (18) 


E, is everywhere taken in the radial direction, as, near the core, F is approximately 
a purely radial force, therefore only the magnitudes of these vectors need be 


* Now of the Applied Mathematics Laboratory. 
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considered in equation (18). With a combination of three modes as discussed 
previously, the vector field of F would be approximately spherically symmetrical. 
On combining equations (17) and (18), 
cy Lae 
—@ 2 dr 


Ny 


and is solved using the graph of F versus r in Figure 5. The result is plotted in 

Figure 6. Loe 
Electrons in the space between core and shell oscillate about equilibrium 

positions* and ionize the neutral hydrogen present. The kinetic energy of an 


ELECTRON DENSITY (10'3 M7?) 
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Fig. 6.—Density of excess electrons, v. distance from 
the core centre. 


electron is oscillatory, being caused by both the oscillating electric component 
of the field and the fluctuating radial force on the electron. The mean kinetic 
energy was calculated using Figures 2, 5; and 6. It is plotted in Figure 7. 


The distance travelled in unit time by an electron oscillating sinusoidally 
is (4/7)+/(E&,/m), where & is its time-averaged energy. In the case here, the 
motion is approximately sinusoidal (since the contribution from the oscillating 
electric component is much greater than the contribution from the fluctuating 
radial force) and the distance traversed in unit time is plotted in Figure 8. 


The rate of energy loss for air at S.T.P. for electrons with the above energies 
was first obtained, using the table on page 8 and the equations on 


* The following treatment is valid, as the variation of position of an electron is small. The 
largest radial excursion of interest occurs at r=0-73 m, and is somewhat less than 0-01 m, which 
is small compared with 0-23 m, the range of distribution of ions and electrons. The largest 
excursion perpendicular to the radius vector also occurs at r=0-73m, and is 0:18 m, which is 
small compared with the circumference of a circle of radius 0-73 m. 
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pages 9 and 19 given by Wilkinson (1950). On multiplying by 0-2 
(the stopping power of hydrogen relative to air)* and the ratio of the number 
of hydrogen atoms present in unit volume of air at S.T.P., and dividing by the 


DISTANCE IN UNIT TIME (107 M/SEC) 
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ELECTRON KINETIC ENERGY (107!'° J) 


Fig. 7—Mean energy of oscillation of electrons, v. distance from the core centre. 
Fig. 8.—Distance traversed in unit time by an oscillating electron, v. distance from the 
core centre, 


energy absorbed per ion formed, the number of ion pairs produced by an electron 
per unit length of path is obtained. When multiplied by the path traced out in 
unit time by the electron, the rate of production of ion pairs per electron, C(r), is 
obtained. This is plotted in Figure 9. 


PRODUCTION RATE (1073 ION PAIR/SEC) 
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Fig. 9.—Rate of production of ion pairs per electron, 
vw. distance from the core centre. 


* The stopping power for 4H, relative to 4N, for 6 MeV «-particles is approximately 0+2 
(Livingstone and Bethe 1937, p. 272). That is (ibid., p. 263), 


2 
log (2mv,,/I;,) hoe 


7-22 log (2mvzIy) 


where v, is the velocity of the «- -particle and J,, and I, the respective average excitation potentials 
of a hydeceen and a nitrogen atom. Tae af y= 80° -5 eV (ibid., p. 267), yields [,,=15-6 eV. 

Electron energies of interest range from 10? eV to 10* eV, the relative stopping power then 
ranges from 0:28 to 0-18, so that 0-2 is a fair estimate. 
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The rate of production of ion pairs per unit radial length is now obtained 
by multiplying the number of electrons per unit radial length by ¢. This product 
is 4rr?n,C and is plotted in Figure 10. 

So far, no effect removing electrons from the ionizing region has been 
revealed. However, there is a mechanism which produces drift of positive 
ions into the core, and an equal number of electrons follows, if the equilibrium 
electrostatic field is maintained. The rate of drift and the effective densities of 
protons and electrons will now be calculated. It will be found that the overall 
situation requires no serious modification. 


PRODUCTION RATE PER UNIT LENGTH 
(10'7 10N PAIR M7! SEc™!) 
Ww 
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Fig. 10.—Rate of production of ion pairs per unit 
length, v. distance from the core centre. 


Positive ions, under the influence of the electrostatic field due to the excess 
electrons, are accelerated into the core, pass through it (as their mean free path 
is long compared with the core diameter),* are brought to rest on the other side, 
and are then accelerated back through the core, and so on. Owing to charge 
exchange the amplitude of oscillation decreases discontinuously with time, giving 
rise to a drift of ions into the core. 


The potential energy of a proton in the electrostatic field is plotted in 
Figure 11. For positive ions with this range of energy (up to 15-3 x10? eV) 
charge exchange is at least 10 times more probable than ionization (Keene 1949) 


*The mean electron velocity at T=4X105°K is 3-93 x10 m/sec. Together with the 
collision frequency (Spitzer 1956, p. 82), this defines a mean free path for large-angle deflection, 
1-55x10?m. The proton mean free path for large-angle deflection will also be approximately 
this value. 

Ions accelerated outside the core, and passing through it, have energies greater than the 
protons comprising the core, therefore 1- *55 x 10? m is a lower limit to the mean free path of these 
ions. The value is much greater than the linear dimensions of the core. 


ATTAINING TEMPERATURES OF THE ORDER OF 106 °K 583 


so that an ion generally will be very close to the core before producing an ion 
pair. In the following, ionization by positive ions is neglected. Recombination 
is also neglected.* Also the calculation is carried through only for H+ ions, 
but Hz ions behave much the same in exchange and ionization (Keene 1949), 
and their velocities in the electrostatic field will be not much different from 
those of the H+ ions. Therefore the conclusions should remain valid for a 
mixture of H+ and H; ions. 

Let the density of H+ ions with zero velocity at any distance r from the core 
centre be N(r). 


POSITIVE ION POTENTIAL ENERGY (107'° 4) 
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Fig. 11.—Potential energy of a singly charged 
positive ion in the space charge field, v. distance 
from the core centre (10-15 J =6: 25 keV). 


The effective charge in the region between 7, r+dr due to protons with zero 
velocity between r’'(7’>r) and r’+dr’ is : 
4dr 


192, / , 
A4rr’*dr’ N (r vor F) ap 


where 7(r’) is the period of oscillation of protons with zero velocity at r’, and 
v(r’, r) is their velocity at r. This effective charge will be balanced by electron 
charges, and the number of electrons contributing to the balancing between 
r, r+dr is aoe 
fa Ay’ AN 7" 
2 = Ss ee 20 
4nr?n,(r)dr srr | ror aa (20) 
where n,(r) is the density at r of these electrons, and 7, is the maximum value of r 
for which the proton distribution exists. Owing to the drift inwards of balanced 


* On using the values for electron and positive ion densities derived in this section and the 
recombination coefficient given by Persson and Brown (1955) (<3 x 10-14 m3 sec—!), neglect of 
recombination is seen to be justified. 
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charges, the proton distribution is controlled by the excess electrons, so that 7, 
is the maximum value of r for which the excess electron distribution exists. 
This is 0-73 m. 
The total rate of production of ions by electrons between r, r+dr is 
Ty \ 2 
4rrdr{n,(r) +n9(7r)}C(r) =4rcr?n, (r)E(r) dr +4nr |" a wake adr. 
eee pPerige. (21) 


These protons which appear in the region between r, r+dr have zero velocity. 


Let o(r’,r) be the probability per unit time spent in the region between 
r,r-+dr, of charge exchange at r by a proton with zero velocity at 7’. 


The probability per unit time of a proton with zero velocity at r’ exchanging 
charge between r,r+dr, is then 
4dr. a(r’, r) 
t(r’)o(r’, 7)” 
The rate of charge exchange between r, 7+-dr, due to protons with zero velocity 
between 7’, 7’+dr’, is therefore 
4o(r’, r)dr 
12 , {2 b] 
Arr’2N (r’)dr Sir jer ni 
The total rate of charge exchange between r,r+dr, due to protons with 
zero velocity at all points greater than 7, is 
1 ! t 
in| Pre il aka, Fe 2S 
: T(r" )v(r’, 7) 
A similar expression is obtained for the rate of charge exchange at all points 
less than r due to protons with zero velocity in the range r, r+dr. 
. The minimum value of.7 (7) can be taken as 0:45 m. 
If A(r’, r) is the mean free path for exchange between r,7+-dr, by a proton 
with zero velocity at 1’, 


Thus, in a steady state, 


OVE ek C(r) ee i aN Re 1 ; 
marl) + le uF (r’) lantern anit Nara ee 


To 


Ds ee (23) 


m, €, t, and v can all be derived from previous equations and figures, and 
A=41-5m (Keene 1949). These quantities were matched approximately by 
simple functions, giving the approximate equation for the steady state, 


0-646 x 1015(0 -73 —r) 
0°73 ; r\2 x! 
| wir(Z) eee ee 015 {(r’ —0-5)?—(r —0-5)?}-4 2] dr’ 


Tr 
r—0-45)(r—O-5) 
r—0-181 0, eee) wi ee a) fe) 6 lobe: ele cme fe fe fe some nen enel ie imlisitentn 


Sie (r)! 


*In equations (24) to (27) numerical values are in metre units. 
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Equation (24) can be solved iteratively. The solution to two terms of a 
series is 
(r —0-181)(0-73 —r) 


IE sie ak} 
(7) 23 X10 (r—0-Byr2 


{1-+0-105(0-73 —r)!23, 


(The maximum value of the second term is 1/18 of the ae Nir) is plotted 
in Figure 12. 
Now, from equations (20) and (25), 


73 (0-73 —1'){1 +0-105(0-73 —r’)1/23 
rely =—() “ 5)? —(r—0 Ppierase 


0: 
no(r)=0-783 x10 


r 


Between r=—0-51 and 0-73 m equation (26) was integrated graphically ; n,(r) 
is plotted in Figure 13. Between r=0-5 and 0-51 m the following approximation 
is made: 


. 13 . 4 
ee pn ees cosh ( 0-23 

Although the above treatment yields n,(r) tending to infinity as the core 
surface is approached, in fact the electron density distribution must merge into 
that of the core. However, when 4zr2n,(r), obtained from equation (27), is 
integrated with respect to r between the limits r=0-5 and 0-51 m the answer 
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Fig. 12.—4nr*dr x ordinate=number of protons which momentarily come to rest in 
the range r to r+dr. Abscissa is distance from the core centre. 
Fig. 13.—Effective proton density (n,) v. distance from the core centre. 


is finite. The integration gives the total number of electrons in the distribution 
n(r) between these limits, as 1-12 x10, which is negligible compared with 
7-85 1015, the number in the corresponding region (r=0-49 to 0-5m) just 
inside the core. In the region between r=0-5 and 0-51 m the electrons have 
energy of the order of the electrons just inside the core and are in much the same 
circumstances. The tendency (according to the previous treatment) of n,(r) 
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to go to infinity as r=0-5m is approached is therefore of little physical 
significance. 

The total electron density n,(r)+n,(r) reaches the critical value for the 
beginning of field attenuation, 3-4 1014 m-%, at r<0-51m and actually very 
close to r=0-5 m. 

The rate of flow of proton-electron pairs into the core is obtained by integrat- 
ing equation (21) between the limits 0-5 and 0-73 m. 

The integral was evaluated (in part graphically) and yielded the rate as 
1-05 x 101? sec-1, which is negligible compared with 2-45 x 10?° sec-1, the rate of 
flow inwards of neutral hydrogen atoms. 

To sum up, it can be said that the neutral gas present has a negligible effect 
on the oscillating fields and the flow of matter and energy into the core. 
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THE BOUNDARY CONDITIONS GOVERNING FLUID MOTIONS 
IN POROUS MEDIA* 


By J. BR. PHUIrt 


Further work has shown that the second of conditions (2.4) of a recent 
paper (Philip 19571), supposed to govern the potential distribution during fluid 
motion in a porous medium, holds only for the case of linear axial flow in tubes of 
general cross section. The stated condition implied that the equipotential 
surfaces intersected the fluid-solid interface (a stream surface) normally. This 
may be approximately true for all media, but it can be shown by reference to 
the ‘‘ complete ’ Stokes-Navier equation ((1.9) of Philip 1957) to be not exact 
in general. It follows that equation (2.8) and the thermal analogy (Section III) 
presented in that paper hold exactly for axial flow in tubes of general cross 
section, but are merely approximations when applied to more general media. 
Exact analysis for the general medium promises to be complicated and will not 
be pursued here. 

The exact solution given in Section IV remains valid, flow between parallel 
plates being a special case of axial tube flow. The rest of the paper is unaffected 
by the error. 

It will be noted that there is no analogue between the hydrodynamic potential 
® (as defined in Philip 1957) associated with (slow, steady) viscous flow and the 
electrical potential arising in the corresponding problem in electrical conductivity, 
even though both potential distributions are solutions of Laplace’s equation. 
The hydrodynamic equipotential surfaces do not necessarily intersect fluid-solid 
interfaces normally, whilst the electrical equipotential surfaces are normal to 
conductor-insulator interfaces. The equation is the same, but (some of) the 
boundary conditions differ between the two problems. 


* Manuscript received July 3, 1957. 
+ Division of Plant Industry, C.S.I.R.O., Deniliquin, N.S.W. 
+ Partie, J. R. (1957).—Aust. J. Phys. 10: 43. 


LATITUDE VARIATIONS OF FREQUENCY OF OCCURRENCE OF 
“ SPREAD-F ” SATELLITE TRACES* 


By R. W. E. McNicoty and G. G. BowMANty 


Night-time “‘ spread-F ” satellites, revealed as discrete extra traces of range 
greater than the main F'-region echo on ionograms (h'f records) have been recorded 
by McNicol, Webster, and Bowman (1956)t as part of the spread-F phenomenon 
at Brisbane. This report is an investigation of the relative frequency of 
occurrence of such satellites at different latitudes. 

Tonograms for a group of stations mainly in the northern hemisphere, but 
ranging south as far as Huancayo, were made available for examination by one 
of the authors at the National Bureau of Standards, U.S.A., by courtesy of the 
Bureau. No attempt was made to carry the analysis to higher latitudes than 
50° since this brought the stations into or near the auroral zone, and here the 
records were so much more complicated than, and so different from, the records 
of stations of lower latitude that it was felt that no useful comparison would 
exist between the two groups. The records examined were those for the complete 
month of January 1956 for which the average sunspot number was 70. No exact 
quantitative measure of the relative frequency of occurrence of F' satellites 
at the various stations was possible ; instead a count was made of the number 
of individual ionograms on which well-defined satellites were visible. This 
number was expressed as a percentage of the total number of frames examined. 
This gave an approximate measure of the proportion of the time for which range 
multiplicity was detectable at the particular station. It was not a measure of 
the number of separate disturbances in the ionosphere which produce range 
multiplicity at any given place, since any one disturbance, if large, might produce 
effects for up to 2 hr, and hence appear on up to eight frames (taken at quarter- 
hour intervals), whereas a weaker disturbance might give rise to satellites visible 
on one or two frames only. 


When the relative frequencies for these stations were plotted (as dots) as a 
function of geographic latitude, as has been done in Figure 1 (a), a very irregular 
distribution was disclosed. Specific serious inconsistencies exist ; for example, 
Washington and San Francisco, which have approximately the same geographic 
latitude, have very different numbers of satellites; also Panama, the station 
at’ which satellites were most frequent, fell between Talara and Huancayo, 
stations for which no satellites were observed in the month’s records examined. 


* Manuscript received August 13, 1957. 
j Physics Department, University of Queensland, Brisbane. 


¢ McNicot, R. W. E., Wesster, H. C., and Bowman, G. G. (1956).—Aust. J. Phys. 
9: 247. 
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When, however, the relative frequencies were plotted (again as dots) as a 
function of geomagnetic latitude, a skew, but reasonably smooth, distribution 
resulted, as shown in Figure 1 (b). 


The southern hemisphere analysis consisted of an investigation of the 
relative frequency of occurrence of the phenomenon at Townsville, Brisbane, and 
Hobart, as determined by all the ionograms for 1952, for which year the average 
Sunspot number was 31. The summer and winter results show no significant 


20° 40° 
GEOGRAPHIC LATITUDE (N. OR S.) 
P 


SATELLITE OCCURRENCE 
(PERCENTAGE OF TOTAL TIME EXAMINED) 
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Fig. 1 (a).—Satellite occurrence versus geographic latitude. 

Fig. 1 (b).—Satellite occurrence versus geomagnetic latitude. 

Stations used: Adak (A), Huancayo (H), Okinawa (O), 

Panama (P), Puerto Rico (PR), San Francisco (SF), Talara (T), 

Washington (W), White Sands (WS), Townsville (TV), Brisbane 
(BN), Hobart (HO). 


difference. These have therefore been combined and are shown plotted (as 
crosses) against geographic and geomagnetic latitude in the figures. The results 
are roughly consistent with those for the northern hemisphere group of stations, 
although it must be pointed out that no exact quantitative comparison between 
the dots and crosses is intended, owing to the different numbers of records involved 
in the two sets of results. 

Figure 1 (b) shows that the phenomenon of the occurrence of F, region 
satellites is most common in the range of geomagnetic latitudes between 

K 
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20 and 45°, i.e. at places where the value of the magnetic dip lies between about 
40 and 70°. At very low latitudes the phenomenon is almost non-existent. 
At geomagnetic latitudes near 50° the frequency of occurrence of satellites falls 
to a very low value; it is not possible to say from the present analysis what 
happens at latitudes greater than this. One curious feature noted was that, 
while the phenomenon hardly ever showed up on the first-order /, reflection at 
Washington and Adak, it was visible, on a number of occasions, on the second- 
order traces at those stations. 


The authors are indebted to the National Bureau of Standards and the 
Tonospheric Prediction Service for making their records available for analysis. 


THE THEORETICAL EVALUATION OF THE TOWNSEND COEFFICIENT 
a/p FOR HYDROGEN* 


By H. A. BLEviny{ and 8. C. Haypont 


Introduction 

The theoretical evaluation of the first Townsend ionization coefficient 
«/p (ionizations cm—! (mm Hg)-!) requires a knowledge of the precise form of the 
velocity distribution of electrons in the gas. -This distribution was determined 
theoretically by Morse, Allis, and Lamar (1935) for the particular case when 
only elastic collisions take place in the gas, but its form is not known for the 
more complex situation when inelastic collision processes also occur. For this 
reason theoretical calculations of the coefficient «/p, which were made some 
years ago (Emeléus, Lunt, and Meek 1936), were based on an assumed distribution 
of electron velocities and the subsequent comparison with experimental values 
used as a criterion for assessing the validity of any particular distribution. For 
the particular case of hydrogen, assuming a Maxwellian distribution of 
velocities, values of «/p were calculated as a function of the parameter 
E|/p (V em (mm Hg)-') throughout the range 13<H/p<155. These calculated 
values («,/p) were compared with those measured experimentally («,/p) by 
Ayres (1923) and the ratio «,/«, is shown graphically in Figure 1 (a). It can be 
seen that, whereas agreement between the calculated and experimental values 
is good for values of H/p> 30, there is a considerable discrepancy at the lower 
values of H/p. It is clear that as H/p is reduced a greater proportion of electron 
collisions must be elastic and for this low range of H/p Deas and Emeléus (1949) 
assumed an elastic collision distribution function based on the condition that the 
mean free path / is independent of the electron veloctiy wu. The agreement, 
however, was even less satisfactory. In hydrogen, a more valid assumption may 


* Manuscript received September 4, 1957. 
j Department of Physics, University of New England, Armidale, N.S.W. 
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possibly be that J/u is constant, but even under these conditions this same elastic 
distribution function reduces to the Maxwellian form already considered by 
Emeléus, Lunt, and Meek. There appeared to be no Satisfactory explanation 
therefore of the lack of agreement between theory and experiment at low values 
of E/p. ; 
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Fig. 1.—Ratio of calculated to measured values of « in hydrogen as 
a function of H/p. «,=experimental values of Ayres (1928) ; 
%,=recent experimental values (Rose, de Bitetto, and Fisher 
1956) ; %,= original calculated values of Emeléus, Lunt, and Meek 
(1936) ; «,—values of Emeléus, Lunt, and Meek, using values of 
drift velocity corrected for a Maxwellian distribution of velocities ; 
a,=values of a, corresponding to a 5 per cent. reduction in the 


mean electron energy. 


More recently, however, the Townsend coefficient «/p) (ionizations 
cm-! (mm Hg)-! at 0 °C) in hydrogen has been redetermined experimentally 
in several different laboratories for a wide range of the parameter H/p, 
(V em-! (mm Hg)-! at 0 °C) (see Blevin, Haydon, and Somerville 1957). As a 
result of these experiments it has been established that for values of H/p, in 
the range 50<H/p,<150 small quantities of the common gaseous impurities 
have little influence on the measured values of «/p,) and both recent and earlier 


KK 
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measurements (Ayres 1923) are in very good agreement. At lower values of 
E/p,<50, however, considerable differences occur between the two sets of measure- 
ments. It is therefore clearly necessary to reassess the theoretical values of 
a/p in this particular range and, in view of the fact that in hydrogen the particular 
assumption that J/u is constant is valid over an extended range of E/p values, 
it seems particularly desirable to establish the validity or otherwise of a 
Maxwellian form of velocity distribution. 


The Evaluation of ae/p 

The values of «,/p used in determining the ratio «,/«, for Figure 1 were 
calculated assuming a Maxwellian distribution and using the experimental 
data (Tate and Smith 1932) for the efficiency of ionization P(V). The expression 
for «,/p is then 


a, /p=1-23 Senay P(V).V. exp (—I-5V/V)dV, .... (1) 
V5 

where V is the mean energy of agitation of the electrons, W is the average 

electron drift velocity in the direction of the electric field EZ, and V; is the 

ionization potential. 

The mean energy V and drift velocity W were taken from the measured 
values of Townsend and his co-workers. In addition a correction term was 
applied to the mean energy V to allow for deviations from an isotropic velocity 
distribution. At low values of H/p, this correction was negligibly small and 
became appreciable only at the larger values of H/p). Before we can proceed 
to compare values calculated in this way by Emeléus, Lunt, and Meek (1936) 
with recent experimental determinations two comments are necessary : 


1. The values of V ‘and W quoted by Townsend were calculated from 
formulae which had not been corrected for a distribution of velocities. Conse- 
quently, in calculations of «,/p by the above procedure, correction must be made 
to the values of the drift velocity given by Townsend (Healey and Reed 1941). 

2. When comparing values («;/p) thus calculated with the measured values 
it is necessary to correct the latter to the temperature (15 °C) at which Townsend 
determined the drift velocity and mean energy. 


The effect of correction 1 is illustrated in Figure 1 (a) by the dashed curve. 


Comparison of Corrected and Recent Experimental Values of «|p 

Values of «/p measured recently (Rose, de Bitetto, and Fisher 1956; 
Blevin, Haydon, and Somerville 1957) have been used for comparison with the 
corrected values («,/p) and are shown as a variation of aja, with H/p in Figure 
Ti CRE 

The most striking feature of this variation is the absence of a maximum 
value at E/p~30, the ratio «/«, now decreasing monotonically with increasing 
E|p. This is particularly significant in that slight modification to the assumed 
Maxwellian distribution function itself and/or a small systematic change in the 
mean energy V (see Hopwood, Peacock, and Wilkes 1956) can now lead to better 
agreement with experiment throuphont the whole range of H#/p. In order to 
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estimate the magnitude of the change required in the mean energy V, am 


approximate expression 
(V6 =V;) 


may be assumed for the efficiency of ionization P(V) so that 
a/p=5 -48 x10’BW-1V°-5(V,41-33V) exp (—1-5V,/V), 
from which it follows that 


A(a/p) 1-5(a?+5x/34+1-33) AV_ _AV 
(x/p) x+1-33 V 


where 2=V,/V. 

The factor K is larger the lower E/p, and when the percentage change in V 
is 5 per cent. then the percentage change in «//p is ~50 per cent. at E/p=30 
and ~15 per cent. at H/p—100. These are just the sort of percentage changes 
required to make the agreement between calculated and experimental values 
satisfactory. 

In order to make detailed calculations of the influence of V using the exact 
data given by Tate and Smith for P(V) the integral in equation (1) must be 
evaluated graphically. In the present analysis the graphical evaluations made 
by Emeléus, Lunt, and Meek (1936) were assumed, and with that information 
the effect on the calculated values «/p of a systematic reduction of 5 per cent. 
in the mean energy V throughout the range H/p up to 130 was determined. 
The results of such calculations («;/p) are also shown in Figure 1 (0), where it 
can be seen that the agreement is now very good and within the limits of experi- 
mental error throughout the whole range of H/p considered. 


Possible Sources of Error in the Theoretical Evaluation of «|p 

The following comments on the sources of error in the theoretical evaluation 
may be made at this stage: 

1. It is possible that the values of mean energy used by Emeléus, Lunt, and 
Meek (1936) may in fact be systematically in error by as much as 5 per cent. 

2. On the other hand the mean energy values may be correct, in which case 
a slight modification of the form of the distribution function would be necessary. 

3. It may be that the values for the efficiency of ionization P(V), obtained 
experimentally by Tate and Smith and used in this analysis, are not those 
appropriate to the particular gas samples used for measuring values of «;/p 
experimentally.* Thus, although the distribution function may be correct, 
small amounts of impurity gas at low values of H/p may result in an effective 
efficiency P(V) significantly different from that appropriate to a pure gas. 
Information about the nature and precise influence of impurities and the respective 
ionization efficiencies would be required for further analysis along these lines. 


* Note added in Proof.—Recent work (Craggs, Thorburn, and Tozer 1957) has indicated that 
Tate and Smith’s values for P(V) may be too high for electron energies near the ionization potential. 
Such an error would have the greatest effect at low values of H/p and could explain the divergence 
between experimental and calculated values of «/p. In view of this a redetermination of P(V) 


in pure hydrogen is also necessary. 
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Conclusions 

Several important conclusions may be drawn from the above analysis, 
namely : 

1. If we assume a Maxwellian distribution of velocities for the electrons 
and the Townsend values of mean energy and drift velocity corrected for this 
distribution, the calculated values of «/p are from 10 to 20 per cent. higher than 
the recent experimental determinations for the range of E/p values from 50 to 
130 V em? (mm Hg). 

2. At lower values of H/p with similar assumptions and corrections the 
calculated values are considerably higher than the recent measured values, 
being ~85 per cent. higher at H/p=21 V cm- (mm Hg)-}. 

3. Of the three possible sources of error in the calculated values the assumed 
values for the mean energy V are probably the most important. It has been 
shown that a systematic error of only 5 per cent. in these measured values is 
sufficient to reduce the calculated values to within <10 per cent. of the measured 
values throughout the range 20 <H/p <130 for which the calculations were made. 


4. In view of this it is clearly necessary in attempting to establish the actual 
velocity distribution of electrons in gases by comparison of calculated and 
experimental values of «/p, to determine to a higher order of accuracy values 
of the mean energy V and of «,/p in the same samples of gas. This is particularly 
so for conditions corresponding to low values of H/p. 


The authors wish to acknowledge the helpful discussions held with Professor 
J. M. Somerville during the course of the analysis. 
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